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Resumo
Neste artigo é proposto um novo modelo de sobrevivéncia que acorfloda a. pre-
senga de uma fragéo de individuos que 115.0 experimentam o evento de interesse
-— morte ou falha. Procedimentos de estimagéo via, méxima verossimilhanga
s‘an apresentados. Um exemplo utilizando dados reais ilustra, a aplicagéo do
modelo proposto.

Palavras—Chave: Modelos de Sobrevivéncia, Proporgéo de Curados, Modelo
de Mistura, Simulagéo Monte-Carlo.
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SUMMARY

In this paper we propose a new survival model in which the cured fraction group can have a
survival probability different from the overall population, with the advantage of been a proper
survival function. Maximum likelihood estimation and a sampling—based approach for inference
are described, Some particular cases of the proposed model are studied via Monte Carlo for
size and power of hypothesis tests. The methodology is illustrated in a circuit board data
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model, Bootstrap.

1 Introduction

The literature in survival models incorporating a surviving fraction is extensive and interested

readers can refer to Boag (1949), Berkson (1952), Farewell (1982, 1986), Meeker (1987), Gamel

et al. (1990), Ghitany and Maller (1992), Copas and Heydary (1997), Ng and McLachlan

(1998), De Angelis et al. (1999), Peng and Dear (2000), Sy and Taylor (2000). Following

Maller and Zhou (1996), the standard survival model assumes that a certain fraction p of the

population is cured (or never failure) with respect to the specific cause of death (or failure),

while the remaining 1— p fraction of the individuals is not cured, leading to the overall survival

function 5 (t) = p + (1 — p)So(t), where So(t) denotes the survival function for the not cured



group. Common choices for So (t) are the Gompertz, exponential and Weibull distributions.

Peng et at. (1998) propose a generalized F mixture model for the cure rate, which includes

the most popular survival models as particular cases, such as the exponential, Weibull, log-

normal survival function, among others. While, Yamaguchi (1992) consider the generalized
log-gamma distribution for the cure rate in the context of accelerated failure-time regression

models. Although the standard survival model is widely used, it is not a proper survival
function since 1 — S(oo) < 1, leading to an improper density function. Besides, the survival

probability of the cured group is assumed to be equals to the overall survival probability of the
health population, which can be seen as a simplification of the problem, once the individuals
which have presented a kind of disease, although do not experience the event of interest, their
survival probability may never be the same as the survival probability of a health population.

In this paper we overcome these drawbacks by proposing a new survival model in which the
cured proportion group can have a survival probability different from the overall population,
with the advantage of been a proper survival function.

The novel model (1) proposed in the paper can be effectively used for analyzing lifetime

data with a cured fraction even in the presence of covariate. Besides, our simulation study
reveal that the bootstrap scheme adapted for testing is satisfactory according to their size and

power.

The model is defined in Section 2 where we discuss the estimation procedure and a sampling-
based approach for inference. The results of a Monte Carlo study are presented in Section 3,

where we study the size and power of a bootstrap scheme for hypothesis tests for comparing the

proposed model with some of its particular cases, revelling that the bootstrap scheme adapted

for testing is satisfactory according to their size and power. A real example on in a circuit

board data in Section 4 illustrates the overall procedure.

2 Model Formulation

Suppose that X1 and X2 denote the independent hypothetical failure times due to the two

unknown competing risks, with survival functions 51 (t) and S? (t) , respectively. Consider that

only a proportion p of individuals are cured with respect to the first cause and the remaining



(1 —- p) fraction can succumb due to the two unknown causes. Only T = niin(X1, X2), denoting
the lifetime, is observed. In this context, the observed random variable T is said to have a

modified survival model with a cured fraction if its overall survival is given by

S (t) = 13520) + (1 — Plsl (t) 52 (t) (1)

The advantage of ( 1) is that it is a proper survival function and its interpretation is par—

ticularly simple. At the beginning of the experiment each individual is subjected to be cured
due to one particular cause of death, but a fraction of them will be affected by both causes.

