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Abstract

ln this paper the convergence of a simple product integration method which solves a non—

linear integral equation arising from non-linear waves in shock tubes is analysed. Simple
numerical results are given.

Resumo

Neste trabalho a convergéncia de um método simples do tipo integragao produto, o qual
resolve uma equagzio integral nae linear proveniente de ondas de choque nao lineares em
tubos, é analisada. Rosultados numéricos silo apresentados.
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1 Introduction
Knowledge of the boundary-layer development behind a moving shock is important for eval—

uating the non—ideal behavior of shock tubes. Keller (1981), restricted his consideration to
relatively weak waves when the fluid velocities are small and assumed the boundary—layer
thickness to be small compared with the diameter of the tube. By considering the conserva—
tion of mass and momentum and using Chester’s (1964) boundary-layer parameter

_2 u% 7—1
(5-12 (w) (1+Pré)’



where 147, Pr and R denote the kinematic viscosity, the ratio of specific heats, the Prandtl
number and the diameter of the tube, respectively, he was able to derive the following integral
equation

(7+ ‘)u2 = fi/OTUU— new,260

where Co denotes the undisturbed sound speed. In a later paper Schneider(1982) considered
the generalised equation

gm”? =W feta — s>fl-‘y<s)ds, (1.1)

where O < fl < 1 and a is positive constant, and showed rigorously that

O, OStgc,
y(t) = (1-2)

(t -— c)“, t _>_ c,

with arbitrary e 2 U, was, rather remarkably, the unique solution of equation (1.1).

Since a simple unique solution exists it may well be argued that there is little point in
studying numerical methods for its solution and for this particular problem this is true.
However it does contain some interesting and difficult features for the numerical analyst.
For example it has a descontinuous first derivative at t = c, it is non—linear and has an
integrable singularity. It is therefore a difficult problem to design a numerical algorithm for
its solution. Thus a working numerical method and especially a convergence proof would
be useful in understanding generally problems with the difficult features. The fact that a
solution exists us in checking the validity of such an algorithm.

The purpose of this note is to present a numerical method of product integration type,
obtained by replacing the integrand’s unknown functions by constants, and demonstrate it
to be convergent. Although being a low—order method, it has practical interest because of its
ease of implementation. Furthermore, by reducing the mesh spacing sufficiently, results which
are as accurate as is desired can be obtained. Many authors (among them, Weiss(1972),
Eggermout (1979), Frauc0(1983) e Tang(1992)), have employed this method to successfully
solve integral ecpiations.



2 The numerical method

T he method which we shall propose hereis to replaces y(s) by y(t j) for s E [tj,tj+1]. ItIS
therefoxe a simple pioduct integlation. method.

We define for all h 6 (0,110,110 > 0, such that Nh = tN = l for some integer N the function

Ah : C’[0, 1] —> RN“,

so that
mm = (¢(0),¢(h),...,<z>(1 — h),¢(1))T-

Let (My = 0 define all algorithms such that

¢h:RN+1_> [RN-H.

Let t; = ti_| +11 with to =
We can rewrite equation (1.1) in the form

[y<t)1'+‘3=%% Z/ M—s)”‘(s)ds (2.1)

Thus if 1,’ denotes an approximation to y(t ) at t—_ t, i—— l, 2,. .,N, we can write

,1+§__ l‘(l+a+,(3) F
__ fi—i”‘ '

1(1+a)r(fi) 23””All“ (‘t 5) ds‘

Computing the integral we obtain

i—l
Eyi1+° = Hill/3 Ewi—jyj, (2.2)

j=0
where

N = F(l + a + fl)
" fll‘(1 +war

and
wi-j = (i —N — (i —j — 1)”. (2.3)

Now, we can define, more formally, the discretization algorithm thy = 0, where
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l¢hyli = yl' '- ha» i = kv (2.4)
y?“ — mhf’ Z§Zl>wi-jyj, k +1 s i s N,

where yg, (l _<_ i S k, are necessary given values for a uniqueness solution (Schneider(1982))
and y,-, k' + 1 S i S N, are approximation for y(t,~). Note that the algorithm (2.4) would be
solved for We can y;, i = k: + 1, . . . , N, in a step—by—step fashion.

In matrix notation (2.4) becomes

Em = y‘“ — bx — mhfiANy, (2.5)

where
- a 1+§ 1+§ 1+§ Tyl+°=(y0 ayl a~°'1yN )7

b. = (0,...,0,h“+",0,...,O)T,

with Iz°+5 in the k-th position, and

wi_j, kSzSN, ijSi—l,
(ANlij = (2.6)

0, otherwise.

3 Preliminary lemmas

The following discrete Gronwall lemmas we be required.

Lemma 3.1: (Henrici (1962)) If m,-, j = O, 1, . . . , N is a sequence of real numbers with

i—l
Inc; Is hMZ I mj I +5; i:1,2,...,N,

1:0

where 5 > 0 and M > 0 is usually independent of h, then

|:L-,- |§ (hM m, | +5)CM”‘; i:1,2,...,N.



