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Abstract

In this paper we discussed inference aspects of the skew-normal calibration compa-
rative models (SN-CCM) following both, a classical and Bayesian approach, extending
the usual normal calibration comparative models (N-CCM) in order to avoid data trans-
forination. To the proposed model we consider the maximum likelihood approach to
estimation via the EM-algorithm and derive the observed information matrix allowing
direct inference implementation, then we conduct the Bayesian approach via Markov
chain Monte Carlo procedure. The univariate skew-normal distribution that will be
used in this work was introduced by Sahu et al. (2003) which has a shape parameter
that defines the direction of the asymmetric of the distribution, usually called the skew-
ness parameter. Sahu’s skew-normal distribution is attractive because estimation of the
skewness parameter does not present the same difficult as is the case with Azzalini’s

(1985) one. The procedures are illustrated with a numerical example.
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1 Introduction

The development of parametric families and the study of their properties have ever been a
persistent theme of the statistical literature. A substantial part of the recent literature is bro-
adly related to the skew-normal distribution, which represents a superset of the normal family
and has a shape parameter that defines the direction of the asymmetry of the distribution.
Advantages of using such general structures, in practice, include easiness of interpretation, as
well as estimation efficiency. The main object of this paper is to consider estimation procedu-
res, by using the EM-algorithm and MCMC methodology, in comparative calibration models
where the main interest is to compare different ways of measuring the same unknown skewed
quantity = in a group of n experimental units. The proposed model (SN-CCM) is an extension
of the one (N-CCM) originally proposed by Barnett (1969) and whose application has been
considered in several areas, especially in industry and biometry. Several other examples in
the medical area are reported in the literature specially in Kelly (1984, 1985), Chipkevitch
et al. (1996) and Lu et al. (1997). Examples in agriculture are consider in Fuller (1987)
and in psychology and education in Dunn (1992), all those in a symmetric context. A via-
ble alternative is to try fitting an asymmetric-normal model, which has been the subject of
intense development in recent statistical literature. In this paper we use a real data studied
in Barnett (1969) where the variable of interest is not symmetrically distributed and it seem
better to fit a skew-normal calibration comparative model.

The model typically considered in the literature is defined as follows. Let z; denotes the
true value of the unknown quantity corresponding to individual (sample unit) 7, and y;;, the
measurement that follows by using instrument j. A model adequate for such situations and
that considering a linear relationship between y;; and w; is given (Barnett, 1969, Kimura,
1992) by yi;; = oy + Bx; + €. The measurement errors €;; are assumed to be mutually
independent Ni(0,¢;), and also independent of the true values zi,...,z,, which are also
a random sample from a normal distribution with mean p, and variance ¢, (N1(z, dz))-
Specifically in this work, we extend this symmetric (normal) model by considering that the
unobserved quantity z; (and consequentially the observed quantities) follow a skew-normal
distribution. An interesting results of this work is that closed form expressions are obtained

for all the proposed procedures, namely, the equations in the M-step of the EM-algorithm,



the conditional posterior distributions in the Gibbs sampler and also an analytical expression
for the observed information matrix.

The paper is organized as follows. In Section 2 the skew-normal distribution is reviwed in
a univariate context, with discussion of some of its properties. In Section 3 we present the
asymmetric model, the marginal likelihood function of the observed data is derived in closed
form and then the score function and the observed information matrix are also obtained. In
Section 4 an EM-type algorithm for maximum likelihood estimation is developed by exploring
statistical properties of the proposed model. In Section 5 a Bayesian method is considered for
SN-CCM, including a discussion of model choice via a Bayes factor approach. Finally, Section
6 gives an applications to a real data set previously analyzed in the literature, including a

comparison between the normal and skew-normal CCM.

