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RESUMO

Neste artigo,consideramos inferencia Bayesiana para alguns
modelos de confiabilidade de software com dados de tempos entre
falhas.AIgoritmos Metropolis-Hastings com etapas de Gibbs sao
propostos para desenvolver a inferencia Bayesiana para os modelos
propostos.Tambem,exp|oramos alguns criterios Bayesianos de
selecao de modelos considerando um conjunto de dados de confiabilidade
de software introduzido por Jelinski e Moranda (1972).

Palavras-chaVes: modelos de confiabilidade de software,dados de
tempos entre falhas,Gibbs sampling,algoritmo de Metropblis.
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Abstract

_

In this paper, we consider Bayesian inference for some software reliability mo-
dels considering interfailure time data. Metropolis - Hastings algorithms along with
Gibbs steps are proposed to perform the Bayesian inference for the proposed mo-
dels. We also explore some Bayesian model selection criteria considering a software
reliability data set introduced by Jelinski and Moranda (1972).

Keywords: software reliability models, interfailure time data, Gibbs sampling, Metropo-
lis algorithm.



1 Introduction

Software reliability is the probability of a computer program to be free of error in
operation during a specified period of time. The software failures are related to errors
in syntax or logic (see for example, Singpurwalla and Wilson, 1994). The literature
in statistics and especially in software engineering presents many different models for
software reliability. Among these stochastic models we have two strategies: (i) modelling
times between successive failures or, (ii) modelling the number of failures of the software
up to a given time. '

For modelling interfailure time data, Jelinski and Moranda (1972) suppose that the
total number of bugs in the program is N, and they assume that each time the software
fails, one bug is corrected. The failure rate of the ith time between failures T; is assumed
to be a constant proportional to N —— i + 1, which is the number of bugs remaining in the
program.

Thus, the failure rate for T,- is given by

A; = /\JM(N "ii-1) (1)

wherei=1,2,3,....
That is, T,- has an exponential density,

f (til/M) = ,\,- 64m (2)

where T; 2 0 and A,- is given by (1).

Some modifications of the JM model (1) are introduced in the literature. Moranda
(1975), assume that the fixing of bugs that cause early failures in the system reduces the
failure rate more than the fixing of bugs that occur later. Therefore, Moranda (1975)
assume that the failure rate should remain constant for each T;, but it decreases geomet—
ricaly in i after each failure, that is, for constants 0 and k,

,- = 0k“ (3)

where0>0and0<k<1.
Goel and Okumoto (1978) propose a model similar to JM model (1), but assuming

that there is a probability p, 0 S p S 1, of fixing a bug when it is encountered. Thus, the
failure rate of T.- is given by



A; = AcolN — p(t — 1)] (4)

When p = 1, we have the JM model (1).

Schick and Wolverton (1978) assume that the failure rate is proportional to the number
of bugs remaining in the system and the time elapsed since the last failure. Thus,

A; = A5w(N '—- i + l)t (5)

Other model for software interfailure time data is introduced by Littlewood and Ver-
rall (1973) to relax the assumption of perfect repair in the JM model ( 1). They assume
that the ith time between failures has an exponential density (2) with failure rate /\.-, and
that instead of A; be considered decreasing with certainty, as it is assumed in the JM
model (1), they assume the sequence of A's to be stochastically decreasing, that is,

P(/\;+1<z\)2P(z\,~<z\),fori=1,2,...and A20.

In this way, they consider a gamma distribution for A; with shape parameter a and
scale (Mi), where z/)(i) is a monotonically increasing function of i,

- [W910
—16- A1r(/\,-|a,¢v(z)) = —-—,\° W)- 6NT) ( )

The function ¢(i) is supposed to describe the quality of the programmer and the
programming task. Mazzuchi and Soyer (1988) assume 1/J(i) = ,80 + fili.

For modelling the number of failures of the software up to a given time, the literature
presents many different models assuming homogeneous or non-homogeneous Poisson pro-
cess (see for example, Goel and” Okumoto, 1979; Goel, 1983; Ohba and Yamada, 1982;
Musa and Okumoto, 1984).

