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On the suspension isomorphism for index braids in a singular perturbation problem

M. C. Carbinatto e K. P. Rybakowski

Resumo

Consideramos o sistema de equagoes diferenciais ordinarias singularmente
perturbado

ey = f(y,x,¢),

(Ee) .
z = h(y,z,¢)

em Y x M, onde Y é um espago normado de dimensao finita e M é uma variedade
suave. Assumimos que hd uma variedade reduzida de (E.) dada pelo grafico de
uma fungao ¢: M — Y e satisfazendo uma hipétise de hiperbolicidade com
a dimensao da variedade instavel sendo k € Nyp. Mostramos que para toda
decomposi¢do de Morse (Mp)pep de um conjunto invariante isolado compacto
So da equagao reduzida

z = h(¢(z),z,0)

obtemos, para € > 0 pequeno, uma decomposi¢ao de Morse (M) c)pep de um
conjunto invariante isolado S, de (E¢) tal que (S¢,(Mp,c)pep) estd préximo de
({0} x So, ({0} x My)pep) € a tranga indice (co)homolégica de (S, (Mp,c)pep) é
isomorfa & tranga indice (co)homoldgica de (So, (Mp)pep) translada a esquerda
por fator k.
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ABSTRACT. We consider the singularly perturbed system of ordinary dif-
ferential equations

(EE) E:.g=f('y,1:,5),
& = h(y,z,¢)

on Y X M, where Y is a finite dimensional normed space and M is a
smooth manifold. We assume that there is a reduced manifold of (E¢)
given by the graph of a function ¢: M — Y and satisfying an appropriate
hyperbolicity assumption with unstable dimension k € Ng. We prove that
every Morse decomposition (Mp)pe p of a compact isolated invariant set Sp

of the reduced equation
& = h(¢(z), z,0)

gives rises, for € > 0 small, to a Morse decomposition (Mp,)pep of an
isolated invariant set S¢ of (E¢) such that (Se, (Mp,e)pep) is close to ({0} x
So, ({0} x Mp)pep) and the (co)homology index braid of (Se, (Mp,e)pep)
is isomorphic to the (co)homology index braid of (So, (Mp)pep) shifted by
k to the left.
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1. Introduction

Consider the following singularly perturbed system of ordinary differential
equations

6@1 = f1((y1,y2,$),5),
(1.1) eY2 = f2((y1,v2,),€),
& = h((y1,¥2,7),€)

and assume the following

HyPOTHESIS 1.1.

(1) Y7, Y5 and X are finite dimensional normed linear spaces with k :=
dim Y3, U is open in X, € € ]0,00] is arbitrary, Zy is open in Yy x Yo xU
and Wy := Zy % [0, €].

(2) f1:Wo — Y1, fo: Wy — Y2 and h: Wy — X are maps such that, for each
e €0,2], f1(-,€), f2(-,€) and h(-,€) are locally Lipschitzian.

(3) ¢1:U — Y; and ¢2:U — Yo are C%-maps such that for all z € U,
(61(z), p2(z),z) € Zy and

fl(((bl (.’E),¢2(1}),$),0) = 07 f2((¢1($),¢2($),l’),0) =0.

(4) The maps f1(+,0), f2(-,0) are of class C* and the map h(-,0) is locally
Lipschitzian.

(5) For every (y1,Yy2,z) € Zo, the maps f1, fo are continuous at the point
((y1,y2,),0) and for every x € U the map h is continuous at the point
((¢1 (LL'), ¢2($), I)v 0)'

(6) For all x € U, rec(B11(z)) < 0, reo(Baz(z)) > 0, Biz(z) = 0 and
By (z) = 0, where

Bﬂ(m) = Djfl((¢1(m),¢2(m),a:),0), ],l € {1, 2}, zeU.

In singular perturbation theory the set

{(¢1(2), 62(z),2) |z € U}

is called the reduced manifold of (1.1). The corresponding reduced equation is
given by

(1.2) & = h((¢1(2), 2(x), z),0).

Part (6) of Hypothesis 1.1 is a hyperbolicity assumption on the reduced manifold
with respect to equation (1.1).

