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Abstract

In this paper the convergence of a simple product integration method which solves a non-
linear integral equation arising from non-linear waves in shock tubes is analysed. Simple
numerical results are given.

Resumo

Neste trabalho a convergéncia de um método simples do tipo integracao produto, o qual
resolve uma equagio integral nao lincar proveniente de ondas de choque ndo lineares em
tubos, ¢ analisada. Resultados numéricos sao apresentados.
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1 Introduction

Knowledge of the boundary-layer development behind a moving shock is important for eval-
uating the non-ideal behavior of shock tubes. Keller (1981), restricted his consideration to
relatively weak waves when the fluid velocities are small and assumed the boundary-layer
thickness to be small compared with the diameter of the tube. By considering the conserva-
tion of mass and momentum and using Chester’s (1964) boundary-layer parameter

2 v\ 7 v —1
'3_1?, (w) (1+Pr%)’




where v,v, Pr and R denote the kinematic viscosity, the ratio of specific heats, the Prandtl
number and the diameter of the tube, respectively, he was able to derive the following integral
equation

(L) wr =6 [ utr - o6,
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where ¢y denotes the undisturbed sound speed. In a later paper Schneider(1982) considered
the generalised equation

o)+ = et B [ (- 9yt (11)

where 0 < # < 1 and « is positive constant, and showed rigorously that

0, 0<t<eg,

y(t) = (1.2)
(t—o)2*, t2>cg

with arbitrary ¢ > 0, was, rather remarkably, the unique solution of equation (1.1).

Since a simple unique solution exists it may well be argued that there is little point in
studying numerical methods for its solution and for this particular problem this is true.
However it does contain some interesting and difficult features for the numerical analyst.
For example it has a descontinuous first derivative at ¢ = ¢, it is non-linear and has an
integrable singularity. It is therefore a difficult problem to design a numerical algorithm for
its solution. Thus a working numerical method and especially a convergence proof would
be useful in understanding generally problems with the difficult features. The fact that a
solution exists us in checking the validity of such an algorithm.

The purpose of this note is to present a numerical method of product integration type,
obtained by replacing the integrand’s unknown functions by constants, and demonstrate it
to be convergent. Although being a low-order method, it has practical interest because of its
ease of implementation. Futhermore, by reducing the mesh spacing sufficiently, results which
are as accurate as is desired can be obtained. Many authors (among them, Weiss(1972),
Eggermont (1979), Franco(1983) e Tang(1992)), have employed this method to successfully

solve integral equations.



2 The numerical method

The method which we shall propose here is to replaces y(s) by y(t;) for s € [t;,t;41]. It is

therefore a simple product integration method.

We define for all h € (0, ho), ho > 0, such that Nh =ty = 1 for some integer N the function
Ay : C[0,1] = RN,

so that

Ard(t) = ($(0), ¢(h),...,d(1 — h),$(1))".
Let ¢y = 0 define all algorithms such that
qsh . ﬂN-H N IRN-H.
Let t; = t;—y + h with t5 = 0.

We can rewrite equation (1.1) in the form

r o =1t
e L D M UER OIS (21)

Thus if y; denotes an approximation to y(¢;) at t =t;,1=1,2,..., N, we can write

e _DltadB) S pon gy
(R Y TIPS YV 7)) ny/: (ti = 8)"" ds.

]:O 7

Computing the integral we obtain

-1
£
yi'te = py P Y wisjyj, (2.2)
i=0
where
[y = I'(l +a+p)
"= B+ I (B)
and

Wiy = (=) = (i = j - 1", (2.3)
Now, we can define, more formally, the discretization algorithm ¢,y = 0, where
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yi — 0, 0<:<k,
[pryli={ ¥i— he, =k,

8 . .
y e —mh? Tihwijy;, k+1<i<N,

(2.4)

where y;, 0 < i < k, are necessary given values for a uniqueness solution (Schneider(1982))
and y;, k+1 <1i < N, are approximation for y(¢;). Note that the algorithm (2.4) would be

solved for We can y;, i = k+1,..., N, in a step-by-step fashion.

In matrix notation (2.4) becomes

8
dry = y'te — b - mhﬁANy,

where
: 142 = 1+8 148 +&. 7

y Yo "Y1 Treer¥UN T)

by = (0,...,0,h** 0,...,0)T,
with h*# in the k-th position, and

wi—j, k<i<N, k<j<i-1,

(An)ij =
0, otherwise.

3 Preliminary lemmas

The following discrete Gronwall lemimas we be required.

(2.5)

(2.6)

Lemma 3.1: (Henrici (1962)) If z;, 7 =0,1,..., N is a sequence of real numbers with

i—-1
| z; |< hMZ|37;i|+5; 1=1,2,..., N,

Jj=0
where § > 0 and M > 0 is usually independent of A, then

| 2i |< (hM | 2o | +8)eM™; i=1,2,...,N.



