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Industrial Mathematics: Hest and Mass Transfer

The objective of this course is:

to teach mathematical modelling of real industrial problems in the ares of
heat and mass transfer through a series of cese studies. Emphasis will be
placed on the concept of units, nondimensionalisation and nondimensional
parameters. The case studies will also bring out solution techniques.
Thus separation of variables, Laplace transform techniques, perturbation
methods and some aspects of numerical analysis will be exemplified. This
course will require the active participation of the 'audience' to complete

the solution of thesce problems gencrally using NAG; comput ing support to
help the student in these endeavours is scen as an important part of the
course.

I, The diffusion equation .

|

Diffusion is the process by which matter is transported from one part of a
system to another as a result of random molecular motions.

Consider a tall cylindrical vessel with its lower part filled with iodine
solution. A column of clear water is poured on top, slowly and carefully, so
that no convection currents are set up. After some time a colour gradient
appears with the colour getting fainter towards the top. Eventually the whole
column becomes uniformlyv coloured. This is an example of molecular diffusion.

If in the example above we let c(x,t) be the concentration of the iodine
{usually in moles/c.c., or gram moles/c.c.) then cix,t) satisfies

fc ( i‘c  d%c %
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where D, assumed constant., is the diffusion coefficient (with dimensions LZ'I‘_l
e.g. cmz/sec). The space coordinate is x and t is time. Note: ¢ has dimensions
-3
L ",

If D is dependent on the spatial variables (1.1} becomes
dc o [ de Jd [ de J de
Tl e I Rl I A R (1.2

1.2 Diffusion in a cvlinder or sphere

cxlinder
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5€=;{a—r el P I T

"o

Dl DWw

Y]

M
+

W]

r—

rDz—z]}



sphere
o -2
e 1 d de 1 d dc D i“c
3&—2‘{3‘ e R R T z]
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In the nomenclature of vector analysis
de
ol div(D grad c) = V.(DVc). 5
t
\|
1.3 Heat conduction equation y
Diffusion theory is based on Fick'; two equations
de dc dzc
F:-Dﬁ; and IS =_D;.—2 t1.3a8,b)
X
where F denotes the rate of transfer per unit area. (If c is measured in
moles/c.c. then the dimensions of F are L_2T_l.)
The two corresponding equations in heat flow are
b do (K ) &%
F:_}\& and ﬁ= E;—) d—)\§ (1.4a,b)

wvhere ¢ is the temperature (e.g. oKl, K is the heat conductivity (e.g. W/mK), p

is the density (e.g. Kg/md) and ¢ is the specific heat (e.g. J/KgK), so that pc
is the heat capacity per unit volume.

In (1.4a) F is the amount of heat flowing in the direction x per unit time
through unit area of a section which is normal to x.

In order that the two sets of equations should correspond we may identify
concentration ¢ with temperature #, and take D = K in (1.32) and (1.4a) and
D = K/(cp) in (1.3b) and (1.4b). The two together imply cp = 1. This is a
consequence of our having identified ¢ with #. The 'diffusing substance' in
heat flow is heat not temperature. The factor cp is needed to convert
temperature to the amount of heat per unit volume. Note, it is usual to write

K/ep & K, the lheat diffuBivity (e.g. Wn/J).

1.4 Boundary conditions

Prescribed surface temperature corresponds to prescribed concentration just
within the surface.
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1.4.2 Heat flux
Prescribed heat flux corresponds to flux of the diffusant and we have
a6
-K p = F(t), 1in heat (1.5a)
Ac
-D e = F(t), 1in diffusion (1.5b)

where F is in general a known function of time or a constant.