A natural question is whether the dynamics of the reduced equation (1.2)
‘survives’ in the dynamics of (1.1) for € > 0 small.
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In this paper, this question is considered in the context of Conley index
theory. In particular, we prove that every isolated invariant set Sy of the reduced
equation (1.2) gives rise to a family of isolated invariant sets S., € > 0 small,
of (1.1) whose Conley index h(S.) is equal to the wedge product of the pointed
k-sphere with the Conley index h(Sp) of Sp. Moreover every (partially) ordered
Morse decomposition (M,),ep of So gives rise to a family (M c)pep, € > 0
small, such that, for all such €, (M, .)pep is a Morse decomposition of S, and the
(co)homology index braid of (S;, (Mp,c)pep) is isomorphic to the (co)homology
index braid of (So, (Mp)pep) shifted by k to the left.

Let us now describe our results more precisely. By 7. denote the local
(semi)flow on Z, generated by the solutions of the differential equation (1.1)
and by my denote the local (semi)flow generated on U by the ordinary differen-
tial equation (1.2).

Our first result reads as follows.

THEOREM 1.2. Assume Hypothesis 1.1. Let So C U be a compact isolated
invariant set relative to mo and N C U be a compact isolating neighborhood of
So. Then there is an ng € |0, 00[ such that for every n € |0,m0], there exists an
g0 = €0(n) € ]0,Z] such that for every € € ]0, 0], the set

Ny :={(y1,¥2,2) € Zo |z €N, |y1 — d1()|ly; <71 and |y2 — d2(z)|y, <0},
s an isolating neighborhood relative to m. and
h(7e, Se) = =% A h(mo, So),
where Se = Se N 1= Invy, (Ny) and k is the dimension of Ys.

Now, for the rest of this paper, let P be a finite set and < be a strict partial
order on P.

Using the notation of the papers [5, 4, 17] we can state our second result as
follows.

THEOREM 1.3. Assume Hypothesis 1.1. Let Sy C U be a compact isolated
invariant set relative to mg and N C U be a compact isolating neighborhood of
So. Moreover, let (Mp)pecp be a <-ordered Morse decomposition of Sp relative
to mg. For each p € P, let V, C N be an isolating neighborhood of M, relative
to mo. For every n € ]0,00[, every € € |0, and every p € P, define

Se = Se, Ny i=Invg (Ny) and My e = Mp e v, 5 := Inva, ((Vp)y),
where,

(Vo)n = { W1, 92,%) € Zo | £ € Vp, |11 — $1(2)Ivy <71 and |y2 — ¢2(2)ly, <1}
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Then there exists an ny € ]0,00[ such that for every m € ]0,m0] there is an
g0 = €o(n) € ]0,2] such that for every e € ]0,¢€o), the family (Mpc)pep is a <-
ordered Morse decomposition for S, relative to me. Moreover, for every e € ]0, €],
for every K € I(<) and for every q € Z, there ezist isomorphisms

O5(K): Hy(me, Mc(K)) — Hg—k(mo, M(K))

and
OUK): H'*(mo, M(K)) — H(me, Me(K)
such that given (I,J) € I3(<) the diagrams

= Hq(ME(I)) " Hq(Ms(IJ)) —— Hq(Me(J)) — q—l(ME(I)) =
yesn EHEE) EHE) yoe-1(D
— Ho_k(M(I)) = Hy-(M(17)) = Hq—r(M(J)) = Hg—r-1(M(I)) =

~— HY(M(I)) <— HY(M(1J)) <— HI(M(J)) <— HIH(M(I)) <—
CHOL) e(1)} ez} e (n}

~ HIF(M(I)) = H*(M(1J)) < H*(M(J)) < HI*"H(M(I)) <
commute, where for every K € I(<), for every € € 10,&0] and for every q € Z,
Hy(M(K)) = Hq(mo, M(K)), HI(M(K)) i= H(ro, M(K)), Hy(M.(K)) =
Hy(me, Me(K)) and HI(M(K)) := H(me, M(K)).

Thus, the (co)homology index braid of (me,Se, (Mp,e)pep) is isomorphic to
the graded module braid obtained by shifting the (co)homology index braid of
(70, S0, (Mp)pep) to the left by k.