Lemma 3.2: Let z;,y;, 7 = 0,1,..., N be sequences of real numbers satisfying:

1

i-1
| 27 — 3" |< M’lﬁz(i—_m |2

7=0

—y; |+6, i=1,2,...,N, (3.1)
where y > 1,0 < 8 < 1,6 >0 and M > 0 is independent of h, then

| 27— ui7 1< (AM | 2o —go | +6)M™, i=1,2,...,N, (3.2)

where

M = MB(:BHB)a

with B(a,b) the beta function defined for Re(a) > 0, Re(b) > 0 by

/‘ du
o ul=e(l —u)t-b’

and M
& =461+ =)
(1+%)
Proof
We can given that
g k-1 1
N A Y — e a4 —_
| 2" — y” |< Myh g(k—i)“f”lx’ vil+6, k=1,2,...,N,
Let
L= max [zi-uyl,
and
[= mi -y
oty 177 w7 |
zi#yi
Then, we can determine C so that
' L < CL

Therefore, exists Cy, so that
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lzi—y] < L < Cl < Cilz]-y']; 0<i<N-1L

Thus for k =1,2,..., N we have

|z’ —y? | < MAP E )1 ﬁClla:;’—y?I—l—J

t"O
ﬁk 1 1
1=0

where M = M,C;.
Using (3.1), we obtain, for k =1,2,..., N, that

| 2" = g |< My hP z - Q(Mhﬂz ‘ﬁlm, yjl+6)+6.

t—'O ]""0

Collecting terms and noting that

k=1i~1 1 k-2 k-1 1
N e I | Ll M0 PN e L i

we obtain

k-2 k~1
; 1
|2 =y | < M*h) (hw > (k__i)l—ﬁ(i__j)l-—ﬁ) |25 =i |

j=0 i=j 41

1—0 )

We now observe that

- ! « 1 t ds 1
15 SESL . — Y
i=zo (k—)t-F Z; (b —t)1=P = Jo (tx—s)1-8 g%

where t; = jh.

The last inequality is clear when the sum is regard as a (partial) Riemann sum. And finally
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K- kZ—jl 1 = h kf 1
s (k— )P — 5)'-F i=j+1 (te — ) =P(t: = t)'F
k-3-1 1

= h

; (th—j — t)1 =P (1)1 P

/tk—j ds
0o (te—j — s)17Fs1-F

t2ﬁ_.l /1 du
k=3 Jo (1 — u)1-Byl-8

te > B(B,B).

The last inequality is also deduced by considering the sum as a (partial) Riemann sum, but
some subtility is required (see McKee(1979)).

Therefore
251 k-1
n’ =y | < MRBB,ARY |z -y |
7=0
M
+ (1 + =t).
( ﬁ k)
Replacing & by 1, we can write
i-1
|z =y |[<KEM'Y | 25— y; | +& (3.3)
§=0
where
M'= MB(B,0),
and M
§ =414+ —=),
( 3 )

since t; < t,, = 1.

The inequality (3.3) is now in a form in which lemma 3.1 can be applied to give the required
result.



4 Consistency and convergence

Theorem 4.1: The discretisation ¢, is consistent of order « if exists M, independent of h
and N, such that for all # > k& + 1 we have

| [ARY(0)*5 = by — mhP AnAny()]; 1< MA®

Proof

We need only consider

| /(,t‘(ti —s)"ly(s)ds — i:/etm(t; = s)P1y(t;)ds |=

= 13 [ = o te) ~ wle s

IA

> [ = ute) ol s

-1 i—1
= Y () + hs)+ 3 1i(s),

1=0 j=l+1

where

W) = [ 6= P 1y(e) — y(t) | ds

Assuming that ¢ € {t;,¢41], we have that for j # | we can suppose that y(s) € C*[0,1] and

then we obtain

L) = [ = P s = 1) 16 () | ds

7

ty41
< x| [ - s
t]

SE[ty,ty41

where {; < & < tj41.
Hence on evaluation of the integral

Ii(s) < M@~ )P — (i = j = 1)F),
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where M, = l—&—

For 7 = | we note that

t
L < 2 max {|y(s) |}/tm(t,~—s)ﬁ"lds.
]

s€[t1t141]

If we make the assumption that

< M'h°,
x| ly(s) |< M'h

which we know to be valid for we know the exact solution, we have

It £ Moh®*P((i = 1) — (i =1 = 1)7]

where o
M2 = —'ﬁ—'
Therefore
-1 -1
ZIJ( )+ Ii(s) + Z li(s) < M/LB{hZ[(i—-j)p._(i__j_l)ﬁ]
3=0 j=l+1 j=0