However, we do not know which one will be responsible for the death. Similarly to the cure
model described in Section 1, we can choose 81 (t) and 52 (t) to be the Gompertz, exponential,
log-normal, log-logistic and Weibull survival functions, among others. The presence of a co-

variate vector 2 can be accommodated in the model in a proportional fashion by allowing (1)

to be rewritten as

S(fl/7) = g(a‘2)l1752(t)+ (1 — P)51(t)32(t)l, (2)

where g(.) is a monotone function and a is the unknown coefficient vector, but this situation
will not be considered in this paper. Similar covariate effect in competing risk scenario is

considered by Mazucheli et al. (2001) and Gelfand et al. (2000).

Considering a sample of independent random variables T1, . . .,T,,, with T,- having an asso—

ciated indicator variable defined by 6; = 1 if T, = t,- is an observed failure time and 6,- = 0 if

it is a right—censored observation, the log—likelihood function for the parameters of any set of

survival data subject to uninformative censoring can be written, up to an additive constant, as

1081: = 21:1{51'103’100— Had}, Where h(t,») 2 {20111005100 / l1751(ti)+(1 — Pll} + h: (ti)

and H (t,) = fé" h(z,-) dzi, with hj (t) denoting the j-th hazard function, j = 1, 2. The maximum

likelihood estimates (MLES) can be obtained by direct maximization of the logL or by solving

the system of nonlinear equations given by the partial derivatives of log L with respect to the

parameters.

Large-sample inference for the parameters can be based on the MLEs and their estimated

standard errors or on their profile likelihoods. However, a basic difficulty with the present set—
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ting is that the tests can be non regular (Davies, 1977; Chang and rIi'aylor‘, 1995). Particularly,
if we are interested in testing p = 1 the parameter will lie on the bound of the parameter space.
An alternative direct approach is to bootstrapping the LRS for testing in order to obtain its
empirical distribution (Davison and Hinkley, 1997). This can be done parametrically letting
w = 2(12 — ll) be the LRS for testing two alternative models, denoted by 1 and 2, where l, and
[2 are the log-likelihoods for each model. Large positive values of 11) give favorable evidence to
model 2. The parametric bootstrap technique consists of generating B datasets from the model

under the null hypothesis (model 1) with the parameters substituted by their MLEs, record
111} < < 1113, and use w(*B+1)(1_a) as the critical point to test the null hypothesis with size

a. For power calculation purposes it is interesting to estimate the p-value for the alternative

hypothesis, in which case we adopt the reverse procedure above (hereafter called reverse sim-

ulation), generating datasets from the model under the alternative (model 2) with the fitted

parameter values. This is particularly interesting here once through the significance test we

can find evidence against either both models. For interval estimation we can obtain bootstrap

percentile confidence intervals for the parameters straightforwardly. Let 0 be the parameter of

interest indexing S (t). At each resample we calculate the MLEs of 0 and record 9} < - - - < 573,

and use é(B+1)(a/2) and é(B+1)(l—a/2) as the lower and upper limits of the 100(1 — a)% confi-

dence interval for 0. The adequacy of the bootstrap procedures described above is verified via

simulation in Section 3.

3 Simulation Study

For a limited assessment of the performance of the bootstrap test procedure described in Section

2 we study its size and power for sample sizes fixed at n = 50, 70, 110,200 with the number

of bootstrap replications B fixed at 500. For a Monte Carlo evidence the bootstrap procedure

was repeated R z 1000 times. The Weibull particular case was studied, by rewritten (1) as

5m = pexp Game“) + (1 — p) exp «(t/m — (waft) . (3)

where u] and [1.2 denote scale parameters and fll and fig denote the shape parameters.