In addition, we show that the sets S. = S¢ v, are asymptotically indepen-
dent of N and 7 and the family 8. 8E [0, &0, where §0 = {0y, } x {0y, } X Sp and
§€ = S., € > 0, is upper-semicontinuous at € = 0 in the topology of Y7 x Y5 x X.
In this sense, the sets S, are close to {0y, } X {0y, } X Sp for € > 0 small. Analo-
gously, the sets M, . = M, . N, are asymptotically independent of N and n and
close to {Oy, } x {0y, } x M, for € > 0 small.

In particular, the above results show that the Conley index of Sy com-
pletely determines the Conley index of S. and the (co)homology index braid
of (mo, S0, (Mp)pep) completely determines the (co)homology index braid of
(e, Se, (Mp,e)pep). This answers the question posed above from the point of
view of Conley index theory.

Theorems 1.2 and 1.3 are special cases of the main result of this paper,
Theorem 4.3. A crucial step in the proof of that theorem is an application of the
suspension isomorphism results for (co)homology index braids established in [4,
17).
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This paper is organized as follows. In Section 2 we establish an isomorphism
result for (co)homology index braids in the case of the product of an arbitrary
local semiflow with an asymptotically stable linear flow. This result is required in
the proof of Theorem 4.3. In Section 3 we recall some useful facts about ordinary
differential equations on manifolds. In Section 4 we introduce a generalization
of problems (1.1) and (1.2) (see (4.1) and (4.2)) in which the open set U C X is
replaced by a finite dimensional differentiable manifold M and Hypothesis 1.1
is replaced by more general assumptions (see Hypotheses 4.1 and 4.2). We also
state our main result, Theorem 4.3. We then prove this theorem and the upper-
semicontinuity results alluded to before. We then discuss two cases in which
Hypothesis 4.2 is satisfied. We end the paper with an example showing that
Hypothesis 4.1 alone is not sufficient for the validity of Theorem 4.3.

We refer the reader to the papers [1, 2, 4, 5, 17] for various notations and
results used implicitly throughout this paper. The interested reader is also re-
ferred to the recent paper [6] for a continuation result of (co)homology index
braids in singularly perturbed hyperbolic equations.

2. A special product case

In this section let E be a Banach space and II be the global semiflow generated
by a Co-semigroup (T'(t))¢cjo,00[ Satisfying, for some constants M, B € ]0, 0],
the estimate

(2.1) IT(t)ulp < Me=Pulp, t€[0,00[, u€ E.

Moreover, let X be a metric space and m be a local semiflow on X. Let n’ =
m X Il be the product of 7 with II. Unless specified otherwise, whenever M
is a subset of X, we write M’ = M x {0g} C X x E. We will prove in this
section that, under the usual admissibility assumptions, whenever, relative to
m, S is an isolated invariant set and (Mp),cp is a (partially) ordered Morse
decomposition of S, then, relative to 7/, S’ is an isolated invariant set, (M;/;)pe p is
a Morse decomposition of S’ and the (co)homology index braid of (w, S, (Mp)pep)
is isomorphic to the (co)homology index braid of (n',S’, (M,),ep). Together
with the suspension isomorphism results established in [4, 17] this will be a
crucial step in the proof of Theorem 4.3.
We will first prove the following result.

THEOREM 2.1. Let B be a closed ball in E centered at 0 = 0.

(1) Let S be an isolated T-invariant set and (Y, Z) be an FM-index pair for
(m,8) such that Clx(Y \ Z) is strongly m-admissible. Then S’ is an
isolated 7'-invariant set and (Y x B,Z x B) is an FM-index pair for
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(7', S") such that Clxxp((Y x B)\ (Z x B)) is strongly ©'-admissible.
Let fy,z:Y/Z — (Y x B)/(Z x B) be the (base point preserving) map
induced by f:Y - Y x B, x — (z,0), and, for ¢ € Z, let

= Hy(fv.2): H(Y/2,{|2}) — H,((Y x B)/(Z x B),{[Z x BI}),
Tesp.
= H'(fy,2): HY(Y x B)/(Z x B),{[Z x Bl}) - H(Y/2,{[2]})

be the induced homology, resp. cohomology, map. The map fy,z is a
homotopy equivalence of pointed spaces so Fy, resp. F'9, is an I'-module
isomorphism for all q € Z.