1.4.3 Insulated surface

A heat-insulated surface corrcgponds to an impermeable surface and is a
special case of (1.5a,b) with F = 0'i.e.

ic A6

ax =ik L

1.4.4 Radiation boundary condition

What is usually referred to as a 'radiation boundary condition' in heat
flow usually means that the heat flux across unit area of the surface is
proportional to the difference between the surface temperature 65 and the

temperature 00 of the outside medium i.e. is given by H(t’s - 00).
06
But the rate of loss of heat from unit area of surface is -K Ta in the
direction of the normal n, measured away from the surface, so that the boundary
condition is

il

Ko+ H_ -6)=0
on -] o
ae
i.e. a+h(9—”)=0
n -] o

where h = H/K, is called the heat transfer coefficient. This corresponds to
surface evaporation in diffusion, and we have

ic
P + a(cS - co) = 0.
dc  dc
If the surface is perpendicular to the x-direction then ol = if n is
de dc
along the direction of increasing x, but e B if along x decreasing. Thus

for a slab between 0 and 1 we have
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1.4.5 A perfect heat conducting 'surface' with finite volume

A perfect conductor of heat is always at a uniform temperature and so is
equivalent in this respect to a well-stirred fluid. Thus, a boundary condition
describing thermal contact with a perfect conductor also describes diffusion of
solute from a well-stirred solution or vapour. Conservation of heat from a
well-stirred fluid of fixed volume V and uniform temperature ﬂs, a function of

time, gives us a boundary condition on the surface x = 0 of a medium, x > 0, in
contact with the fluid

M
cp 5€m =K 3 , x = 0.

Correspondingly, for diffusion we have

ﬁcs S
\Y EE“ =) 3; V X = 10%

1.4.6 Interface

The conservation principle applied at the interface between two media of
different properties leads immediately to boundary conditions

091 dﬂz

by = b Ky g =Ky g5
in heat flow and

ﬁcl ﬁcz

¢, = Pe; D

D) +Q D

1dx T Y2 dx

in diffusion, where the suffices 1 and 2 denote the two media and P and Q are
constant.

1.4.7 Heat source

If heat is produced in a medium, e.g. as a result of an exothermic
reaction, at a rate A per unit volume, then the heat conduction equation takes
the form

a0 3%
cp e K 5;5 + A.



The diffusion equation must be similarly modified if the diffusing substance is
created or removed as diffusion proceeds. We identify A as the rate of creation
per unit volume and put cp = 1, K = D as usual.

2.1 Method of Separation of Variables

We mssume the variables are separable and seek a solution
cix,t) = X(x) T(t). (2.1)

Substitution in (1.36) yields

dT a2x

X — = DT — A (2.2)
dt dx2

which may be written as °

1ar D dx
s (2.3)

so that we have on the left-hand side an expression depending on t only, while
the right-hand side depends on x only. Both sides therefore must be equal to
the same constant which, for the sake of the subsequent algebra, is conveniently

taken as -JZD. We have therefore two ordinary differential equations

1dT 2 2
Tat s -)“D and X éxé = - (2.4a,b)
with solutions
2
T e—A Bt and X = A sin Ax + B cos 4x. (2.5a,b)
Thus
clx,t) = (A sin Ax + B cos Ix) exp(-)th) (2.6)

where A and B are constants of integration.

Since (1.3b) is a linear equation, the most general solution is obtained by
sunming solutions of type (2.6) so that we have

®
cix,t) = m§1(Am sin me + B cos )mx) exp(-)th) (2.7)

where Am. Bm' Am are determined by the jnitial and boundary conditions for any
particular problem.
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Thus if we are interested in diffusion out of a plane sheet of thickness p,
through which the diffusing substance is initielly uniformly distributed and the
surfaces are kept at zero concentration, the conditions are

c=c, 0 <x <, t=0 (2.8)

e =10, = 10,4, t 0, (2.9)
The boundary conditions (2.9) demand that

B =0, A =m/l (2.10)
m

and hence the initial condition (2.8) becomes
x N
c.= X AL sin(mix/{), 0 < x < 1. (2.11)

2 m=1

By multiplying both sides of (2.11) by sin(prx/{) and integrating from 0 to (
using the relationships

{ prx mrx 0 m#p
J sin | =3~ | sin | =~ dx = 1
0 -
2
we find that terms for which m is even vanish, and
A = dc /mx, m= 1:3:;5;::%
m o
The final solution is

4Co o 1 2y 2 (2n+l)ax
cix,t) = — L 5—: exp(-D(2n+1)“x°t/ (") sin
L, 2ntl

{

For moderate and large times this series converges satisfactorily and can be
used for numerical evaluation by truncating the series (after, say, 10 terms).