For testing a single-Weibull (model (2) with p = 1) against model (2), for the empirical

sizes we generate samples from single—Weibull model with parameters fixed at pl : 1 and
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fll = 0.4, 0.8, 2.0, 6.0. For the power calculations the samples were generated from model

(1) with parameters fixed at M1 = [1.2 = 1 and (01,52) = (6.0, 0.6), (fl1,,52) = (60,20),
(fihflz) = (2.0, 0.6), (fihflz) = (0.8, 0.4) and p = 050,075. We have considered the constraint

“1 = [1,2 = 1 since, in principle, it does not lead to a non-identifiability problem. Considering
model (2), to enforce the parameter uniqueness, we have used the order constraint 161 < fig.

This problem is similar to the not identifiable problem on mixture models (Titterington et al.,
1985). Also, the fl’s values were choose such that we have different increasing distances between

them.

Horn the empirical size calculations we do not reject the null hypothesis at a nominal

significance of a = 0.05 in all cases considered here and the empirical probabilities are not
shown. The power of the tests for a = 0.05 were summarized in Table 1 for p equals to 0.50

and 0.75 cases. The empirical powers increase with the ratio 51 /fl2 and are bigger for large n.
For ratios moving towards one however the powers are rather moderate. A phenomenon related

to the non—identifiability problem that arises in such situations.

[Table 1 about here]

For testing a bi~Weibull (model (2) with p = 0) against model (2), for the empirical sizes we

generate samples from bi—Weibull models with parameters fixed at in = pg 2 1 and (m, fig) =
(6..0,06), (flIYflZ) = (6-0120)i (fi17fl2) = (2'0106) and (131,132) = (0'8’0H4) For the power

calculations the samples were generated from model (2) with parameters fixed at pl = [1,2 = 1

and (fihfiz) = (60,06), (finflz) = (60,20), (finfiz) = (20,06): (fihflz) = (08,04)-

For all cases considered we do not reject the null hypothesis at a nominal significance level

of a z: 0.05 and the empirical probabilities are not shown. The powers of the tests for a = 0.05

were summarized in Table 2 for p equals to 0.75 and 0.50 cases. The empirical powers behave

in similar manner as the empirical powers for testing a single-Weibull against model (1)

[Table 2 about here]

Table 3 shows the bootstrap estimates and their standard deviations for generated datasets

from model (1) with parameters fixed at pl = [1,2 = 1, fl] = 2.0, fig = 0.6 and p equals to 0.50
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and 0.75 with sample sizes equal to n = 50,70, 110, 200. The bootstrap estimates are based on

R = 5000 simulations and are very close to the true parameter values.

[Table 3 about here]

4 Circuit Board Data

Consider the data on 4992 circuit board extract from Chan and Meeker (1999). This is a field

trial that lasted 104 hours. The observed variable is the time to failure of each circuit board,
which can occur due to infant mortality or wear, but the true cause is unknown. Several failure

times are type-I censored since many circuit board were at work with no failure at the end of the

study. Figure 1 (a) shows the TTT plot for these data (Aarset, 1987; Mudholkar et al., 1996).
We observe that two possible causes of failure are competing, leading to a possible fit of model

(3). Figure 1 (b) shows the Kaplan-Meier survival curve with the fit of the model (3) considering
Weibull survival functions, which fits the data well. The MLEs of log a], log az, log [311 log fig

and log( p/l — p) are given by 5.365, 10.783, —0.974, 1.078 and —4.633, respectively. Their

asymptotic standard deviation are given by 0.737, 0.319, 0.163, 0.210 and 0.177. The proportion
of surviving is then 0.99. This is in strong agreement with Chan and Meeker (1999).

[Figure 1 about here]

Acknowledgements

This work was supported by the Brazilian organizations CAPES and CNPq.

References

Aarset, M. V. (1987). How to identify a bathtub hazard rate. IEEE Transactions on Reliability,

36:106-108.

Berkson, J. and Gage, R. P. (1952). Survival curve for cancer patients following treatment.

Journal of the American Statistical Association, 47:501—515.

