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Abstract

Considering the Wald, score and the likelihood ratio asymptotic test statistics, we analyze a mul-
tivariate null intercept errors-in-variables regression model, where the explanatory and the response
variables are subject to measurement errors, and a possible structure of dependency between the
measurements taken within the same individual are incorporated, representing a longitudinal struc-
ture. This model was proposed by Aoki et al. (2003b) and analyzed under the bayesian approach.
m this paper, considering the classical approach, we analyze asymptotic test statistics and present
a simulation study to compare the behavior of the three test statistics for different sample sizes,
parameter values and nominal levels of the test. Also, closed form expressions for the score function
and the Fisher information matrix are presented. We consider two real numerical illustrations, the
odontological data set from Hadgu & Koch (1999) and a quality control data set.

Key words: null intercept errors-in-variables models; score statistic; likelihood ratio; Wald statistic;

EM algorithm.

1 Introduction

The errors-in-variables models are usually considered in the regression analysis when beyond the random
errors involved in the model, measurement errors due to the instrument or process of measurement
must be incorporated to the structure of the model. This kind of errors are usually found in industrial or
biological problems. The errors-in-variables models can be constructed considering different assumptions
and it can be classified as a functional, structural or ultrastructural measurement error model. The
distinction between the functional and the structural models were first clearly described by Kendall
(1951, 1952), while the ultrastructural model were defined in Dolby (1976). Also, a wide bibliography
may be found in Kendall & Stuart (1961), Moran (1971) and Fuller (1987). The simplest structure for
a measurement errors regression model can be defined as follows. Suppose the pairs (¢1, m), ..., (&,
7n), satisfy the linear relation, n; = a+ f¢i, i = 1,...,n, where (&, n:) can not be observed directly, but

with errors, through (z;, ¥;), that is,

;= {i +'U'",

vi=nm+¢e,i=1,...,n.



Hypotheses testing on an errors-in-variables model , 2
The errors u; and ¢; are random variables with mean 0 and finite variance 02 and o2, respectively, inde-
pendently distributed for 7,2 = 1,...,n. The functional model assumes that &; are unknown constants,
the structural model supposes that £; are random variables with the same distribution (with E(&;) = p
and Var(§;) = 02) and the ultrastructural model assumes that &; are random variables with different
means and variances. It is common to assume that all the random variables in the structural measure-
ment error model are jointly normal. However, it is well known that such a model is not identifiable and
some extra assumption must be made to bypass this inconvenience, for instance the knowledge of the
errors variance ratio (A = 02/0?), the knowledge of one of the errors variance (o2 or o%), both of the
variance (02 and 02) known, the attenuation factor (k; = 0%/(0% +02)) known or the intercept o known
(and p # 0). Each of these assumptions make the model identifiable. Models assuming the knowledge
of the intercept can be found, for instance, in Chan & Mak (1979), Aoki et al. (2001, 2002, 2003a,b),
Labra et al. (2005) and will be considered here.

Aoki et al. (2003b) proposed the following multivariate null intercept errors-in-variables model

x; = §; + 45,
| (1)
Yi= xiﬁi +e;, = 17 Ry

to analyze a pretest/posttest data considering the bayesian approach. The observed vectors x; =
(@iys oo s @in, )T 80d yi = (¥5, ¥3:)Ts With Y1 = Wiy - Y140, )T 80d y2i = (Y205 - » Y210, )T, ave taken

longitudinally for the n; experimental units of the group 4, i =1,...,p. The vector & = (Ehmvan &, i

represents the real values of the explanatory variables, which can not be observed directly, but with

: & 0

errors 8; = (8, ...,0,,)7. The matrix X; is given by X; = | and e; = (e}, el.)7, where
0 &

e1i = (Eliys+++)€lin, )T and ez = (e2i,,. .. ,ezi..‘)T, represent the measurement errors of the response

variables and 8; = (B1i, B2:)" represents the parameters of interest. We suppose that 6;, N (0,02),
e, e N(0,02 ), e, ing- N(0,02,) and &, g N(p,02),i=1,..,p;5 = 1,...,n;. We assume that
the experimental units are randomized in the beginning of the study, so that the p groups are homo-
geneous, thus we consider the same variance (02) for the initial measurement errors for the p groups.
However, we suppose that the long-term behavior of the variables may not be the same, thus we assume
ol =(d2,,02.)7,i=1,..,p, allowing different values for the errors variance after the beginning of the
study for each group.

To analyze the model defined in (1) under the classical approach, this paper unfolds as follows.
Section 2 is dedicated to the obtention of the maximum likelihood estimates via the EM algorithm, since
it is not possible to explicit expressions for the maximum likelihood estimator. In Section 3 we discuss

hypotheses testing considering the Wald, score and the likelihood ratio test statistics, as well as the

restricted estimation under the null hypotheses of interest. Section 4 brings two numerical illustrations,
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one of them related to odontological data set and the other related to a quality control experiment. In

Section 5 we present the results of the simulation study, comparing the behavior of those test statistics

and finally, in Section 6 we discuss the general obtained results.