2 The univariate skew-normal distribution

As considered in Sahu et al. (2003), a random variable Z is a skew-normal with location
parameter i, scale parameter o2 and skewness parameter )\, if the density function of Z is
given by ,
f2l) = 20u(el o + 000 (2 ESH Y )
where ¢;(.|a,b?) and ®,(.|a,b*) denote, respectively, the p.d.f. and c.d.f of the Nl(a,bQ)..
When a = 0 and b = 1 we denoted these functions by ¢;(.) and ®;(.), respectively. We
use the notation Z ~ SN;(u,0%,)\) to denote this class of distribution, that will be reduced
to SN;(\) when it is assumed that 4 = 0 and 02 = 1. The stochastic representation of a
skew-normal random variable, which can be used to simulate quickly pseudo realizations from
SNi(u,0%, )\, is given by
Z £\ X, + X, (2)

where X, ~ N;(0,1) and X; ~ Ny(u,0?). It follows that the SN; distribution is unimodal
and if A < 0 the distribution has a negative skewness and if A > 0 the skewness is positive. In
Figure 1, we illustrate the asymmetric shape of the SN; (0,02, \) for different values of o2 and
A. Note that these densities can be strongly asymmetric depending on suitable choices of the

parameters \. Some important properties of a random variable Z ~ SN;(u,0?, ) include:



Figure 1: Some members of the SN;(0,02, ) for A = 0,1.5,2, 2. (a) 0 = 0.25 and (b) o2 = 0.5.
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(P1) E[Z] = i+ /2), Var(Z] = 0> + (1 - )32 and
E[Z% = 3u(o® + N?) + 1i® + \/g,\(so"’ + 222 + 3u?).
(P2) The skewness and kurtosis indices are, respectively, given by
-3/2 _ —2
v = ,\3\/2& ~-1) (02 +(1- 3),\2> ; = (8,\4(—”—23—)) (02 +(1- —2-))\2) :
T s s T
(P3) —Z ~ SNy(u,0%, =N).

(P4) Z ~ SN;y(u,0? )) if and only if Z ~ SN4(u,0% + A2, \/c), where SN, denotes the

skew-normal distribution introduced by Azzalini (1985).

(P5) Let Zy,...,Z, be arandom sample from Z, then the moments estimator of 4, o? and ),

are, respectively, given by

~1/e -1/3
i = Z-(E) ml/3 [3—1} | 3)

™ ™

e G (E)
o= m [\@é—n]_m, (5)

_ 1 y P = 1 513
where Z = ; Zi, Mo = ;Z(Z, --Z)‘2 and ms = HE(Z’_Z) :

i=1 i=1 i=1
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(P6) The simpler form of Z, i.e, Z ~ SN;()\) has some interesting properties, for instance,

2%h+1y _ (2k +1)! : 71(2))@R) 2% _ ok (2k—1)!
E[Z%+1]) = \/(2/m)A 5 §(2j+1)!(k—j)!’ E[Z"] = 1+ X) P

and

1+ A1+ X2
“AV1+A2 (14 2)?)

P(Z < z) = 2®,9(w|0,R2), with w=(2,0)", Q=

From (P1) it can be seen that the skewness parameter is always finite, this not is the
case with Azzalini’s skew-normal distribution for which estimation of the parameters is not
a trivial problem. Despite its nice properties, this skew-normal family has some inferential
problems. For instance, can be shown that the observed information matrix is singular when

A=0.

3 The skew-normal calibration comparative model

As discussed in the introduction, the general comparative calibration model is defined by
considering that

Yij = o + B + €, (6)
i=1,...,n,7=1,...,p,withay; =0and 8, =1, i.e., as in Barnett (1969) we are considering
the existence of a reference instrument (instrument 1) which makes unbiased measurement.
The situation where z; o SN:1(ptz, bz, Az) and € i Ni1(0, ¢;), with z; independent of €;;,
i=1,...,n,j=1,...,p will be called of SN-CCM. Since z; is considered as a random varia-
ble, the model we consider is a structural model (Bolfarine and Galea-Rojas, 1995). The above
model consider, for instance, that in the case of Barnett’s (1969) data set, vital capacity is not
symmetrically distributed in the population. On the other hand, the errors ¢;;, are related to
measurement errors so that it reasonable to expected them to be normally distributed. The
asymmetric parameter )\, incorporates asymmetry in the latent variable z; and consequently
in the observed quantities y;;. If A; = 0, then the asymmetric model reduces to the normal
calibration comparative model (N-CCM) considered in Barnett (1969) which has been exten-

sively treated in the literature.