Lemma 3.2: Let wj,yj, j = 0, 1, . . . , N be sequences of real numbers satisfying:

i—l 1
331.1 __ yi'v IS Mhfi '__'__I 20 (t —1)

where 7 > 1,0 < fl < 1,5 > 0 and M > O is independent of h, then

w — yn ls (W | 930 - yo | +6')eM"‘h, i=1,2,..-,N,
where

M, = MB(:8H8)a

with B(a,b) the beta function defined for R601) > 0, Re(b) > 0 by

/1 du
0 ul—“(l — u)1‘b’

/_ M5_5(1+ fl).
and

Proof
We can given that

k—l l
Ika—ykv SM/lfi ———.——' ‘ Eons—z)

Let
L = max x- — -

ogiSN—l
I

’ y, I’

and
1: min at” — 77

.OSiSN—ll t y; I

nasty;

Then, we can determine C so that
'

L l/\ Cl.

'l‘l’|er(-=,f0ru, exists C1, so that

1_g|xf-yil+6a k:1,2,...

l_fllmj—yj|+5, i=1,2,...,N, (3.1)

(3.2)

JV,



l$i_yil S L S 01 s Cllz3~y7|; ogigN—l.

Thus for k =1,‘2,...,N we have

ka7_ykv| 5 Mlhfj 203 —-1i“)1fiClle—y?|+6
k—IO

1: Mhfiz (k _z')1__p
l x7 ‘y: l +67

i=0

where M = M101.

Using (3.1), we obtain, for k: = 1,2,. . . , N, that

k—l

l$k7~yk7lfi MlhflZr;i“) 5(MhflZ—“7—“(i_
)1—fi

|x,— yjl+6) +6.
i=0 j=0(

Collecting terms and noting that
k-1i——l l k—2k— l 1

§§<k—i)'fl(i—jr-fl giggle—iwu—jw
we obtain

k-2 k—l
_ llam—ym s M2hZ(h”“ Zm) ”PMj: i=j+l

+ Mhfig+5+5
We now observe that

kq I kq 1 ‘k ds 1

m ___,__=h _____</ _ _tfi§<k—z>*~fl i=Zo(tk—ti)l*fl — o (“fly-a g k,

where ii = jh.
The last inequality is clear when the sum is regard as a (partial) Riemann sum. And finally
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1Ic—l 1 k—1

hw-l ______._—_,_ , = h —-—————-——-—————i521“: " ill-fl“ " Ill-fl £3121 (tk " till—“ti " ti)l—fi

k—j—l

=h 1

l; (tic—j ~ t1)1"fi(tz)‘“fi

/tk—j
ds

0 (tk_j —— s)1‘531‘fi

tw—_1/1“1 o (l—u
du
)1—fiul—fi

tifig‘mflfl).

The last inequality is also deduced by considering the sum as a (partial) Riemann sum, but
some Subtility is required (see Mcl<ee(1979)).

(3.3)

Therefore

2 1

10—1

wk" — yu | s Mwww- Z 1 xj — yj I

j=0
M

+ 6 1+ —tfi .(
fl

k)

Replacing k by i, we can write

i-l
l 113,” —-yfl l_<_ hM'Z l $1 —* 311 l +5]

j=0

where
M' = MBWfi),

and
M

5’ = 5 l + _ ,(
fl

)

since t,- S tn = l.

The inequality (3.3) is now in a form in which lemma 3.1 can be applied to give the required
result.



4 Consistency and convergence

Theorem 4.1: The discretisation (fin is consistent of order a if exists M, independent of h
and N, such that for all i 2 k + 1 we have

| {Ah<y(t>)‘+€" — bl - mflANAhyuni Is Mm

Proof
We need only consider

| [fuz- — s>fi-'y(s>ds — Z/W — sw-‘yuads |=

= I 2PM.“ — s)f’-‘[y<s) — y<tj>1ds I

53 fm’ui — 5)“ Ms) — ya» IdsI/\

: ZIM3)+11)+21‘(3
j=1+1

where
1k<s)= [TWA — 3)“ |y<s> — w» | ds.

Assuming that c e [tl,t,+1], we have that forj 94 l we can suppose that y(s) E Cl[0,1] and
then we obtain

W) = [Wm—s)” ‘ s—tmm D |ds
J

1+]
S max |y'§j) I /t

J
(t,- — 5)fi_1ds,

J35l‘1:‘1+1l

where t]- < fj < tj+].

l'lence on evaluation of the integral

11(S)S M1’l”“l(i “ilfi —(i~j—1)fil,



whele Ml:”M
Forj == 1 we note that

t

1,5 2 max 1” y(s) |}/tl+l(t,~—s)fl"lds.
lseltmm]

If we make the assumption that

max |y(s) |§ M'h",
SE[t1.tz+1]

which we know to be valid for we know the exact solution, we have

11 S Mzthi “ ”fl * (i — l “ Ufii

where
2M,

M2 2‘-7
Therefore

1—1 1—1

EMS )+h(s)+ Z 1(s)5 Mlz"{h>:[(i—j)/3_(i_j_1)fi]
J=0 j=1+1 j=0

+ h“[(i—l)"—(i—l—1)fi]

+ h i i<i—j>fl~<i~j—1>f’1}
j=I+l

where M = max {M1,M2}. Thus,

l-—1

Z]j(9)+ll(s)+Zl(s)
j=0 j=l+l

Mh {M)—(z’—l)‘3]

h"[(i — 1)” -(i—-1—1)fi]
h[(i-l—1)fi]}
Mh°+fiifi,

I/\++



since that for h sufficiently small, and a < 1, we have that h < h“.