2 EM algorithm

In this section we propose the use of the EM algorithm for the obtention of the maximum likelihood

estimates of the parameters of the model. Considering the model defined in (1), let z;, denote the vector

of observations for the jth individual from the ith group. We have

zy, i 02 + o2 Brio? Baio?
Zi; = | yu; |~ N3 Bup |»| Buok: Bhoi+ol,  Prbauc?
Vi, Bip Baio? PriBaiol  B30% +o?

€2i

It can be easily shown that the correlations between the measurements taken in the same individual,

Tiy, Y1i; and yo;, are given by

Brio2
p(xij’yki,)= : 5 k=1,2,
V(o2 +0?)(Bho? + 02,
B1iBaic? . 5
{ i A= LvenyDid= i o
P(Y1iy, Y2i;) = N e T Al n;

Defining E(z;,) = m; and Var(z;;) = V;, the joint probability function for the experimental units

from the group 7% is given by
_3n _n 1 Ca o
fi(2:,6) = (2m) " [Vi| =% exp{—5 ) (m, —mi) "V (z, — mi)},
ot

where z; = (z,,...,2,,)7, so that the log-likelihood function is given by

2 n;
L(6/z) = ——log(27r)— —Zn. logv; — -E T % (V. eas T P22, = (=, — uP+
=1 ™ =1
P 2 i 2 ni
Brio2a? " Brio2a?
= N (@, — ) (v, — Buans) + Z ot N (@i — 1) (vas, — Bairs)—
=1 J=1 i=1 g J=1
4 (02+02)ae +020%33; (0% + 02)02,, + 0202P%
I e z 1 2
: 2: Z(yn,- Brin)” — z 2;} - Z(yzi, = Baip)™+
i=1 j=1 i=1 j=1
P
1
Z ;(ﬂuﬁziagaz) Z(yu, = Briw) (y2i; — Pains),
i=1 ° j=1

P
where v; = (02 + 02)(02,,02,,) + 020%(B}i02,, + B302,), 2= (z1,...,2,)T and N = Zm.

®3)

(4)

i==1
The elements of the score function (Appendix A) present nonlinearity and it is not feasible to obtain
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the explicit expressions for the estimators. The alternative is to obtain numerical estimates considering,
for example, the EM algorithm (Dempster et al. 1977). In general, for measurement errors models, one
way to simplify the complete data log-likelihood function is to introduce the latent variables ;,,i =
1,...,p,7 =1,...,n;, which correspond to the true value of the unobserved explanatory variables, as the
missing data. Let wi, = (&, i, Y14, ¥2i;)" = (&i;,21,)T be the vector of observations for the complete

data, with z;, as defined in (2). Thus, the log-likelihood function for the complete data is given by

P
L(w,0) = —2N log(2r) — —JY- logo? — — loga - = Zn, logo?,, — %Z ;logo?
1-—1 =1
Z Z Et, Z Z g‘j)z 2 z Z Wiy = li&i,' )2
a: i-—l J"l i=1 j=1 i=1 21 j=1
Z Z(ym, ﬁ21§$,) )
ez. ]

which is much simpler than (4). The steps of the EM algorithm can be summarized as

E step (expectation): Obtain

20 Y am T am T am

Oey; Oey;

(u(f) z‘j yh, g:) yi_-, g:))
and
( 1,1 (D) (ﬁ<"’)2>

&) = Elg, /2,0) =

B - +
o2 T gam T e T e (5)
2 1) = 2 _ (gr+1)\2
(Eij)(r+ ) _ E[ ij/z) 0] = (Eij ) x 1 1 (ﬂ(r))2 (ﬁ(r))z =
( Wt 2m T 2 ) )
g Oz eh a'ez'-.
M step (maximization): Update by maximizing E(L(w, 8)/z, 0 (r+1))
(F43) — 2. (r+1) F3t0F2) _ (r+1) 2 \(r+1
7 ;Z o =% Zz(z,j 2w, €7 4 (€3)( 1,
i .7--1 i=1lg=1
a.g(r+2) e A ZZ[(&;’_ )(r+1) _ 2#(r+2) Egﬂ) +( #(r+2))21’
1-1_7 1
Zylyg(ﬂ-l) Zy 1,E(r+1)
§r+2) j=1 , £r+2) (6)
1 n; 7
Z(&?j)(rﬂ) Z( (r+1)
J—1 J=1
+2 r Y
20 = L3S 8, — 260 P 4 (),
™ 1—1 ]—
r+2 (s T r
e = ZZ[vm, — 205 Dy, €40 + BR(E2) ),
5—1 i=1

where the upper index indicate the iteration. For the initial values we can use, for instance, the method

of moments estimates. Notice that all the expressions in the EM algorithm are given in closed form



Hypotheses testing on an errors-in-variables model 5

expressions, which makes the algorithm extremely simple and computationally inexpensive. In the next

section we discuss the hypotheses testing of interest.