Letting yi = (yi1,..., %), a=(0,&")" = (0,0,...,05)T , b= (1,81 = (1,6s,...,5,)"

and €; = (€;,-.. ,ei,,)T, this model can be written in matrix form as
yi = a+bz; + ¢, (7)
where
iid iid
€, ~ Np(O)D(¢)) and I~ SNI(“J:)¢$7)‘!E)’ (8)

i=1,...,n, with D(¢) = diag(¢) and ¢ = (¢1,...,¢,). Note from (2) that the regression

set up defined in (7)-(8) can be written hierarchically as

ind
yilzi ~ Np(a+bazi, D(¢)), (9)
i I T't = ti iy Nl(.u'a: “ Axtiy¢:c)) (10)
T, = HN(0,1), (11)
i=1,...,n, all independent, where HN;(0, 1) denote the standardized univariate half-normal

distribution (Johnson et al., 1994). Integrating out the z!s it follows that the marginal distri-

bution for the responses y; is given by

in(}’iw) = 2¢p(}’i“‘a 2)‘1>1(Azai)’ ‘ (12)

where = a+ bu,, ¥ = D(¢) + ¢.bb", A, = Aals a; = b' D7 @)y — 1)
Ty [ ) T m) 1 k2 b

Ar = (¢ +b"D(Pp)b) ! = % with ¢, = 9.+ A2, c=1+¢.b" D} (¢p)bandi=1,...,n.

Notice that the marginal distribution in (12) is in the class of fundamental skew-normal
distributions introduced by Arellano-Valle and Genton (2005). The log-likelihood function for
0 = (s, , 8", ¢s, 0", \z)7 given the observed sample y = (y;,...,y,)" is given by

£(6) = Z&(O), (13)

1 i)
where £;(0) = log(2) — (p/2) log(27) — 3 log |Z| - §di+log(Ki) with d; = (yi—p) T2 (yi—n)
and K = B(Ase), 4= Lins oM



3.1 The score function and the observed information matrix

Asymptotic standard errors for parameters can be calculated by inverting the expected or
observed information matrix. Many authors prefer to use the observed information matrix.
In the following we indicating how to compute the score vector and the observed information

matrix. Thus, from (13) follows that the score function is of the form

2 9
U(e) = a2 Z U6 (14)
h .9_8&-(0)_ (a\T T #5545 35 ; , T
where Ui(0) = — = = (Ui(B) ', Ui(a) ", Ui(#) ", Ui(pa), Ui(2), Ui(X:)) " and
_06(0) _ 10log|¥| 10d; c?aI 8Ax
i=1,...,n, with Ws, (u) = ¢1(u)/P1(u), v € R, v = B, a, @, pz, ¢z, Az
The matrix of second derivatives with respect to @ is given by
0%(0) = 0%¢:(0)
L(6) = = : 16
)= 56067 ; 8006 " (16)
It follows from (15) that the observed, per element, information matrix is given by
8%¢,(0)
J; =-L;(9) - ' 17
0%, 10%log|Z| 1 0%, logK; .
e ST — T2 y0rT  3070rT T ByarT iE
alegKi aAr 8a,- 320,,' 8a,- BAI 82Ax
oyorT Wa, (Aza:)l oy or7 i “oyoTT ¥ Oy orT K a'a'yBTT]
aai aAI aai T
+A¢1(Aza,~)[A15; + a; 87 ][AI aTT 0 BTT]’

Ag, (u) = Wy, (u) = —We, (u)(u + Ws,(u)), v € R and 7,7 = B, @, @, fiz, ¢z, A;. Closed
form expressions for the derivatives above are given in the Appendix.