6



Boag, J. (1949). Maximum likelihood estimation of the proportion of patients cured by cancer.

Journal of the Royal Statistical Society, B, 11:15—44.

Chan, V. and Meeker, W. Q. (1999). A failure-time model for infant-mortality and wearout
failure modes. IEEE Transactions on Reliability, 48(4):377—387.

Cheng, C. H. and Traylor, L. (1995). Non—regular maximum likelihood problems (with discus—

sion). Journal of the Royal Statistical Society, 0, 57:3—44.

Copas, J. B. and Heydari, F. (1997). Estimating the risk of reoffending by using exponential
mixture models. Journal of the Royal Statistical Society, A, 160(2):237—252.

Davies, R. B. (1977). Hypothesis testing when a nuisance parameter is present only under the

alternative. Biometrika, 64:247—254.

Davison, A. C. and Hinkley, D. V. (1997). Bootstrap Methods and Their Applications. Cam-

bridge: Cambridge University Press, New York.

De Angelis, R., Capocaccia, R., Hakulinen, T., Soderman, B., and Verdecchia, A. (1999).

Mixture models for cancer survival analysis application to population-based data with

covariates. Statistics in Medicine, 18:441—454.

Farewell, V. T. (1982). The use of mixture models for the analysis of survival data with

long-term survivors. Biometrics, 38:1041—1046.

Farewell, V. T. (1986). Mixture models in survival analysis: Are they worth the risk? The

Canadian Journal of Statistics, 14(3):257—262.

Gamel, J. W., McLean, I. W., and Rosenberg, S. H. (1990). Proportion cured and mean log

survival time as functions of tumor size. Statistics in Medicine, 9:999—1006.

Gelfand, A. E., Ghosh, S. K., Christiansen, C., Soumerai, S. B., and McLaughlin, T. J. (2000).

Proportional hazards models: a latent competing risk approach. Journal of the Royal

Statistical Society, 0, 49(3):385—397.

Ghitany, M. E. and Mailer, R. A. (1992). Asymptotic results for exponential mixture models

with long term survivors. Statistics, 23:321—336.

7



Mailer, R. A. and Zhou, X. (1996). Survival analysis with long-term suruiuors. John Wiley &

Sons Ltd., Chichester.

Mazucheli, J ., Louzada—Neto, F., and Achcar, J. A. (2001). Bayesian inference for polyhazard
models in the presence of covariates. Computational Statistics and Data Analysis. to

appear.

Meeker, W. Q. (1987). Limited failure population life tests: Application to integrated circuit
reliability. Technometrics, 29(1):51—65.

Mudholkar, G. S., Srivastava, D. K., and Kollia, G. D. (1996).' A generalization of the Weibull

distribution with application to the analysis of survival data. Journal of the American

Statistical Association, 91(436):1575~1583.

Ng, S. K. and McLachlan, G. J. (1998). On modifications to the long-term survival mixture
model in the presence of competing risks. Journal of Statistical Computation and Simula-

tion, 61(1-2):77—96.

Peng, Y. and Dear, K. B. G. (2000). A nonparametric mixture model for cure rate estimation.

Biometrics, 56:237—243.

Peng, Y., Dear, K. B. G., and Denham, J. W. (1998). A generalized F mixture model for cure

rate estimation. Statistics in Medicine, 17:813-830.

Sy, J. P. and Taylor, J. M. G. (2000). Estimation in a Cox proportional hazards cure model.

Biometrics, 56:227—236.

Titterington, D. M., Smith, A. F. M., and Makov, U. E. (1985). Statistical Analysis of Finite

Mixture Distributions. John Wiley and Sons, Chichester.

Yamaguchi, K. (1992). Accelerated failure-time regression models with a regression model of

surviving fraction: An application to the analysis of permanent employment in Japan.

Journal of the American Statistical Association, 87:284—292.



0595

0.990

Sm

6.905

x
u ! v u I w u x r x

olwzwmnmmm7mmw1m
l

0.90!) .