For all q € Z, the map

(Fp) = (Fo)e .00 0 B(C) = 2'(C"),
resp. the map

(F) = (F9) 4 0o 5: ' (C') = B(C),

is independent of the choice of (Y, Z). Here, C (resp. C') is the categorial
Conley-Morse indez of (m,S) (resp. (n',S’)) as defined in [5] and @
(resp. ®') is the restriction of Hy, resp. H9, to C (resp. C'). For all

q € Z, define the morphism kq(m, S): Hy(m,S) — Hq(n', S") by
ka(m, §) = (Fy)

and the morphism k% (mw,S): HI(n',S") — HY(w, S) by
K¥(m, 8) = (F7),

kq(m,S) and k¥(w,S), q € Z, are I'-module isomorphisms.

Given an isolated m-invariant set S having a strongly m-admissible iso-
lating neighborhood and an attractor-repeller pair (A, A*) of S relative to
m, then S’ is an isolated 7' -invariant set having a strongly m'-admissible
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isolating neighborhood, (A, (A*)") is an attractor-repeller pair of S' rel-
ative to ' and the diagrams

(2.2)
— Hy(m, A) — Hy(m,S) — Hy(m,A*) —— Hy_1(m, A) —
\an(w,A) ‘an(w,S) lnq(w,A*) lnq_l(w,A)
—> Hy(n', A') — H,y(7', §') — Hq(n', (A%)) — Hg—1 (7', A') —
(2.3)
<~— HY(m,A) <— H%(7w,S) <—— HY(m, A*) <—— HI }(7, A) =—
n"(w,A)T n"(ﬂ',S)T T}cq(ﬂ',A') Tn"‘l(w,A)
<~— HY(n',A') <— HY(n',S") <— HI(n', (A*)") =<— HI (7', A") <——

commaute.

PROOF. Let S be an isolated 7-invariant set and (Y, Z) be an FM-index pair
for (m, S) such that Clx (Y '\ Z) is strongly m-admissible. Since, by (2.1), (B, 0) is
an FM-index pair for (II, {0}) with B strongly II-admissible, an application of [4,
Proposition 2.2] shows that (Y x B, Z x B) is an FM-index pair for (7, S’) such
that Clxxg((Y x B) \ (Z x B)) is strongly n’-admissible. Now, working with
the homotopy ((z,b),8) — (z,0b) from (Y x B) x [0,1] to Y x B we easily show
that fy z is a homotopy equivalence of pointed spaces. This proves part (1).

To prove the independence of (F,) of the choice of (Y, Z), let (Y,Z) be
another FM-index pair for (7, S) with Clx (17 \ Z ) strongly m-admissible. By [5,
Proposition 4.6, Lemma 4.8 and Proposition 2.5] we obtain sets Ly, Lo, W and
W such that (L1, L) C (Y NY,WnW), Zc W, Z c W and (L1, Ls), (Y, W)
and ()7, W) are FM-index pairs for (m, S) such that Clx(L; \ Lz2), Clx (Y \ 2)
and Clx (Y \ W) are strongly m-admissible. We thus obtain the commutative
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diagram
Hy(Y/Z,{(2]) — =L H (Y x B)/(Z x B),{[Z x B]})

H(Y/W,{W]}) —=") g (v x B)J(W x B), {{W x B]})
Ho(fL,,Ly)

Hy(L1/La, {[L2]}) H,((Ly x B)/(L2 x B),{[L2 x B]})

PR e Ho(f3 &) = s .
H,(Y/W,{[W]}) Hy((Y x B)/(W x B),{[W x B]})
4

Ho(f3 3)

Hy((Y x B)/(Z x B),{[Z x B]})

Hy(Y/Z,{1Z}})

whose vertical maps are inclusion induced. Hence, by [5, Proposition 4.5], these
maps are induced by the unique morphisms in C (resp. in C’) between the
corresponding objects of these connected simple systems. In particular, the
vertical maps are all bijective, and so we may invert the upward pointing arrows
and then compose the columns to obtain the commutative diagram