In the next section we discuss the MLE of the parameters vector 8 for SN-CCM using the
EM algorithm.

4 Maximum likelihood estimation

Lety = (y/,...,y))T,x=(z1,...,7,)" and t = (¢1,...,¢,) . In the following we implement

the EM algorithm for the structural SN-CCM using double augmentation, by considering that
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(x,t) are missing data. Thus, under the hierarchical representation (9)-(11) it follows that

the complete log-likelihood function associated with (y,x,t) is

£.(6ly,%,t) = ~Z10g|D($)| — 5 3 (vi — 2~ bz) TD($)(yi ~ 2~ bz)
i=1

D (@i — pa = Asti)? +c. (18)

1=1

1

n
5 log(¢z) — %,

where ¢ is a constant that is independent of the parameter vector 6.

Letting % = E[z:|0 = 8,y.], 2% = E[z2|0 = 8,y.], & = E[t:|0 = 8,y], £ = E[£}|6 =
5,y,-] and fz; = Eltiz;|0 = a,y,-], we obtain using double conditional expectations and the
moments of the truncated normal distributions (Johnson et al., 1994, Section 10.1) that

- b, =5
t; = ,UT,-+W<I> —/—\'—)MT,
1(MT

Bi = B+ MR+ Wa, (=20) Mrfin,

T
."Ei = ﬁ+§tn
IL‘A2,' = ﬁz+?'l2+2ﬁ§£+§2ﬁz, and
fr;, = HL+5t (19)

where Wi, (1) = ¢1(w)/®1 (), M2 = [L+X2bT(D(P)+p:bb")~1b]~!, ur, = A M2bT(D(¢)+
$.bb7) ! (y; —a—bi,), T2 = $,[1+ 6,6 D1 ()b] ™, 7 = i, + T2.b" D~1(P)(y: —a—bfi.)
and §= \,(1 — T2,b"D~1()b).

Using a simple algebra we find that

El6(6ly, x,t)ly, 8] = —3 log | D(#)|

n

1 N
— (yi —a—bz;) D7} (¢)(y: —a—bZ;) — sb'D7}(p)b 2(1”21' - %)
¢ i=1 2 i=1
_g log () — 2;1 S (a2 + 2+ N — %Biptr — 20k + 2hapiali) + . (20)

i=1
We then have the following EM algorithm:

E-step: Given 6 = 0, compute %, tai, zi, 2?21- and zt; for i = 1,...,n, using (19).



M-step: Update 6 by maximizing E[t.(8]y,x,t)|y, 8] over 8, which leads to

aj = ’!?J_&.?IBJ’ j=21"')p7

~ YTy —9) .

/8.7 - n % = v]_27"'ap’
Zi=1 x%; — n(T)?

1 & -
¢ = = Z(y?l - 2Z,ya + 7%),

=1

1 ¢ ~ . R
¢j - -T—l Z(y‘?] + a’? + ,3121'21' == Qijij — 2yijﬁjaci + QCYj,Bj.’Bi),
i=1

[ ~
Az: — = Ai = )‘a:ti )
i s ;(x )

]. s - A —~ o~ —~
Py = - Z(m% + p2 N2 — 20, T — 20\ hx; + 2)\;pzt;), and
i=1
K e tAi - za

MRS = ;

Z?:l t2;

where j; = —ZJU 3= —Zx, and j = 2,.