Equation (1.3b) could have been solved directly by the Fourier sine
transform (see, e.g. Kreyszig (1988)).

3.1 Method of Laplace Transform \

Suppose f(t) is a known function of t for positive values of t. Then the

Laplace transform f(p) of f(t) is defined as
= : -pt
fip) = | e Plrit)dt (3.1)
0

where p is a number sufficiently large to make the integral (3.1) converge. For

example, if f(t) = eZt, p must exceed 2.
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Laplace transforms of common functions can be computed directly:

o g
f(t) = 1, fip) = J e-ptdt = 1/p
0
X, 1
£t = o f(p) = J e Pttty - -
0 P8

@

J“ e—ptsin vt dt = 2 7
0 p +¢

f(t) = sin wt, T(p)

A short table of transforms is given inAnnex 1, and this may be used to
evaluate the inverse function. For those functions whose Leplace transform is
not included within this table the inverse formula must be used (or more
extensive tables found):

il e itz
L) = =5 J flz)e “dz. (3.:2)
27i ’
7-10

Contour integration (see e.g. Copson (1966)) is required. Not infrequently this
integral cannot be evaluated analytically and it is necessary to resort to e
numerical method in which case the method proposed by Talbot (1979) is to be
recommended .

3.2 Semi-infinite medium

Consider the problem of diffusion in a semi-infinite medium, x > 0, when
the boundary is kept at a constant concentration Cyr the initial concentration

being zero throughout the medium.

we require to solve

Ac ﬁzc
L (3.3)

subject to the boundary condition

(R % =05 t>0 (3.4)

and the initial condition

c =0, % ¥ 0, t =0. (:3::51)

On multiplying both aides of (3.3) by e—pt and integrating with respect to t
from 0 to m we obtain



If we assume that the orders of integration and differentiation can be
interchanged, and this can be justified for the functions in which we are
interested, then

2 2 2-
ot i“c d . c
Jm eP N dt = 3 Jm ce Pldt = 3
0 Ax ax° 70 ix

Also by integrating by parts
dc
rn e—pt - dt = [ce—ptlm +p ce-ptdt = pc
Yo ot 0 0

since the term in the square bracket vanishes at t = 0 by virtue of the initial
condition (3.5) and at t = = through the exponential factor. Thus (3.3) reduces
to

D — = pc. (3.6)

= -pt 2
c = Jm cePldt = — . X, =10 (F34
g P P

Thus the Laplace transform reduces the partial differential equation (3.3) to
the ordinary differential equation (3.6). The solution of (3.6) satisfying

(3.7), and for which ¢ remains finite as x approaches infinity is

(o

e I

sl o

cix,p) =

where q = p/D. Reference to the table of Annex 1 gives

X
cixyt) =ic. erfc

° 2/t

where

1 z —t2
erfc(z) = l-erf(z) = 1 - — J e dt.



Conservation of mass, momentum and energy (see, e.g. Landau and Lifshitz
(1963)) leads to the (2-D) equations:

Viq=0 (4.1)
dq

ol + taWia| = -Vp+ pV2q + pF (4.2)
aT

pc[E{ + (q.V)T} = KV2T (4.3)

Here the velocity q = (u.v)T and the p}essure p are the unknown dependent

vaeriables. The constants involved are the density p, the coefficient of
viscosity p, the specific heat c, the conductivity K, and if the body force E is
due to gravity, the gravitational acceleration g. Equations (4.1,2) are often
called the Navier-Stokes equations. In equation (4.2) the physical effects
modelled are inertia, viscous forces, and gravity; in equation (4.3) they are
heat convection, and heat conduction.

To see if any of these effects may be neglected (i.e. corresponding terms
neglected), it is usual to perform a nondimensionalisation. To do this we
require reference or scale values. These are usually obtained from the boundary
conditions without which equations (4.1-3) would be ill-posed i.e. not have a
unique solution.