3 Hypotheses testing

Let us consider the following tests of hypotheses about the model parameters:

o The inter-groups tests, for the measurements taken in the two periods (k) of interest:

Hy : Bt = Brm versus

Hy 2 Bki# Biwy for k=1,2;m,l =1,:..,p; 1 £ m, &
e The intra-group tests, to compare the long-term behavior of each group:
Hy : By = P versus ®
Hy:Bii# B, for 1=1,....p
e The test considering specific value for the parameter
Hy : Bri = ¢ versus )

Hy: B #c for k=1,2;1=1,...p;ceR

For testing these hypotheses, it is necessary to obtain the asymptotic distribution of the maximum
likelihood estimators. For the model defined in (1), the vector of parameters is given by 0(4p43)x1 =
)T

T T )
Bi,.. p,p,,a a2 031 yoe+105 )T, where §; = (Bu, B)T and 02, = (02,02, )7, i=1,...,p.

€2

In this case, the observations are not identically distributed for the p groups. There are some pa-
rameters that are specific for each group, f; for example is related only to the group %, and there are
also common parameters to all groups (u,02 and ¢2). Bradley & Gart (1962) classify these groups as

associated populations. Under regularity conditions, they have shown that

VN(@ - 60) 2 N, (0,772(80)) when N — oo, where

P
g 9 log f;
J0) =S ZI(6), with I;(6) = [ ] and N = n‘,

with g representing the dimension of 8 (¢ = 4p+ 3), 0 the maximum likelihood estimator of 6 and I;(0)
is the Fisher information matrix for each group, with f; given by (3). Using also Dolby (1976), for each
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i=1,...,p, with L(z;,0) = log f;, we have

I;(6)=-E } { (Vo V, VIV, )+d.-auV,-'1d,-,"}, (10)

[62L(z,, 0)
06,00,

where V;, and d;, are respectively the matrix and the vector of derivatives element by element (in

relation to the parameter 6,,) of the variance-covariance matrix (V;) and of the deviances mean (d;),

i=1,...,p, that is,

o2 +a® ﬂleU . Baio? i i
V,' — ﬂuoﬁ + a'eh ﬂliﬂZioi and d'. = 'I'T., Z ylij - ﬁli”
i=1
g 9 a8 i
ﬁg.-cr?, Bh’ﬁ%aa: 20z £ Oea _l_ :V_:yzi,- -y ﬁ2i/~l'
ni <—
=1
For instance,
1 Bi Bai -1
Via=| Bu BL  Buba and di,=| —fy |, i=L...,p.
Bai BB B% —Bai

The elements of J(@) can be found in Appendix B.

Let us consider the general test of hypotheses:

Hy : h(6) = 0 versus
Hy :h(9) #0,

where h(0) = (h1,...,hy,)T : R — R, with the usual regularity conditions (see Bradley & Gart 1962),

let H(6) = ahéz)T

estimator of @ and @ the maximum likelihood estimator restricted to Ho, that is, such that h(@) = 0,

be a (g x w) matrix, continuous in @ with rank w, 8 the maximum likelihood

then we have

(a) Qw = Nh(8)T[HT(8)J~'(8)H(8)]'h(6) (Wald test),

SUPrg € @ : h(g) = 0} L(2:9)
SuPfg ¢ @} L(z,0)

(b) QL = —2logA = 2(L(z,0) — L(z,8)), where A = (likelihood ratio

test),

() Qs = N-'UT(8)J-1(8)U(B), where U(@) = ZZ Blo(gc)gta;;{ﬁ)l _ (score test).

=1 j=
Under regularity conditions and under the null hypothesis, the three test statistics Qw, @ and Qg

follow asymptotically a chi-square distribution with degrees of freedom w (x2,).
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Consider the hypotheses of interest given by (7) and (8) and p = 3. In this case, we have 8 =
(B11, Bat, B2, Baz, P13, B23)T and if our interest is to test an inter-group test of hypotheses defined in (7),

as for example

Hy : f11 — P12 = 0 versus

(11)
Hy : B — P2 #0,
or an intra-group test of hypotheses defined in (8) as, for instance
Hy : f11 — P21 = 0 versus (12)

Hi : B — B2 #0,
these hypotheses can be written as

Hy : AB = 0 versus
H,: AB #0,

withA=[1 0 -1 0 0 o]for(ll)andA: 1 =1 0 0 0 0 | for (12). The Wald test

statistic can be written in the form
Qw = NB' AT[AQ5AT] 4B,

where (gp is given in
peyt=| Do B )
Qoes  Qgeor
in which @ is partitioned as @ = (87,6*7)7, and 6" = (4,0%,02,0% ,...,0% ).