Starting values are often chosen to be the corresponding estimates under a normal assump-
tion, where the starting values for the asymmetric parameters are set to be 0 and as recommen-
ded in the literature, it is useful to run the EM-algorithm severdrtimes with different starting
values. Following Arellano-Valle et al. (2005a) we also propose selecting the best fit by ins-
pection of information criteria such as Akaike’s Information Criterion (AIC, —£(8)/N + P/N),
Schawarz’s Bayesian Information Criterion (BIC, —¢(8)/N+0.5log(N)P/N), and the Hannan-
Quinn Criterion (HQ, —£(8)/N +log(log(N))P/N), where P is the number of free parameters
in the model and N = p x n. This approach can be used in practice to select between N-CCM
and SN-CCM fits. Note that if A\, = 0 the M-step equations reduce to the equations given by
Bolfarine and Galea-Rojas (1995).

5 Bayesian analysis

An integral part of Bayesian analysis is the assignment of prior distributions to all unknowns
in the model. In order to guarantee proper posteriors, we adopt proper priors with known

hyper-parameters. Thus, we take a normal prior distribution for the elements in 8 and o,



with densities function given by

1
7(Bslp, 05) o< exp{ —=—(B; — ps)? ¢,
2aﬂ

1 .
W(ajlua,ai)ocexp{—ﬁ( - pa)® } F=2,...,p

«

The scales parameters ¢; are taken to be IG(%, Z) (inverse gamma) with densities functions

1)7* 15
oty (D) el B, o
(Bslre, Te) o< | - P\ 24, P

The family of prior distributions for the parameters of the latent variable p,, ¢, and A,

given by

were chosen mainly for computational simplicity. Thus, we use, respectively, the normal, the
inverse gamma and the truncated normal distributions with densities functions, respectively,

given by

1
m(pzls,v®) o exp {—ﬁ(ﬂz - <)2} :

1 =41 T,
T(Pz|Te, Ti) o (E) €xp {—2¢I} )

and

T(Az| i, 03) o exp {_Ti?\()\z - uA)Q} I{x.>0}-
where I 4 is the indicator of A. Similar prior distribution for A; can be defined in the situation
where we have negative skewness.
Assuming prior independence among the parameters, let 7(8) denote a prior distribution

for 0 = (., a™,B87,¢., ¢, A\)7, with

r

n(8) o< [ [ (7(B;lus, o5)m(aslha, 02) 1 (517, To) 7 (pals, v*)m (bl e, Te)m(Aclin, 03),

j=1
then from the hierarchical representation given in (9)-(11) the join density of 8,y = (y,...,y5) 7,
x=(21,...,Z,)" and t = (t1,...,4n)7, is proportional to
0) H ¢p()’i|a 3 biII,', D(d’))(ﬁl(xllﬂz o ’\xti7 ¢1)¢1(t1|0) I)H{t.‘>0}' (22)

i=1
Distribution (22) is not tractable analytically but MCMC methods such as the Gibbs

sampler, can be used to draw samples, from which features of marginal posterior distributions
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of interest can be inferred. In situations where those distributions are simple to sample from,
as in the present case, the approach is easily implemented. In other situations, the more
complex Metropolis-Hastings approach needs to be considered (see Gamerman, 1997). All the
full conditional distributions required to implement the Gibbs sampler are straightforward to
derive by working the complete joint posterior using, for example, Lemma 2 in Arellano-Valle

et al. (2005a). These have closed form and are given by

Bijl... ~ NI(AEjlcpgj,AEjl), ¥ == &5 00505 (23)
, L, Dol ps | iy — o)
with Ag, = — + &==L"% and g, = —5 + ==L P2
B 0’% ¢j A Ufa ¢J'
7 - ~N1(A;j1<paj,A;j1), i e ey (24)
1 - " (i — BiTs
4 J o ¢J’
fal... ~ Ni(AZ kg, AZL), (25)
5 1 n S Z?___l(ﬂ?i - )\zti)_
Wlth 14‘“I = ﬁ + —x and SO#I = ﬁ — ¢I s
: L Yk Ba D e (Zi — pa)bi
MR TR T, T o
the o s — Bars)2
bil... ~ IG(Te;”,T”+Zi=1(y”2 % — fyi) Y = Ly o 15 (27)
T+ N Ta:+ ?— T; — x—/\zti2
Bl o TR Tt Do — = At (28)
2 2
Til... ~ Ni(pz;, AZY), i=1,...,n, (29)