(a) (b)

Figure 1: (a): TTT plot, (b): Kaplan-Meier survival curve and model fitting.



Table 1: The power (standard deviation) of the tests for a = 0.05. Model (1) versus single-
Weibull. p = 0.75 and p = 0.50.

n
p 50 70 110 200

Case 1: [31 = 6.0,fl2 = 0.6

0 75 0.9990 1.0000 1.0000 1.0000
' (0.0044) (0.0000) (0.0000) (0.0000)

0 50 0.8730 0.9640 0.9980 1.000
' (0.0551) (0.0159) (0.0040) (0.000)

Case 2: fl] : 6.0, [32 = 2.0

0 75
0.8025 0.9665 0.9985 1.0000

' (0.0650) (0.0267) (0.0058) (0.0000)

0 50
0.4615 0.5915 0.7415 0.9750

' (0.1097) (0.0873) (0.0683) (0.0201)
Case 3: fil = 2.0, fig = 0.6

0 75
0.9030 0.9565 0.9995 1.0000

' (0.0347) (0.0220) (0.0022) (0.0000)

0 50
0.5870 0.6825 0.9075 0.9770

' (0.0949) (0.0902) (0.0416) (0.0149)
Case 4: fl] = 0.8, fig = 0.4

0.7975 0.9165 0.9910 1.0000
0'75

(0.0694) (0.0402) (0.0118) (0.0000)

0 50
0.4460 0.5640 0.7840 0.9530
(0.1070) (0.1194) (0.0781) (0.0300)
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Table 2: The power (standard deviation) of the tests for a = 0.05. Model (1) versus bi-Weibull.
p = 0.75 and p : 0.50.

n.

p 50 70 110 200
Case 1: [31 = 60,132 = 0.6

0 75 0.8260 0.9565 0.9955 1.0000
' (0.0937) (0.0445) (0.0116) (0.0000)

0.50 0.6585 0.9155 0.9905 1.0000
(0.0964) (0.1156) (0.0186) (0.0000)

Case 2: fl] = 6.0, fig = 2.0

0 75
0.4240 0.4940 0.7385 0.9540

' (0.1491) (0.1271) (0.1228) (0.0588)

0.50 0.6585. 0.9155 0.9905 1.0000
(0.0964) (0.1156) (0.0186) (0.0000)

Case 3: ,81 = 2.0, 52 = 0.6

0 75
0.4395 0.5460 0.8235 0.9945

' (0.1070) (0.1188) (0.1113) (0.0092)

0 50
0.6495 0.8310 0.9980 1.0000

' (0.1608) (0.0871) (0.0051) (0.0000)
Case 4: IE] 2 0.8, fig 2 0.4

0 75
0.3840 0.4530 0.5810 0.9215

' (0.1055) (0.1094) (0.1462) (0.0611)

0 50
0.6240 0.8570 0.9895 1.0000
(0.1445) (0.0589) (0.0264) (0.0000)
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Table 3: Bootstrap estimates and standard deviation.
n

50 70 110 200
TYue values: fil = 2.0, fig = 0.6 and p z 0.5.

fl
2.4450 2.4139 2.2430 2.1890

1 (1.1936) (1.0612) (0.8965) (0.6710)
0.6111 0.6077 0.6094 0.6046

fl2
(0.0874) (0.0731) (0.0578) (0.0419)
0.5418 0.5408 0.5129 0.5071

p (0.1904) (0.1624) (0.1356) (0.1025)
Ti'ue values [31 = 2.0, fig = 0.6 and p = 0.75.

fl
2.4052 2.2210 2.1621 2.0667

1 (0.9264) (0.7597) (0.5998) (0.4308)

fl
0.6239 0.6188 0.6091 0.6047

2 (0.0971) (0.0814) (0.0637) (0.0463)
0.7264 0.7427 0.7478 0.7508

7” (0.1553) (0.1312) (0.1042) (0.0783)
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