In order to use the likelihood ratio and score test statistics, it is necessary to obtain the restricted
maximum likelihood estimates. To obtain those estimates we are going to consider the ECM algorithm
(Meng & Rubin 1993), which is an extension of the EM algorithm for cases in which the expressions of
the M step are not simple and require some extra computational effort. Let Q = Q(8,0™ ") denote the
expected values of the complete data log-likelihood function with respect to the unknown data, given
the observed data and the current parameter estimates. The ECM algorithm replaces each M step of the
EM algorithm by a sequence of S conditional maximization steps, which is called the CM steps, each of
which maximizes Q over 8 but with some vector function of @, gs(@), s =1,..., S, fixed at its previous
value under the null hypothesis. For instance, the ECM algorithm for the estimation restricted to the

null hypothesis in (7) (Bxi = Bkm = ) may be summarized as:
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E step (expectation): Given 8 = 'B\m, estimate Eg“’ and (€)Y, fori#l,mand j =1,...,n,

(r+1)

simply considering the expressions given in (5). For ¢ =1 or m and j = 1,...,n;, compute E‘ and

(€2)+1) considering the expressions in (5) replacing B and BT) by ﬂ(’).

CM step (conditional maximization): Update u(+?, 62" % 52(™*?) congidering the expressions

in the M step from the unrestricted EM algorithm (6). For i # [, m and g # k, update ﬂ(r”) and 0,2:’:'2)
considering their expressions in (6). Compute 02( "*2) and 02(r+ ) using their respective expressions in

(6) replacing ﬂ( R and B('“) by ﬁ(""l) and compute B+2) as follows:

(r+1) (r+1
2(r+2) Zy"‘f + = 2(r+2) Zyk'"1§ oY

ﬁ(r+2) Ckl Ghm
1 +1 2 \(r+1
2(r+2) Zl(ﬁz,)(r T 2(r+2) z(ﬁm:)( )

ehl J= €km

Similarly, the ECM algorithm to obtain the maximum likelihood estimates restricted to the null hy-
pothesis in (8) (81 = B2 = B) starts computing E step as (5) adequately according to the null hypothesis,

that is, for i =l and j = 1,...,n;, compute (¢;)"*1) and (7 )"+ replacing B) and 65} by B and
fori=1,...,p, i # | use exactly the expressions in (5). In CM step, firstly update u(+?), ¢2"+2)

ag('“) considering the expressions in the M step from the unrestricted EM algorithm (6). Moreover, for
2(r+2)

i=1,...,p, i # l update ﬂ§:+2), B§I+2), o212 52(r+2) exactly as in (6). For i = I, compute o2,

€1i €2i

and 02"*? considering the expressions in (6) replacing B(r+2) and B(r+2) by A("+1), Finally, compute

€3l

1 (r+1) (r+1)
“2(r+2) Zyll, 51 + = 2(,+2) Zyzzjf

o ) O S o Tear  j=1
1 r+1
(e e ) S0

Oen j=1

For the maximum likelihood estimates restricted to the null hypothesis given in (9), in which 8y =
¢, k=1,2; l=1,...p; ¢ €R, it is straightforward to adapt the EM algorithm presented in Section 2.
In the next section, these results will be applied to the two numerical data sets, which motivated the

simulation studies that is described in Section 5.

4 Numerical Illustration

The multivariate null intercept errors-in-variables model defined in (1) can widely be applied to many
experiments where the explanatory and responses variables are subject to measurement errors. In this
section we will present two numerical applications related to real data sets, one of which is about the

odontological data presented in Hadgu & Koch (1999) and analyzed by Aoki et al. (2003b) under the

bayesian approach. Another numerical illustration is related to a quality control data set.
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Odontological data set

In the odontological data set presented in Hadgu & Koch (1999), 109 volunteers were randomized to
three groups in order to test two experimental mouth rinses in the prevention of the dental plaque.
In that study, each individual used one of the three mouth rinses - the control mouth rinse (i=1) or
the experimental mouth rinses A (i=2) or B (i=3). The dental plaque indexes, which are subject to
measurement errors, were taken in the beginning of the study (x;) and after the use of the respective
mouth rinse i, i = 1,2, 3, at three (y1:) and six (y2;) months from the baseline. The main interests of
the study were to find out if the two experimental mouth rinses were more effective than the control
mouth rinse in inhibiting the development of the dental plaque, if one of the experimental mouth rinses
is more effective than the other and if each of the two experimental mouth rinses have long-lasting effect.
In this case, we have p = 3 mouth rinses (n; = 36,n2 = 33 and n3 = 36) and the parameters of interest
B1i (B2i), @ =1,2,3 represent the remaining mean percentage plaque after three (six) months from the
baseline for the n; experimental units who used the ith mouth rinse. §; represents the real values of the
dental plaque index in the beginning of the study (without measurement error) and the vectors d; and
e; = (el;,el,)7, represent the measurement errors in the beginning of the study and after three and six
months from the baseline, respectively.

