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RELATIVE WHITNEY GERMS

L. Kushner (%)

Let f (RZ,O) + (RZ,O) a C germ. We denote by S
the Y-axis and by T the X-axis. If f = (fl,fz)

we shall suppose that

(1) f

0O and f

n
o

1l 2lq
(2) f is 2-generic

(3) 0 is a singular point

A germ with the above properties will be called a
Relative Whitney germ.

If Diff_(Rz) denotes the group of germs at the
0

origin of diffeomorphisms of the plane, then ¢ and
*
G,r will denote the subgroups of Diff_(Rz) which
0
preserve S and T respectively.

Theorem 1

Let f be a Relative Whitney germ,then we get the

following cases

(*) F.C. UNAM - 1ICMSC



(1) 1f 55— (0) # 0 and T s a fold point, there
*
exist Hl and H2 in GS such that HzofoHI(x,y) o
2
= (x,y" ).
Bile o B
(2) 1f ‘7%7‘(0) # 0 and 0 1is a fold point, there
exist G1 and C2 in G; such that CzofoGl(x,y) =
2
(x ,y).
2E, _
(3) 1f 3 (0) # 0 and 0 is a simple cusp, there
exist G1 and G, in C; such that Czofocl(x,y) =
= (x,y +xy).
af, B
(4) It 5y (0) # 0 and 0 1is a simple cusp, there
exist H1 and H2 in GS such that HzofoHl(x,y) =
= (x3+xy,y).
Proof
For (1) and (3), we let ¢(x,y) = (fl(x.y),y)

*

*
then ¢ € GS n CT

?(X»Y) e (X.?z(x.y)). Since
we get

“2?2 _ _

(a) = 5—(0) 40 if O

and we start with f =

fo¢-l,

¢ preserves both axis

is a fold



2f 2f 3f
@ #0, 22 -0 au
y ay dy

if 0 is a simple cusp.

of
In case a) we define Ol(x,y) = (x, —-ay—z—(x,y)),@1 € G

and ?00;1 = (x,?z(x,y)) has T as it singular set,

= = *
Let @2(x,y) = (x,fz(x.Y)‘fz(x,O)), ¢, € Go. Hence if

S
~ -1
we let g(x,y) = 020f0¢1 (x,y) = (x,gz(x,y)) then gz(x,O) =0
ag
and 3y (x,0) = 0, and we can write

BOLY) = (g, 009) = (Y B0 D) 40

(x,y V By(x,y) s 8,0

>0
Define ®3(x,y) -
(x,y '/-Ez(x'Y) if EZ(E) <0
(u,v) if 52(6) >0
¢a(u,v) =
(u,-v) if 52(5) <0

*
then @3 and °6 belong to GS n G,r and

2 ~ -1
Qho(x,y )o®3(x,y) = g(x,y) = ¢20f0®1 (x,y)

Hence ¢_]o® o?o¢_lo®_l(x,y) = (x,yz)
4 2 1 773




In case 3) we start with ?(x,y) = (x,?z(x,y))

27 2f 3f
92 = 9 2 ,= 972 =
W(O) ¥ 0, '—-;72——(0) = 0 and ——a;T(O) ¢ 0

Using Malgrange Preparation theorem we get
3 ~ 2 ~ ~
Y7 o= 3a,(x, £, (x,y))y +a, (x, £, (x,y) ) y+a_(x,f,(x,y))
hence ao(x,U) = 0.
The above equation is equivalent to
(y-a(x,y))3 + b(x,y) (y-a(x,y)) = c(x,y)
where
a(x,y) = az(x.?z(x,y))—az(x,O)

b(x,y) = *[al(X,? (x.y))+3y82(x.0)+3(az(x.?2(X.y))-a2(x,O))2]

c(x,y) = ao(X.?z(X,y)) = (az(x,fz(X.y)) - az(x.O))3 +
+[al(x,?2(x,y)) + 3ya2(x,?2(x,y))+3(az(x,?z(x,y) -

- 2,0, 0071 (2, 0, T, (x,1)) = a,(x,0))

It is easy to see that

(1) 5@ # 0

(2) gi (0) = 0

ab
ax

(3) (0) ¢ 0



Let wl(xv)') = (b(xp?z(’HY))tY'(az(xngz(xty)) = az(x,O))

¥, (u,v) = (b(u,v),c(u,v))

*
Hence W} and L belong to G

2 T and

WZO(X.fz(x,y)oTII(U.V) = (U.v3+UV)

For (2) and (4) we let &(x,y) = (x,fz(x,y))
¢ € GS n G;. We start with f = fo®—l, ?(xd0=(?lh,yhy).

Since ¢ preserves both axis we get

az?l = _
(a) 3 (0) # 0 if O 1is a fold
I x
21 27 3t
9 1 = 3 1 = 9" 1 =
(b) 'a"'ﬁy—-(O) ¢ 0, T(O) ¢ 0 and ax3 (0) # 0

if 0 1is a simple cusp.

The proofs run similar to the ones above.

Theorem 2

The subgroup of Diff_(Rz) generated by G and

* 02
G coincides with Diff_(R

Yo
4 0



Proof

Let (g,,8,) € Diff (r?%), (ky,k,) € Diff (r%) vith
0 0
g, (0) # 0, g,(0) =0, &k 0) ¢ 0.

2(

We define El e m(2) such that

kg * yhg = Bylxgy + ¥E50)
= hy(xg, +yB,,¥) - h (0,y) + h (0,y)
= (x51+)'82)h1(x31*)’82ny) + hl(op)')

ah
. - = 1 .=
Since kz(O) # 0 and 32(0) 0 we get -3;—(0) ¢ 0.

Hence El(o,y) = yh,(0,y) with h,(0,0) # 0 and

Xkl"ykz = (x?»l"ygz)hl(xsl*)'Bva) * yhz(O,y)
Hence (x,xh1+yh2)o(xg1+ygz,y) = (xgl+ygz,xk1+yk2) with
g, (0) ¢ 0, g,(0) = 0 and k,(0) ¢ 0 (%)

That means that the subgroup of Diff_(Rz) generated
0
*

*
by Gg u Gp contains all the diffeomorphism with 1linear

part of the form

(**)



Changing the order of composition in (*) we get that
this subgroup contains also all the diffeomorphisms with

linear part of the form

(***)

Finally, the subgroup of GL(2) generated by the
matrices of the form (**) and (***) {5 the whole group

GL(2). O
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