The use of Gibbs sampling with Metropolis-Hastings algorithms (see for example,
Gelfand and Smith, 1990) has been used by many authors to get Bayesian inference for
software reliability models (see for example, Kuo and Yang, 1995; Yang, 1994; Kuo, Lee,
Choi and Yang, 1996; Achcar, Dey and Niverthi, 1996).

Yang (1994) considers the use of Metropolis-within - Gibbs algorithms to obtain
Bayesian inferences on the Jelinski and Moranda (1972) model and on the Littlewood
and Verral (1973) model, considering the introduction of latent variable (data augmen-
tation technique) to simplify the conditional posterior densities required in the Gibbs
algorithm.



In this paper, we present Bayesian inference for some special software reliability mod-
els using Metropolis-within— Gibbs algorithms (without the inclusion of latent variables):
the Jelinski and Moranda (1972) model, the Moranda (1975) model, the Goel and Oku—

moto (1978) model, the Schick and Wolverton (1978) model and the Littlewood and
Verral (1973) model. We also explore some Bayesian model selection criteria considering
a software reliability data set introduced by Jelinski and Moranda (1972).

2 Bayesian Inference for the Jelinski-Moranda Model

Assuming a failure truncated model, that is, the test terminates when we observe the
nth failure, let T1, T2, . . . ,Tfl be a random sample of interfailure times of a software under
the JM model (1). The likelihood function for AJM and N is given by

L (AW; N) = ArMA(N)ezp{—AJMB(N)} (7)

where A(N) = II?___1(N — i + 1) and B(N) = ?=,(N —i+1)t,~.

Observe that t; = x,- -— $5-1, where as,- denotes the ordered epochs of failure time,
i: 1,2, . . . ,n. Therefore,

B(N) = z":(N—i+ 1)t.- = izg+ (N —n):c,,.
i=l i=1

Assuming prior independence, consider the following prior densities for AJM and N:

(i)
_

AJM N F[a1, bl]
(8)

(ii) N ~ 'P (01)

where F[a1, bl] denotes a gamma distribution with mean al /b1,'P (01) denotes a Poisson
distribution with mean 01 and ahbl and 01 are known constants.

The joint posterior density for /\JM and N is given by

n+a —1 N
7r(/\JM,N|Dn) 0C

A 1 AN 0
X

(g)

x exp{— [bl + (N — n)$n + XXL-1 $il AJM}



where AJM > 0; N = n,n + 1, . . .; and Dn denote the data set {$1,152, . . . ,x,,}.

The conditional distributions for AJM and N required for the Gibbs algorithm are
given by

(i) AJM|N,Dn ~ I‘[n+al,b1 +(N—n)$n+2?=1$il
10

" A N N —(N—n)z A

( )

(ll) 7r(N|/\JM,Dn) oc 01 e 11 JM

Observe that A(N)/N! = l/(N — n)!. Therefore, considering N’ = N — n, we get a
Poisson distribution with mean Ole-”WV“ for N’ given AJMfiand Dn.

That is,

(i) AJMIN’,Dn N F[n+al1bl +Nl$n+ 2:21:13]
' (11)

(ii) N'|,\,M,1>n ~ P (016”"’\JM)

A sample of draws from the joint posterior density for MM and N’ can now be ob—

tained by successively sampling /\JM from 7r (AJM|N’,Dn), and given this value of AJM,
simulating N' from 7r (N’|/\JM,Dn).

3 Bayesian Inference for the Moranda Model

Also assuming a failure truncated model and the M0 model (3), the likelihood function
for 0 and k is given by

L(0,k) = 0"kfl"T-'llewp{—02ki’li‘g} (12)
i=l

Assuming prior independence, consider the following prior densities for 0 and k:

(i) 0 N F[02,b2]
(13)

(ii) k N B lambs]



where B[a3, b3] denotes a Beta distribution

7r(k) oc ka3‘1(1 —- k)b3‘1,0 S k _<_ 1, and a2,b2,a3 and 63 are known constants.