First, the maximum likelihood estimates of the parameters were obtained considering the EM algo-
rithm and they are presented in Table 1 with the standard deviations between parentheses, obtained
using the Fisher information matrix presented in the Appendix B. The questions of interest of the

researcher related to the odontological data set were:

o If two different mouth rinses have the same efficiency after three months of use (inter-groups tests

(the test given by (7) with k = 1)),

o If two different mouth rinses have the same efficiency after six months of use (inter-groups tests

(the test given by (7) with k = 2)),

e If each mouth rinse keep preventing the dental plaque after three months of use (intra-group tests
(the test given by (8)).

Considering the Wald, likelihood ratio and score asymptotic test statistics, we have obtained the
results described in Table 2.

Analyzing Table 2, we notice that some of the conclusions depend on the value of the significance
level, which motivated a simulation study presented in the next section. The conclusions are summarized

as follows:

1. Considering any of the three tests, it is concluded that the experimental mouth rinses A and B are

more efficient than the control mouth rinse after three months (Hp : 311 = B12 and Hp : f11 = P,
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Table 1: Maximum likelihood estimates for the parameters (with standard deviations).

Parameter  fi; Ba1 P12 Baz B3 22 @ o
Estimate 0.703 0.687 0.525 0.502 0.508 0.414 2.535 0.010
(SD)  (0.037) (0.032) (0.045) (0.045) (0.033) (0.029) (0.033) (0.022)

Parameter oz Tac 0% O oZ o oz
Estimate 0.103 0.312 0.234 0.430 0.431 0.255 0.192

(SD)  (0.026) (0.075) (0.057) (0.107) (0.107) (0.061) (0.046)

Table 2: Wald, likelihood ratio and score test statistics and the corresponding p-values for the odonto-
logical data set.

Hy Puu=P2 Pu=P3s Pra=Pis Pa=Px2 P =P

Qw 9.524 15.429 0.072 11.294 40.114
(p-value)  0.002 0.000 0.788 0.001 0.000
Qr 9.095 13.824 0.072 10.587 31.525
(p-value)  0.003 0.000 0.788 0.001 0.000
Qs 11.446 16.119 3.207 13.004 30.565
(p-vaiue) 0.001 0.000 0.073 0.000 0.000
Hy Paz =P23 Pu=Pa Pia=Pr Pi13=Paa
Qw 2.714 0.113 0.124 4.687
(p-value) 0.099 0.737 0.724 0.030
QL 2.669 0.115 0.128 4.335
(p-value)  0.102 0.735 0.721 0.037
Qs 5.672 3.163 3.220 7152
(p-value)  0.017 0.075 0.073 0.007

respectively), as well as, after six months of use (Hyp : 821 = B2 and Hy : fB21 = [ag, respectively).
Considering the simulation study presented in the next section, all of the three asymptotic test
statistics presented approximately the same behaviour in this case, even for samples of moderate

size. Also, Aoki et al. (2003b) and Hadgu & Koch (1999) obtained the same conclusion.

2. The conclusion between the experimental mouth rinses A and B after three months from the
baseline (Hp : B12 = B13) depends on the considered significance level. For the significance level
a = 1% and a = 5% the three tests concluded that the two experimental mouth rinses are
equivalent after three months from the baseline. However, considering a = 10% the score test
concluded that the mouth rinses A and B are not equivalent after that period. Nevertheless,
according to simulation results which will be presented in the next section, we have observed that
the score test is more liberal in this case (Table 9 with 02 = 0.01 and 02 = 0.1), that is, it rejects
more than the nominal level when o2 is small (62 = 0.01). Aoki et al. (2003b) and Hadgu & Koch
(1999) concluded that there is no difference between the two experimental mouth rinses in the first

three months of use.

3. Comparing the experimental mouth rinses A and B after six months of use, the conclusion also

depends on the considered significance level. For a = 1% the three test statistics concluded that
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both mouth rinses are equivalent. For a = 5% the score test concluded that these two rinses are
not equivalent, while the other two test statistics concluded the contrary. For a = 10% the Wald
and score test statistics concluded that the rinses are not equivalent, while the likelihood ratio
test concluded the contrary. Aoki et al. (2003b) and Hadgu & Koch (1999) concluded that the
reduction rate of the plaque index after six months from the beginning of the study considering
the mouth rinses A and B is equivalent. Also, in the simulation study, we have observed that the
score test is liberal in this case (Table 10 with 02 = 0.01 and 02 = 0.1).