Therefore

1—1 i—l

Z lj(s) + I,(s) + Z [3-(3) 3 MIL“,
j=0 j=l+l

since ih S Nh =1.
Then we can conclude that the method is consistent of order h“ at last. This does not mean
that convergence of order It will not be obtained since consistency of order ha only occurs
once, (see Elliot, McKee(1981)).

Before stating a convergence theorem a bound is required on the quadrature weights wij.

Lemma 4.1: The quadrature weights wij are bounded as follows:

MI

where M’ is some constant independent of i,j and h.

Proof
For definition we have

[6 tr“ __
l _wi—j = 55 1

(ti — Slfi 'd3 S 550m —t]-)(t,- —tj+1)fi 1, (4-1)
I

since
max {(t,~ — s)”"} = (ti — tj+1)'8_1-

‘el'r'flll
0<fl<1

'l‘l'ierefore
I U),-_]- l: u),-_j S Iz'_fi(l,- — tj+l)fi—1‘

Note that this to be valid only for (i,j) E S, where

SE{(i,j)/ 0_<_j<z'§N and jgéi—l}.

Then



w hero
1—

. 1—13

M'= max{(,——:—J——> },s i—j—l

. l—fi

mams{<——i——J——> } = 2'"”.
i—j—l

Now, consider (4.1) for j = i -— 1. We have

is bounded; since

B t‘
(3.1w = —— t,- — s (13.l hfi t.‘_.1( )

Computing the integral we obtain

MI

This complete the proof of lemma.

Theorem 4.2: The discretisation (fill is convergent of order a if it is consistent of order a.
Proof
Using (2.5) and adding and subtracting ulhflANAhyU) and using the triangle inequality, we
obtain:

I [w ~ — Ahlylt(”1”in I s Nihfi I {my — man],- I

+ I [AthItIIHfi — bl — mhfiANAhyw I

S mhfi | AN(y — Any(t)]i | +Mh",

using (zzonsistency.

Thus

I/\llyHg — Anlz/(i)l'+§lil III/LBS: I (AMI-1 ll [Iv — Ans/(mi l +M’f’

g [HM '//’Z(—————l —_I))““7, III. — Alfi/(illj I +6,

ll



since
M'

I (ANlij |=| w,-_j |= wi—j S (Tl—37117
andJ = Mh“.

Therefore
i—l

11 a 1

I [y‘+° — A;.[y(t)]‘+<~i.- IS Mh" W I Ky - Ahy(t)]j I +6.
j=o

Using the lemma 3.2 we can conclude that convergence of order a is obtained.

5 Numerical results

In order to illustrate the theoretical results of Section 4, the equation (1.1) was solved by
means of (2.5) with

i)a=fl=%andc=l.0

ina=fi= 2

Table 5.1: Error

l and c = 0.1

[i 1.2 1.3 1.4 1.5
/L=0.l 9.00—2 1.0D—1 1.0D—1 LCD—l
h = 0.01 2.2D — 2 2.01) -— 2 1.8D —- 2 1.6D — 2
h = 0.001 3.2D ~ 3 2.7D — 3 2.41) —— 3 2.2D — 3

Table 5.2: Error

ti 1.2 1.3 1.4 1.5
IL:0.1 8.51)——2 8.3D—2 8.1D—2 7.9D—2
h=0.0l 120—2 1.20—2 1.20—2 LID—2
h=0.001 LSD—3 l.GD~3 LSD—3 1.5D—3
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iii) (v = l,[l = g and c: 1.0

Table 5.3: Error

t; 1.2 1.3 1.4 1.5

h=0.1 6.90—2 1.1D—1 1.4D-1 1.7D—1
h = 0.01 3.11) -— 2 3.5D — 2 3.80 — 2 4.0D — 2
h = 0.001 5.20 — 3 5.5D —- 3 5.8D —— 3 6.0D — 3

iv) a =1,fl = % and c = 0.1

Table 5.4: Error

t, 1.2 1.3 1.4 1.5
h = 0.1 2.51) — 1 2.61) —1 2.71) —~1 2.8D —1
h, = 0.01 4.71) — 2 4.80 — 2 4.8D — 2 4.91) —- 2
h = 0.001 6.61) — 3 6.70 —- 3 6.81) — 3 6.81) — 3

6 Conclusion

An integral equation arising“ from the propagation of non—linear waves has been studied.
An analysis of convergence has been presented and this depends upon the use of non—lii'iear
discrete (lronwall lemma which is new. Finally lmnmrical results are presented.
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