The joint posterior density for 0 and k is given by

a +n n ——1
—1

7r(0,k|'Dn) 0c 0"+“2“‘k 3
x

' (14)

X (1 — k)”3"‘ewp{— (62 + Z?=1k"‘ti)9}

The conditional distributions for 0 and k required for the Gibbs algorithm are given

0) oika Du. N F in + (12, b2 + Z?=l ki—ltii

n
(H) ”(mm 0: k“ _1(1—k)”3“‘ x (15)

X exP{—9Z?=1k"‘te}

Observe that the variable A: should be generated using the Metropolis-Hastings algo-
rithm (see for example, Chib and Greenberg, 1994).

In this way, observe that the conditional density for k given 0 and Du could be written
by,

1r (“0,13") 0c k“3‘1(1 — k)”3“¢1(0, k) (16)

where me, k) = exp {Mg—QM — 025; k“‘t.~}

Thus, the value of k is simulated as: at the sth iteration (given the current value 0“),
draw a candidate km from a Beta distribution B(a3,b3); if it satisfies stationarity, move
to this point with probability

(8) (a)

mm{M 1} , (17)
¢1 (9M, k(s—1))’

and otherwise set 19“) = k(“"‘), where ¢1(0,k) is defined in (16).



4 Bayesian Inference for the Goel and Okumoto Model

Assuming the GO model (4), the likelihood function for AG0,p and N (also with a
failure truncated model) is given by

L(/\Go,N,P) = AZoA(N,p)emp{—/\GOB(N,P)} (18)

where mm) = new — pa —1)1 and M») = E‘=,[N — pa —i)1t.-.

Since t; = m,- — $4-1, where x,- denotes the ordered epochs of failure time, we have
B(N,p) = p22; mi + (N — np)wn-

Assuming prior independence, consider the following prior densities for /\Go, N and p:

(i)
'

/\Go N F [£14,541

(ii). N N P (92) , (19)

(iii) p ~ B [a5, b5] ,

where a4,b4,a5, b5 and 02 are known constants.

The joint posterior density for AGO, N and p is given by

n+a4—l N
”(AG07N7plpfl) O(

A A NJ) 0
X

x p““(1—p)"5“ewp{—[b4 +1022; xi + (N “ ”PMMGO} ’

whereAGo >O;N=n,n+1,..,;and0$p§1.
In this case, the marginal posterior densities for the Gibbs algorithm are given by

(i) AGO|1V1 P, D71 N F [n + a4, b4 + sz=1 13,“ + (N — np)$n]

.. (3—9ng
(21)

(11) “(NIAcom’DJ °< wrz-lbz (N,P,/\Go) ,



¢2(N7p”\G0) = emp{lnA(N,p)

— (N — np)xn/\Go}.

and

(iii) ”(plNaAG01Dn) (X pas—la-_p)b5—l¢3(N,pa’\GO))

where

¢3(N?p”\G0) = emp{lnA(N,p)—

—P/\Go 2521371“ — (N — "PfiMGol-

Observe that, the variables N and p should be generated using the Metropolis-Hastings
algorithm.

5 Bayesian Inference for the Schick and Wolverton
Model

Assuming the SW model (5), observe that the density function for the interfailure time
T,- is given by,

f.-'(t) = Aswtuv -i+1)exp{—Asw(N —i+1)t2/2} (22)

Also assuming a failure truncated model, the likelihood function for Asw and N is
given by

L(Asw, N) = XS‘WA1(N)exp {figflmm} (23)

where A1(N) = {1:1 t;(N -— i + 1) and B1(N) = §‘=1(N —i+1)t?.

Assuming prior independence, consider the following prior densities for /\SW and N:



0) /\SW ~ F[a6,b6],

(ii)
,

N ~ 7D (03)
(24)

where as, be and 03 are known constants.

The joint posterior density for Asw and N is given by,

n+as—l- N
7r(/\5W,N|D,,)oc ASW AfN" x

x exp{— /\sw [be +—¥Zi=1t2i _ iz?=l(i—1)t'2i}
(25)

where Asw >0and N=n,n+1,...
The conditional posterior densities for the Gibbs algorithm are given by

() AstD ~ P [n + ae,b6 +—”z:.-_1t.-—§zr=l(i— 1)t?] , (26)

and

.. 8—030N
(u) “MAW/m") oc WEA1(N)ewp{——~§EN 2-1.2}

Considering the transformation N’ = N —n, we observe that A1(N)/N! = Ll tg/N’i.
Therefore, we get,

(i) /\.<;w|N’,'Dn ~
(27)

~ F[n+a6,b6+NT Z?=1t2+3 Sang—1 ?=l(i_1)t?] a

and

(ii) N'IASW,'Dn ~ 77 (03 e_’\SW 2L: t3/2) .