+ R(E =P = (=1 —1)F]
+ b i [(i—j)”*(i—*j—l)”]}

=141

where M = maz {M,, M,}. Thus,

Z (s)+ Ii(s +le

. M {h[()° — (i~ 1))
i=0 J=i+1
hel(i = 1)P = (i — 1 — 1)°]
Rl —~ 1= 1)°]}

Mh2+B83P

N+ +



since that for h sufficiently small, and a < 1, we have that h < A®.
Therefore

-1 i1
Z 1i(s) + Li(s) + Z [i(s) < Mh",

=0 i=l+1

since th < Nh = 1.

Then we can conclude that the method is consistent of order A* at last. This does not mean
that convergence of order h will not be obtained since consistency of order A% only occurs

once, (see Elliot, McKee(1981)).

Before stating a convergence theorem a bound is required on the quadrature weights w;;.
Lemma 4.1: The quadrature weights w;; are bounded as follows:

M'
| wij |= wio; <

_m; OSZSN, 0<ﬂ<1,

where M’ is some constant independent of 7, 7 and A.
Proof

For definition we have
,@ t+1 —1 1 -
Wiei = 35 ), (t: —5)°""ds < 5 (i = 65)(t = ti)*7, (4.1)
since
max {(t; —s)P7'} = (ti — t;31)" "

2€lty.t541]
0<B<1

Therefore
| Wi—y |——-— Wi—j < /Ll_ﬁ(l,' - lj.H)ﬁ-l.

Note that this to be valid only for (7,75) € S, where
S={(4,5)) 0<j<i<N and j#i-1}.

Then



where

i 1-8
M = max{(—-———"-—) },
s t—3—1
. 1-8
maws{(——z——J——) } =2!-8,
1—7—1

Now, consider (4.1) for 7 = ¢ — 1. We have

is bounded; since

,B ti -1
w =5 - (t: —s)’"'ds
Computing the integral we obtain
M’

This complete the proof of lemma.
Theorem 4.2: The discretisation ¢, is convergent of order « if it is consistent of order «.

Proof

Using (2.5) and adding and subtracting pu;h® Ay Apy(t) and using the triangle inequality, we
obtain:

3 8
'™ % = Ay <) | < uih® | [An(y = Any(t))]; |
3
+ A = by — uh? AnAwy ()] |
< mhb? | An(y = Any(t))i | +M A2,

using consistency.

Thus

|7 = Aufy(W)]'*5): | < /l»nhﬁg: | (AN 1l [y — Dry(@)]; | + M A2

1=0

S /I|AI llﬁz 1, _} l ﬂ (. e Ahy(t)].? I +(55

1



since

Therefore

Using the lemma 3.2 we can conclude that convergence of order o is obtained.

™5 = Auly()]' 5] |< M

5 Numerical results

In order to illustrate the theoretical results of Section 4, the equation (1.1) was solved by

means of (2.5) with

)a=p=1andc=1.0

i) a=4=1

i—1

!’

7)

Table 5.1: Error

M [ 4
| (An)ij |=| wizj |= wicj < ({“:7)_17-5 andd = MA®.

(v - Al |+

j=0 (i -

L 1.2 1.3 1.4 1.5
h =0.1 9.0D-2110D-1110D-1}{1.0D -1
h=001 (22D —-2|20D-2|18D-2{(1.6D -2
h=0.001(32D-3127D-3124D —-3|2.2D -3
and ¢ = 0.1
Table 5.2: Error
t; 1.2 1.3 1.4 1.5
h =0.1 85D —-2{83D —-2181D—-2{79D —2
h=0.01 [12D-2{12D-2112D—-2|1.1D -2
h=0.0011]1.6D-3116D-3{15D—-3|1.5D—3
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fii)o=1,=1andc= 10

Table 5.3: Error

l; 1.2 1.3 1.4 1.5
h =0.1 6.9D—-2(1.1D-1|14D~-1|1.7D -1
h=0.01 |31D—-2)35D—-2|38D—-2(4.0D -2
h=0.001]52D—-3|55D—-3{58D-316.0D—3
iv)a=1,=1and c=0.
Table 5.4: Error
t 1.2 1.3 1.4 1.5
h=0.1 25D —~1(26D—-1|27D—-1|28D -1
h=0.01 47D —-2{48D —-2}148D —-2{49D -2
h =0.001 66D —-3|67D—-3(68D-3|68D -3

6 Conclusion

An integral equation arising from the propagation of non-linear waves has been studied.
An analysis of convergence has been presented and this depends upon the use of non-linear
discrete Grouwall lemma which is new. Finally numerical results are presented.
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