4. Testing the long-term efficiency of the control and experimental mouth rinse A, under the signifi-
cance level a = 1% and a = 5%, the three test statistics concluded that they are not long-lasting.
However, considering o = 10%, the score test rejects this null hypothesis while the Wald and likeli-
hood ratio tests do not reject it. Testing the long-term efficiency of mouth rinse B and considering
the significance level a = 1%, the score test rejects the null hypothesis, but the Wald and likelihood
ratio test statistics do not. Considering a = 5% and a = 10%, the three test statistics reject the
null hypothesis and conclude that B keeps preventing the dental plaque after three months of use.
In Aoki et al. (2003b) and Hadgu & Koch (1999), it was concluded that B is the only mouth rinse
that is long lasting.

Motivated by the different conclusions obtained for the three asymptotic test statistics, we have
conducted a simulation study considering the three test statistics and different sample sizes, parameter

values and nominal levels.

Quality control data set

In order to analyze the dimensional characteristics of pistons in an industrial quality control procedure,
the KS Pistons developed an appropriate measurement system to evaluate the diameter of the pieces.
However, after the production, the pistons are washed at a temperature around 70° C, which increases
the temperature of the pieces and changes their dimensional characteristics. As the specifications of the
pieces were defined for the standard temperature of 20° C, they are enclosed in a climatized room after the
washing process in order to stabilize the temperature. It is known that 6 hours are enough to stabilize
the temperature of the pistons around 20° C and, consequently they can compare the measurements
of the pistons with the specification. However, to minimize costs and improve productivity, the Six
Sigma team of the KS Pistons needs to find out if it is possible to reduce this period of 6 hours. In
order to answer this question, it was realized an experiment where the diameters of the pistons were
measured right after the washing process and after 4 and 6 hours. The measurements are presented
in Appendix C. This experiment was carried out in two different days considering different pistons in

each day, which induces the independency of the two groups. To account for the possible structure
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of dependency in the measurements taken in the same pistons in different hours, it is natural to fit
the model defined in (1). The data were linearly transformed to consider only the numbers from the
second decimal places on, in millimeters, which represents the significance variation of the pistons. The
observed measurements, which are subject to errors, are represented in the following way: x; is the vector
composed by the observed measurements taken after 6 hours from the washing process (supposed to be
stabilized), y;; is the observed second measurements taken after 4 hours from the washing process and
y2i is the observed first measurements taken right after the washing process. In this case, we have p = 2
groups of pistons, each group measured in a different day, with n; = ng = 80. The parameters of interest
B1i (B2:), © = 1,2 represent the reducing rate of the piston size, that is, the average reduction of size after
four (zero) hours from the washing time, with respect to their real size at 20°C after 6 hours, for the
n; pistons from the group 7. It is natural to fit an errors-in-variables model because the measurements
are subject to measurement errors, induced by the measurement system used in the process. The vector
&, represents the real size of the pistons from the group i, i = 1,2 at 20°C (without the measurement
error), &; represents the measurement errors in the final measurement and e; = (el;, el;)7, represent the

measurement errors after four and zero hours from the washing time, respectively.

Table 3: Maximum likelihood estimates for the parameters (with standard deviations).

Parameter (11 a1 B2 Ba2 L o* oz
Estimate 1.0038 1.0651 1.0034 1.0571 47.3109 0.1004 7.9161
(SD)  (0.0014) (0.0015) (0.0012) (0.0019) (0.3165) (0.0228) (1.2549)

Parameter o7 [ [ ol

-] T s - { S -, IR
Fstimate  0.0686 00792 00102 02173
(SD)  (0.0264) (0.0300) (0.0225) (0.0553)

Z

Table 3 presents the maximum likelihood estimates of the parameters obtained considering the EM
algorithm with the standard deviations between parentheses, obtained using the asymptotic distribution.

The questions of interest of the researcher about the quality control data set were:

o If the process is influenced by external factors, for instance variation in the washing machine
temperature and the efficiency of the climatized room. In other words, if the day in which the
process was carried out had influence on the stability of the pistons size (test given by (7) with

k=1and k = 2).

e If each group of pistons had already achieved the stability after 4 hours from the washing process
(the test given by (9) with k =1, I = 1,2 and ¢ = 1) to answer to the question about the possibility

of reducing the waiting time from 6 to 4 hours to improve the production process.

The results of the Wald, likelihood ratio and score asymptotic test statistics for the pistons data set

are described in Tables 4. The conclusions are summarized as follows:
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Table 4: Wald, likelihood ratio and score test statistics and the corresponding p-values for the quality
control data set.

Hy Piu=Pi2 Paa=P2 Pu=1 Pia=1

Qw 0.0682 22.1205 15.0942 16.7658
(p-value)  0.7940 0 0.0001 0

QL 0.0631 20.4951  13.7212 16.8766
(p-value)  0.8017 0 0.0002 0

Qs 0.1647 19.8716  12.9789 15.5865
(p-value)  0.6849 0 0.0003  0.0001

Table 5: 95% confidence intervals for the expected values of the variables of interest in the quality control
problem.