6 Bayesian Inference for the Littlewood and Verral
Model

Assuming the LV model where the ith time between failures is assumed to have a
exponential density with failure rate A;, and a gamma prior density for A.- ~ I‘[a,1,b(i)],
with ¢(i) = flo + flli (also considered by Mazzuchi and Soyer, 1988), let us consider the
following prior densities for oz, 0 and H]:

(i) a N F [a7,b7],

(ll) fl] N F [08, bs] , and (28)

(iii) 7T (flolfll) 0C (flu +my”! 6117 {479 (fio + fl1)}

where a7, b7, (13, bg, 419 and bg are known constants.

Thus, a joint prior density for a,,30 and [31 is given by,

7r (a, fimfli) °< ankle—m (flu + fillarl x
(29)

x e-b9(p0+pl)e—bg
- figs—l.

(this prior density for a,flo and m also was assumed by Mazzuchi and Soyer, 1988).

The likelihood function for a, fig and fl; is given by,

L (a fimfil)“—— 11me t|,\) (,\.('|a,1/)(z')) d/\,~
'

(30)

where f(t,~|,\,-) = z\,-e"'\“"

and

_[___¢(i)l°
Aa—

— (in; 2 _F771) 16 11, ,¢'()— flo-l'flll-fr (Ma¢(i))=

That is,

L (afimfill 0< “WM—710 — 72}, (31)



where 71 = 2&1!" (1 + at?) and 72 = Z?=1ln(tf + will a¢(’) = flo + Bli-

The joint posterior density for a, fig and [31 is given by

”(61,1301 IBIIDn) (X an+a7-le-[b1+7,] a X

(32)
X 6—12 (13° + fll)“9‘l e-(flo+fi1)59fli'8—le—bafii

The conditional posterior densities required for the Gibbs algorithm are given by

(i) alflO’fil’ Dr: N F [n ‘i' (17,71 + b7],

(ii) w mambo") cx (fio +my“ e~<fl°+fiflbg ><
,

(33)

X $4 (avfl0,fll)

where 1/24. (aafiOafll) = exp {_7la — 72}, and

(iii) ”(fil|a»fl0,Dn) OC figs-le—bafi11p5 (anamfll)

where

$5 (mflwfll) = exp{(a9 — 1) 1" (flo + fill —

—b9,31—' 7101 — 72}

From (33), observe that the variables fig and fll should be generated using the Metropolis—

Hastings algorithm.

The marginal posterior density for /\,‘,i = 1, 2, . . . ,n is given by

mm) = / j / ”(Aela,¢(i))7r(a,flo,fl1|Dn)dflodfl1da (34)

where

7r(x\g|a,1/J(i)) = WAg—le—(fiwfium .



Let a("’), fig”) and fly”) denote the variates for a,fl0 and m drawn in the rth repli-
cation and sth iteration, where R and S are respectively, the total number of simulations
and iterations of the Gibbs Sampler. Thus, the marginal posterior density for A,- can be
approximated by

fr(/\g|D,,) =

(0(r,s) + fi(r,,)i)°""’ ”(mule—(fif,"”+fi§"’li)xg (35)

s=7+l F (a('13))

where A,- 2 0.

7 Some Considerations on Model Selection

For model selection, we could use the predictive density for t,- given ’D(,-),z' =
1, 2, ,n where 'D(,-) denotes the set of interfailure times not including t,', that is, D“) =
{t1,.. ti—la ti+la t-n}

Considering the JM model (1), the'predictive density for t,- given D6) is given by

a: f(t.-|D(.))= Z foof(t-|N’,,\JM)1r(N',)\m|D(,)dAJM (36)
N’=0

Using the Gibbs samples, (36) can be approximated by its Monte-Carlo estimate,

f(tID _—2—
R S

A08) Nl(l‘3) — 1)e —z\(r")(N'("")+n—l+l)tg 37. (i))—RSZ E M( +71 2+
.