1
with A, = — +b" D7 (¢)b and @, = pz + Mt; + A7'bD7Y(@) (yi — a — b(uz + Asts));

T

til... ~ Ni(A7 e, A e>0p, i=1,...,m, (30)
. G Az
with A, =1+ &Z and iy = E(z, - pz);

11



”

The notation ”;]...” is used to denote the conditional distribution of §;, j = 2,...,p,
given all the other parameters and similarly for all the other conditional distributions. The
algorithm starts with initial values for all variables considered and cycles, generating samples
from the above conditional distributions, until convergence, which can be verified using the
approach developed by Gelman and Rubin (1992), for example, which requires running several

parallel chains.

5.1 Bayesian model choice

Model determination is a fundamental issue in statistics. The literature on the model asses-
sment or checking and model selection presents many approaches, beginning with the Bayes
factor approach. Several modifications of the Bayes factor are presented in the literature (see
for example, Aitkin, 1981; Berger and Perichi, 1996). Geisser and Eddy (1979) took a pre-
dictive approach based on cross validation methods to obtain the pseudo-Bayes factor. This
approach is described next.

Consider a choice between two parametric models denoted by the joint density f(t;6;, M;)
or the likelihood function L(8;;t,M;), i = 1,2. Suppose that w; is the prior probability of
selecting the model M; ¢ = 1,2 and f(t|M;) is the predictive distribution for the model M;,
that is,

£604) = [ £(¢185, M0, M) o (1)
where 7(6;|M;) is the prior distribution under model M;. If to denotes the observed data, then
we choose the model yielding the larger w; f (to| M;).

Often we set w; = 0.5, 7 = 1,2 and compute the Bayes factor of the M; with respect to

M2 as
f (o] M1)
ftolM;)

The predictive distribution (31) can be approximated by its Monte Carlo estimate using S

By = (32)

generated samples from the prior density 7(8;|M;) that is,
(s)
f(t|M;) = B Zf (t65°, M;) (33)

where 0_53) denotes the vector for @; draw in the sth sample. Some modifications of the estimate

(35) for the predictive density are proposed in the literature (see, e.g. Newton and Raptery,

12



1994; Gelfand and Dey, 1994). For the model selection we could also consider the conditional

predictive ordinate (CPO) (see, e.g. Gelfand and Dey, 1994), given by

£t 18, M) / £ (t182, by, Mo (Ol ey, M:) 6, (34)

where t(r) = (tl, L5 3 ,t,-_l, tr+l, 5 sie ,tn).
Using the generated Gibbs samples, equation (34) can be approximated by its Monte Carlo

estimate,

9]

f(telt M) = Z (telte), 657, M) )

where 053) denotes the vector for ; draw in the sth Gibbs sample. We can use the obtained
estimates ¢, (I) = f (tr|tyM;) in model selection. In this way, we consider plots of ¢, () versus
r (r=1,...,n) for different models; large values (on average) indicate the better model. An
alternative is to choose the model for which ¢(l) = Z log(c-(1)) (! index models). We choose
the model with the largest c(l) value. Geisser and Eddy (1979) suggest that the product of the
predictive densities H f(t:|te), M;) could be used in model selection as a relative indicator.

If we have two modelb Ml and M,, we have the ratio, which is called the pseudo Bayes factor,

I1 f(trlter), Mi)
PSBF = = (36)

H f(t It(r)’ MZ)

as an approximation to the Bayes factor. Using samples generated by the MCMC process,

the pseudo Bayes factor (36) can be estimated by using equation (35).