Difference of interest lower limit upper limit
E(yn — 1) 0.05267 0.30689
E(y12 — z2) 0.02762 0.29408

1. If we consider the whole period of the experiment (the six hours), we conclude that the climatized

room did not have the same efficiency in each day, as the three test statistics reject Hp : B2; = Pag.

2. Considering any little significance level o, the three test statistics lead us to conclude that 4 hours
are not enough to stabilize the temperature of the pistons around 20°C (rejection of Hp : fB1; =1

and Ho :,312 = 1).

Considering the Delta method, we obtained a 95% confidence intervals for the expected values of the
differences of interest. These intervals, which are shown in Table 5, have confirmed the results obtained
by the tests of hypotheses for the null hypothesis Hy : 811 = 1 and Hp : B12 = 1, that is, none of the

groups of pistons have achieved the stability after four hours from the washing time.

5 Simulation study

In this section we present the simulation study in order to compare the behaviour of the Wald, likelihood
ratio and score test statistics related to the sample sizes, parameter values and nominal levels. For the
implementation of the simulations we considered the software Ox (Doornik 2002). We have sampled
from two (p = 2) and three (p = 3) populations considering different parameter values for o2, ¢2 and
. We have considered all the combinations of the values 1, 2.5, 5 for u, 0.01, 0.05, 0.1 and 0.5 for
02, 0.0, 0.1 and 0.5 for o2, restricted to the cases in which o2 is smaller than ¢2. For the parameters
Bri, k= 1,2; i = 1,2,3, some sets of values were considered to simulate different situations, but the
values for these parameters did not influence the conclusions of the results of the simulations. So,
although we have conducted the simulation study for all the cases described earlier, we are going to
summarize the general conclusions and show just some tables, considering only the values £;; =0.7,

P12 =0.53, P13 =0.51, P21 =0.69, B2 =0.5, B23 =0.41, which are values close to the maximum likelihood
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estimates for the odontological data set presented in Hadgu & Koch (1999). Similarly, for the variance
of the measurement errors the values considered were 02| =031, 02, =0.23, 02, =043, 02, =043,

el €12
02, = 0.25 and 02, = 0.19. Also, we have considered simulations involving just two populations,
taking values close to the maximum likelihood estimates of the parameters of the quality control data set
and four different sample sizes. The obtained results followed the same patterns as the cases for three
populations with g% = 0.1, thus the results for two populations will be omitted here.

For each combination of the parameter values described earlier, considering three populations, it
were generated 10000 samples of sizes (n; = 17,n; = 14,n3 = 20), (n; = 35,ny = 28,n3 = 36),
(ny = 50,n; = 46,n3 = 55) and (n; = 101,ny = 95,n3 = 105) of random vectors (Zij, ¥1ij, Y2is),
i=1,23 j =1,...,n; according to the model defined in (1). Considering the nominal significance
levels a = 1%, a = 5% and o = 10% we obtained the corresponding empirical significance levels as the
ratio between the number of samples for which the corresponding test statistics was greater than the
xfl) and the total of samples. The aim of these simulation studies is to compare the behavior of the test
statistic size for different values of the parameters, sample sizes and nominal levels. The conclusions for
the simulation study are given as follows:

Table 6: Empirical sizes for the Wald, likelihood ratio and score test statistics for the test Hg : 11 = 2,
with g =2.5 (e =0.01).

Test  (n1,n2,n3) oz 0.01 0.1 0.5
o? 0.01 0.01  0.05 0.1 0.01 0.05 0.1 0.5
w (17,14,20) 0.020 0.020 0.022 0.020 0.019 0.022 0.023 0.023
L (17,14,20) 0.013 0.013 0.015 0.013 0.012 0.014 0.015 0.015
S (17,14,20) 0.020 0.013 0.009 0.007 0.017 0.011 0.011 0.006
w (35, 28, 36) 0.014 0.016 0.015 0.016 0.014 0.015 0.015 0.014
L (35, 28, 36) 0.011 0.013 0.012 0.012 0.010 0.012 0.012 0.011
S (35, 28, 36) 0.016 0.013 0.009 0.011 0.016 0.009 0.009 0.009
w (50, 46, 55) 0.013 0.013 0.013 0.013 0.011 0.012 0.014 0.014
L (50, 46, 55) 0.011 0.012 0.011 0.012 0.010 0.010 0.012 0.011
S (50, 46, 55) 0.015 0.013 0.010 0.011 0.016 0.009 0.011 0.011
w (101, 95, 105) 0.011 0.010 0.010 0.011 0.010 0.009 0.013 0.010
L (101, 95, 105) 0.010 0.010 0.009 0.011 0.009 0.009 0.012 0.010
S (101, 95, 105) 0.014 0.011 0.009 0.011 0.015 0.009 0.011 0.009