( )
r=l a=§+1

where i = 1,2, . . . ,n; AS")? and N '("’) are generated by (11) for S iterations in each of R
chains considering different initial values for MM and N’.

Similary, we could use the Gibbs samples to obtain Monte Carlo estimates for the
predictive densities for t;,i = 1,2, . . . ,n given DU) for the MO model (3), the GO model
(4) and the SW model (5).

Considering the Littlewood and Verral (1973) model, the predictive density for t,- given
D(,‘) is



.._ f (t;|D(,-)) = Amf(t;|/\g)1r(/\;|'D(g)) d/\,' (38)

From (34), we have

f(t|D(.-)) =/0°°Ae “-{///w(A.-|a,¢(i))7r(a,flo,fi1|1>(.-))dafiodfl,} dz\,-, (39)

where /\.-|a,1/)(i) ~ F[a,1/)(i)] and Mi) = fig + fili.

Changing the order of integration, we get,

f (tilD(i)) __‘_‘

=f f f (“jg—MFWT((afio,fl1|D(i)) dadflodfii
1+ flo + fill)

Thus, a Monte-Carlo estimate for c,- = f (t;|D(,-)) based on the Gibbs samples generated
from (33), is given by

(40)

A
R S (ma) fl(r,s) +IB(,.,3)_

Mm)

f (ti|D(.')) = E2— 2; 2 a ( l
_

2m)“
’ (41)

rl= 3=§+l (ti + 160,31) +figr,s)z)

where i = 1,2, . . . ,n for S iterations in each of R simulations.

We can use c.- = f(t.-|D(,~)) in model selection. In this way, we consider plots of c,-

versus i(i = 1,2, . . . ,n) for different models; large values of c; (in average) indicates the
better model. We also could choose the model such that c(l) = L1 c.-(l)is maximum (1

indexes models).

8 A Numerical Illustration
In table 1, we have a software reliability data set introduced by Jelinski and Moranda

(1972). The data consists of the number of days between the 26 failures that occurred
during the production phase of a software (NTDS data - Naval Tactical Data System).

From the data of table I, we have n = 26 and sun = 3:26 = 250.



i t; it; i t; {I}; i t; cc,-

1 9 9 11 1 71 21 11 116
2 12 21 12 6 77 22 33 149
3 11 32 13 1 78 23 7 156
4 4 36 14 9 87 24 91 247
5 7 43 15 4 91 25 2 249
6 2 45 16 1 92 26 1 250
7 5 50 17 3 95
8 8 58 18 3 _98
9 5 63 19 6 104
10 7 70 20 1 105

Table 1'- NTDS data (t; = x,- — 03-1 is the interfailure time)

Assuming the JM model (1) and the failure truncated model with 3326 = 250, we
assume (see (8)) the prior densities AJM ~ F[0.2, 20] and N N ’P(30). From the conditional
distributions (see (11)), /\JM|N’,Dn ~ P[26.2, 20 + 250N’ + 23; $5] and N'lAJM,Dn ~
P(3Oe“25°)‘m ), where N' = N — 26, we generated 5 separate Gibbs chains eaCh of which
ran for 1000 iterations. Convergence of the Gibbs Samplers are monitored by the method
of Gelman and Rubin(1992). For each parameter we selected the last 200 iterations,
which for 5 chains yields a sample of size 1000. In table 2, we have the obtained posterior
summaries for the parameters AJM arid N’, and in figure 1, we have the approximate
marginal posterior densities considering the S = 1000 Gibbs samples. It is interesting
to observe that the maximum likelihood estimators for /\JM and N are given by XJM =
0006904 and N = 31.100(N’ = 5.1).

Mean Median SD. 9570 Credible interval
AJM 0.00686 0.00667 0.00205 (0.00352,0.011329)
N’ 5.933 5.000 3.720 (0,14)

Table 2 - Posterior summaries for the JM model.
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Figure 1 - Marginal posterior densities for AJM and N ’ (JM model)

Assuming the M0 model (3), we consider (from (13)) the prior densities 0 ~ l"[24.2, 110]
and k ~ B[66.8, 5.8]. From the conditional distributions (see (15)).