(24)  Hy(Y/Z,{(2]}) —=2 . H,(Y x B)/(Z x B),{|Z x B]})

|, |

olfp 3

Hy(Y/Z,{[Z]}) ———— H,((Y x B)/(Z x B),{[Z x B]})

where the vertical maps are induced by the corresponding morphism in C (resp.
in C’). Now an application of [4, Proposition 2.4] to diagram (2.4) completes the
proof of part (2) of the theorem in the homology case. The proof of the cohomol-
ogy case is analogous (reversing the arrows). To prove part (3) let (N1, N3, N3)
be an FM-index triple for (, S, A, A*) with Clx (/N7 \ N3) strongly m-admissible.
It follows that (N1, N3, N3) := (N1 X B, Na x B, N3 X B) is an FM-index triple for
(7', 8", A’, (A*)") such that Clx xg((N1 x B)\ (N3 x B)) is strongly n’-admissible.
In the notation of [4] we thus have the following commutative diagram
(2.5)
A(N/N3)/ A{INs]}) ~ AN /Na)/AN[Na]}) — AN /Na) [AN{INa]})
A(fNg.Ng)Y VAN N3) VAN Ny)
A(N3/N3)/A({[N3]}) > A(N{/N3)/ A({[N3]}) = A(N{/N3)/A({[N3]})
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with inclusion induced weakly exact rows (in view of [4, Proposition 2.8]). Apply-
ing [4, Proposition 2.7] to diagram (2.5) we obtain the induced long commutative
ladder with exact rows. An application of the (-,-)-operation to that ladder and
using part (2) we obtain diagram (2.2). This proves part (3) in the homology
case.

Now, in the notation of [17] and using [17, Proposition 3.4] we obtain the
following commutative diagram of cochain maps with weakly coexact rows

(2.6) 6*(1\/1/1\;2, {[N2]}) = C" (N1 /N3, {[N3]}) = C" (N2 /N3, {[Ns]})
fﬁ"lsz f;VIvNST fﬁ"%”s'f
C"(N{ /N3, {[N3]}) = C" (N /N, {[N3]}) = C" (Ns/N5, {[N3]}).

Applying [17, Proposition 2.2| to diagram (2.6) we obtain the induced long com-
mutative ladder with exact rows. An application of the (-,-)-operation to that
ladder and using part (2) we obtain diagram (2.3). This proves part (3) in the
cohomology case. O

Let (Mp)pep be a <-ordered Morse decomposition of S relative to . It fol-
lows that (M,)pep is a <-ordered Morse decomposition of S’ relative to 7’. Given
(I,J) € Iy(=<), (M(I),M(J)) is an attractor-repeller pair in M (IJ) (where
IJ = I'UJ) relative to m, so (M'(I),M’'(J)) is an attractor-repeller pair in
M'(1J) relative to 7.

Setting, for each K € Z(<) and for each ¢ € Z, Hy(M(K)) := Hq(m, M(K)),
HY(M(K)) := Hm,M(K)), Hy(M'(K)) := Hy(n', M'(K)), HI(M'(K)) :=
Hi(n', M'(K)), kq(K) := kq(m, M(K)) and k9(K) := s9(m, M(K)) and using
Theorem 2.1 we thus arrive at the commutative diagrams

—> Hy(M(I)) —> Ho(M(1J)) — Ho(M(J)) —> Hy—1(M(I)) —

lnq(l) lnq(l.]) lnq(J) lnq_l(])
— Hy(M'(I)) — Ho(M'(1J)) — Hq(M'(J)) — Hq—1(M'(I)) —

and

~— HI(M(I)) =— HY(M(1J)) =— HI(M(J)) ~— H""Y(M(I)) ~—
x(n} w1} o) Fwe=rany
~— HY(M'(I)) =— HY(M'(1J)) <— HY(M'(J)) =— HI"'(M'(I)) <—

Here, the lower horizontal sequence of the first (resp. second) diagram is the
homology (resp. cohomology) index sequence of (7', M'(1J),M'(I), M'(J)) and
the upper horizontal sequence of the first (resp. second) diagram is the homology
(resp. cohomology) index sequence of (mw, M (IJ), M(I), M(J)). We thus obtain
the following result.