e Depending on the situation, the three test statistics have approximately the same behavior even
for small and moderate sample sizes. For instance, consider the following tests presented in Table
2: Hp : pu = P2, Ho : P11 = P13, Ho : P21 = P22, Ho : Ba1 = [as, which are the comparisons
between the control mouth rinse with one of the experimental mouth rinses A or B. We summarize
these cases in Tables 6, 7 and 8, respectively for Hp : f11 = P12 (whith a = 1%), Ho : f11 = Bis
(with a = 5%) and for Hp : 21 = B2 (with @ = 10%). Notice that the Wald statistics seems to be
a little more liberal, except in some cases when o2 = 0.01, in these cases the score test tends to be

more liberal. In general (except when o2 = 0.01), the score test seems to be closer to the nominal
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Table 7: Empirical sizes for the Wald, likelihood ratio and score test statistics for the test Hy : f11 = Bis.
with g =2.5 (a = 0.05).

Test  (ni,n2,ns) oz 0.01 0.1 0.5

o* 001 0.01 0.05 0.1 0.01 0.05 0.1 0.5
W (17,14,20) 0.065 0.065 0.069 0.067 0.069 0.070 0.072 0.065
L (17,14,20) 0.057 0.059 0.060 0.057 0.058 0.060 0.062 0.057
S (17,14,20) 0.074 0.081 0.056 0.051 0.085 0.065 0.054 0.048
w (35, 28, 36) 0.058 0.064 0.061 0.060 0.056 0.059 0.059 0.058
L (35, 28, 36) 0.054 0.059 0.056 0.056 0.052 0.054 0.055 0.054
S (35, 28, 36) 0.067 0.081 0.053 0.051 0.079 0.056 0.052 0.052
W (50, 46, 55) 0.053 0.059 0.054 0.057 0.055 0.055 0.055 0.057
L (50, 46, 55) 0.051 0.056 0.053 0.053 0.051 0.052 0.051 0.053
S (50, 46, 55) 0.057 0.073 0.049 0.051 0.077 0.052 0.048 0.052
W (101, 95, 105) 0.053 0.049 0.054 0.052 0.052 0.051 0.051 0.052
L (101, 95, 105) 0.051 0.049 0.053 0.050 0.050 0.051 0.049 0.051
S (101, 95, 105) 0.055 0.065 0.051 0.049 0.072 0.050 0.048 0.049

Table 8: Empirical sizes for the Wald, likelihood ratio and score test statistics for the test Hy : 821 = fa2,
with g =2.5 (@ = 0.1).

Test (n1,m2,ms) o0z  0.01 0.1 0.5
o? 0.01 0.01  0.05 0.1 0.01 0.05 0.1 0.5
W (17,14,20) 0.122 0.130 0.132 0.126 0.126 0.122 0.132 0.135
L (17,14,20) 0.111 0.116 0.119 0.116 0.114 0.111 0.120 0.120
S (17,14,20) 0.181 0.154 0.116 0.106 0.178 0.126 0.115 0.105
A4 (85,28,36) 0.109 0.110 0.117 0.117 0.109 0.109 0.117 0.115
L (85,28,36) 0.106 0.106 0.111 0.110 0.103 0.104 0.111 0.107
S (35,28,36) 0.147 0.139 0.106 0.106 0.175 0.111 0.107 0.099
W (50,46,55) 0.107 0.108 0.103 0.105 0.100 0.106 0.109 0.108
L (50,46,55) 0.104 0.104 0.101 0.102 0.097 0.102 0.105 0.106
S (50,46,55) 0.133 0.129 0.099 0.103 0.164 0.103 0.101 0.101
W (101,95,105) 0.107 0.101 0.100 0.104 0.100 0.105 0.104 0.102
L (101,95,105) 0.104 0.099 0.098 0.102 0.097 0.102 0.101 0.100
S (101,95,105) 0.120 0.123 0.097 0.102 0.164 0.102 0.099 0.098

level for small and moderated samples sizes than Wald and likelihood ratio statistics.

o Table 9 shows the results for the test of hypotheses Hp : $12 = B13, which represents the comparison
of the experimental mouth rinses A and B after three months of use. In this case, we observed in
Table 2 that the score statistic rejected Hy for a = 10% while Wald and likelihood ratio statistics
did not. It can be noticed, by simulation, that the score test is more liberal when o2 = 0.01 and
it can be the cause for the difference in the conclusions for the odontological data set. However,
for larger values of o2, the score test is closer to the nominal level than the other statistics, and
also it is closer to the significance level in the majority of the cases, except for the small value of

o? (62=0.01) as can be seen in Tables 6, 7 and 8.

e Similarly, for the test in which Hy : B22 = 23, which is related to the test that compares the mouth

rinses A and B after six months of use, the score test rejects Hyp for a > 1.7% while the Wald test