0|k,Dn ~ I‘[50.2,110+E?_3_1k“‘t_;] and 7r(k|0,Dn) oc k66'8'1(1 — k)5'8“1/)1(0,k),

where z/;1(0,k) = exp {325lnk — 0 $21 lei—It.- , we generated 5 separate Gibbs-within-
Metropolis chains each of which ran for 1000 iterations. For each parameter, we selected
the 205th, 210th,. . . , 995th, 1000th iterations, which for 5 chains yields a sample of size
1000. In table 3, we have the obtained posterior summaries for the parameters 0 and
k, and in figure 2, we have the approximate marginal posterior densities considering the
S = 1000 Gibbs samples.

Mean Median SD. 95% Credible interval
0.22247 0.22230 0.03560 (0.15470,0.29684)

k 0.94526 0.94584 0.01266 (0.92061,0.96925)
Q

Table 3 — Posterior summaries for the MO model.
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Figure 2 - Marginal posterior densities for 0 and k (M0 model)

Assuming the GO model (4), we consider (from (19)) the prior densities 0 ~ P(30), /\Go
~ F[0.2, 20] and p N B[2.5,2.5]. From (21), the conditional distributions for the Gibbs-
within-Metropolis algorithm are given by AGO I N, p, D" ~ F[26.2, 20 + 17232193 + 250

(N "' 26P)l,W(N|/\GO,P,Dn) 0C (6—3030N/N!)¢2(N,Pw\00) Where ¢2(N,P,)\Go) = “PU"
A(n,p) —250(N—26p))\co}, and 7r(p|N, Ago,’Dn) oc p2'5’1(1—p)2'5'1¢3(N,p, AGO), where
¢3(N, p, AGO) = emp{lnA(N, p) — pAGo 2:21:56 —— 250(N — 26p)/\Go}. Also generating 5

separate Gibbs-within-Metropolis chains each of which with 1000 iterations, we selected
for each parameter, the 205th, 210th, 215th,..., 995th, 1000th iterations, which for 5

chains yields a sample of size 1000. In table 4, we have the obtained posterior summaries
for the parameters Aco,0 and N, and in figure 3 we have the approximate marginal
posterior densities considering the S = 1000 Gibbs Samples.

Mean “Median SD. 95% Credible interval
AGO 0.00606 0.00555 0.00249 (0.002728,0.01204)
N 28.743 29.000 5.417 (19,40)
p 0.61224 0.62766 0.17883 (0.25035,0.90689)

Table 4 - Posterior summaries for the GO model.



l l I

0.0000 0.0050 0.0100 0.0150 0.0é00 0.01250

“AGO

“le
I if I

36.0 42.0 48.0
N

18.0 2 .

..| ll” ll

j T T F
0.16 0.32 0.48 0.64 0.80 0.96

p

Figure 3 - Marginal posterior densities for Ago, N and p (GO model).

Assuming the SW model (5), consider (from (24)) the prior density Asw N ”6.25, 625]
and N ~ ’P(30). From the conditional distributions (27), AswlN’,'D,, ~ F[32.25,23950 +
5157N'], and N’lAsw, Dn ~ 'P(306‘5‘5”5W), where N' = N — 26, we generated 5 separate
Gibbs chains each of which ran for 1000 iterations. For each parameter, we selected the
last 200 iterations, which for 5 chains yields a sample of size 1000. In table 5, we have the
obtained posterior summaries for the parameters Asw and N', and in figure 4, we have
the marginal posterior densities considering the S = 1000 Gibbs Samples.~

Mean Median SD. 95% Credible interval
/\SW 0.00133 0.00131 0.00024 (0.00089,0.00186)
N' 0.05000 0.00000 0.23570 (0,1)

Table 5 - Posterior summaries for the SW model.