6 Application to the Barnett data set

In this section we apply the methods developed earlier to the Barnett (1969) data set where
two instruments used for measuring the vital capacity of the human lung and operated by
skilled and unskilled operators were compared on a common group of 72 patients. We consider
the measurements divided by 100 in order to improve numerical stability. In the literature, a
data transformation was used to justify the use of the normal distribution (Bolfarine et al.,

2002), the need for this can be seen in Figure 6. We compare N-CCM (extensively treated in

13



the literature), and SN-CCM fitting for this data set based on maximum likelihood estimation

and Bayesian methods.

3 I\
_° A Y
AR
8 8 N
o
/ 1
= / N
& V| %\
Q =
© | T T ]
10 20 30 40
Barnett data

Figure 2: Barnett Data set. Histogram with kernel density estimated to the observed measu-

rement.

In Table 1, we give the MLE of the parameters for the normal and skew-normal CCM.
Note that the AIC, BIC and HQ values shown at the bottom of this table favor SN-CCM,
supporting the observed departure from normality. A conclusion in this direction is also
achieved by considering a parametric test for normality. The null hypothesis is A, = 0, and

the likelihood ratio test of this hypothesis has the tests statistic 9.1773 . The associated
critical level of x*(1) at 5% is 3.84.

The Bayes estimates were obtained using the software WinBUGS and the following inde-

pendent prior specifications:
a; ~ N(0,10%), B; ~ N(0,10%), j = 2,3,4, ¢; ~ IG(0.01,0.01), j =1,...,4,
fie ~ N(0,10%), ¢, ~ IG(0.01,0.01), A, ~ N(0,10*)I{x,>0}-

Considering different initial values, two parallel independent runs of the Gibbs sampler chain

14



with size 30000 were run for each parameter, discarding the first 10000 iterations. To eliminate
the effect of the initial values and to avoid correlation problems, we considered a spacing of
size 10, obtaining a sample of size 2000 from each chain. To monitor the convergence of the
Gibbs samples we used the between and within sequence information, following the approach
developed in Gelman and Rubin (1992) to obtain the potential scale reduction , R. In all
cases, these values were close to one, indicating the convergence of the chain. In order to
compare estimates with the N-CCM fit (A, = 0), In Table 2 we report posterior summaries
for the parameters of the N-CCM and SN-CCM.

We also have be used some existing Bayesian measures of fit such as the DIC (deviance
information criterion) as described in Spiegelhalter et al. (2002). In Table 2 we present
estimates for DIC based on the simulated Gibbs samples. Note that SN-CCM is the best
model based on the DIC criteria (smallest value). Further, it can be shown that the pseudo
Bayes factor (36), of the SN-CCM (M;) with respect to N-CCM (M) is given by PSF By =
1.418572 x 10'?, indicating strong support to the SN-CCM.

7 Conclusions

The paper considers an extension of the symmetric structural calibration comparative mo-
del by considering that the true covariate follows a skew-normal distribution. Inference
is approached via maximum likelihood and Bayesian methodology. Both approaches can
be computationally implemented by using simple and accessible software as R and Win-
BUGS. The model in Barnett (1969) is obtained as a special case. The result of this paper
can be extended in several directions. One possibility is to study hypothesis of the form
H :f=...=0pha=...=ap,=0H:f=...=0FooH:a=...=0q =0
by using likelihood ratio, score and Wald statistics test in order to compare the behavior of
these statistics test under the N-CCM and SN-CCM. The illustration show that the approach

improves Bayesian and maximum likelihood inferences under the incorrect structural N-CCM.
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Appendix : The observed information matrix in the skew-normal calibration

comparative model

In this appendix the observed information matrix is obtained for the SN-CCM. Using
the notation presented in Section 3, it follows from (15) and some results related to vector

derivatives (see Nel, 1980) that U;(@), i = 1,...,n, have elements given by
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