Assuming the LV model (see section 6), consider (from (28)) the prior densities



a ~ F[1,0.3],,31 ~ F[10,100] and 1r(,30|,61) 0: (fig + fl1)2°‘1e:cp{—(flo + fig}. From the
conditional distributions (see (33)),

alfiofilmn ~ F[27,71+ 0.3],

”(flolaafll’ D71) CC (130 + fll)2o-lezP{—(fl0 + fll)}¢4(a1fl0,fll)1

Where ¢4(a,flo,fl1) = “Pi-710 - 72} and ”(filla,flo,pn) °< 110-1 6'1°°fi‘¢5(a floiflz)

where ¢5(a,flo,fl1) = ezp{—191n(flo+fl1)—fll—7la——72} and 71: 2le In (1 +m)
and 72 = 2321 ln(t,- + fig + fili), we generated 10 separate Gibbs-within—Metropolis
chains each of which ran for 1000 iterations. For each parameter, we selected the 208th,
216th, . . ., iteractions which for 10 chains yields a sample of size 1000. In table 6, we have
the obtained posterior summaries for the parameters a, flu and fll and in figure 4, we have
the approximate marginal posterior densities considering the S = 1000 Gibbs Samples.

Mean Median SD. 95% Credible interval
a 3.3760 3.3179 0.8528 (1.87826,5.10630)
flo 19.8450 19.5420 4.3670 (11.2302,29.3354)
fll 0.10017 0.09627 0.03154 (0.04707,0.17062)

Table 6 - Posterior summaries for the LV model.
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Figure 4 - Marginal posterior densities for a, fig, and fil (LV model).

In table 7, we have the values of the predictive densities c,- = f(t,-|D(,-)) (see section
7) evaluated at the observed values t; (see table 1) and approximated by its Monte Carlo
estimates based on S = 1000 Gibbs Samples for each considered model. In figure 5, we
have the plots of 0.- against i for all 5 models. We also have in table 7, the values for
c(l) = H26 c.-, considering the different models.5:1

From table 7 and figure 5, observe that c(l) has the largest value considering the GO
model (4), which indicates, in general, better fit for the software reliability data of table
1.

If we observe the last values of table 1 (also see figure 5), we observe that the LV model
gives better prediction for the last observations, which is very important to prediction of



future interfailure times.

LV JM SW GO MO
i model model model model model
1 0.032310 0.03111 0.075598 0.03643 0.03003
2 0.021150 0.01776 0.036750 0.02323 0.01713
3 0.024317 0.02238 0.050620 0.02749 0.02246
4 0.074348 0.08717 0.095400 0.08076 0.08769
5 0.044337 0.04951 0.098660 0.05092 0.05077

6 0.108993 0.12355 0.052920 0.10722 0.11908
7 0.061969 0.07120 0.094780 0.06798 0.07104
8 0.038010 0.04316 0.088760 0.04455 0.04477
9 0.061893 0.07029 0.088280 0.06701 0.06906
10 0.044479 0.05136 0.089980 0.05107 0.05187
11 0.131581 0.12472 0.021140 0.11088 0.11111
12 0.052265 0.05913 0.083050 0.05753 0.05759
13 0.130553 0.11456 0.018530 0.10505 0.10077
14 0.033028 0.03984 0.076270 0.04000 0.04026
15 0.073259 0.07245 0.056230 0.07028 0.06688
16 0.129043 0.09869 0.014600 0.09607 0.08689
17 0.087400 0.07529 0.037720 0.07511 0.06855
18 0.087214 0.07181 0.034180 0.07318 0.06584
19 0.052223 0.05169 0.052720 0.05303 0.04914
20 0.127089 0.07635 0.009330 0.08364 0.07118
21 0.025396 0.03229 0.053790 0.03263 0.03187
22 0.002960 0.00711 0.006230 0.00546 0.00714
23 0.044725 0.03962 0.032910 0.04466 0.04054
24 0.000176 0.00055 0.000000 0.00116 0.00038
25 0.103058 0.04397 0.005410 0.06223 0.05200
26 0.124274 0.04010 0.001390 0.06397 0.05268
c(l) 4.15><1(T-'~"3 3.29><10-33 1.55><10-43 1.73><10—35 1.61 x10-36

Table 7 - Values for c,- = f (tilDw) ,i = 1,2, . . . ,26. '
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