Suppose we have the following scaling:

U for q, L for x, L/U for t

and T1 - To for T where To is usually the ambient temperature and T1 is some

tyvpical temperature.

Define the nondimensional variables by

’ P = ’
pu?

'tU P
W=

1%

"
X
| a

"
|| o

and T' =

The equations (4.1-3) become



dq s 1
7t (S'.V)S' = -Vp + e v S' e
ar' 1,
S ' ' - )
Re dt*‘q_'V’T -PrV'r

where V is with respect to the x' variables and k is the unit norma! in upward
vertical direction.

Three nondimensional parameters are required. We have the Reynolds number
Re = pUL/p, which compares the effects of inertia and viscosity, the Froude

nunber Fr = U2/Lg, which compares inertia ‘and gravity and the Prandtl number,

Pr = pc/K, which compares the viscous time scale with that of heat conduction.
. pcUL

Another commonly used parameter is the Peclet number, Pe = RePr = 5

Nondimensionalisation provides a mathematical (rather than, say, physical) means
of saving what terms may or may not be neglected in equations (4.1-3). For
example, for large Froude number the effect of gravity may be neglected. It only
appears in a single term with a small coefficient.

The scaling here is nol unique. How one chooses the correct scaling is an
art which has to be learned from experience.

i Medical Product Design and Celibration

91 e Mathematical Mode

Unilever Research recently developed a pregnancy testing kit under the
brand-name Clear Blue. This is based on antibody-antigen technology. When a
woman is pregnant antibodies are automatically produced and these show up in the
urine. The product is essentially a small container with a dip stick which has

antigen on its surface. If a reaction takes place the colour blue shows up much
in the same way as with litmus paper. Let X denote the antibody concentration
and Y denote the antigen concentration. The reaction is given as:

where kl and k_1 are the forward and backward reaction rates. It is vital to

know how long this reaction takes and the concentration of #(t) of the complex
XY as a function of time. To quantify this information requires a mathematical
model.



[X) concentration of X (in moles/n3)

concentration of Y (in moles/mz)

1Y)
[XY] = concentration of XY (in moles/mz).

We require the following constants:

a8, * initial Y concentration (moles/mz)

cy ¢ initial X concentration a& the reaction side wall (mo]es/md)
d : edge of vessel to surface - vessel is assumed to be 2d

D : diffusion coefficient of X (in mz/s).

Now clearly [X] satisfies the diffusion equation

AxX) APN)
aw b S
0xX
Also
a[Xx]
: = 0. (:5%2)
Ox -
Further
let=0 sey (since concentration is assumed uniform initially). (5,3
alx)
We need however the boundary condition at S g
= Ix=d
To facilitate the discussion let us introduce the notation:
u(x,t) = conc. of X i.e [X]
f(t) = conc. of XY i.e. [XY].
Now the law of mass action states
du
D F ™ (x;'t) ] = k_lﬂ(t) - klu(d.t) 1Y)
x=d
NB. - we are assuning that one molecule of X and one of Y combine to give

one of the complex XY.

11
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The initial concentration of Y is 8. this will be depleted by the amount of X

used up in the reaction. Therefore
[YJ(t) =a_ = (cd - [d ulx,t)dx).
o o Jo

Thus

d
= k .f(t) - k,uld,t) {a_ -cd + u(x.tldxl. (5.4)
-1 1 o o 0 J

du
(f‘-( (x,t)

x=d
In addition, there is the conservation of total number of species X, either in
solution or bound in the complex XY. This is given by

(d ulx,t)dx + #(t) = c d. (5.5
Jo i)

The equations (5.4) and (5.5) together imply

du

D = (x,t) 1

= k_,0(t) - kju(d,t) {ao = H(t)}. (5.6)

x=d
Summarising, we have the well-posed problem:
du d%u

0t (x,t) =D ;ﬁg (x,t) (5: 1)
X
subject to the initial condition

u(x,0) = S (5.8)

and the boundary conditions

fu
P (x,t) ) =0 (5.9)
x=0
Au
D o (£ o = k_IP(t) - klu(d,t)(aO - A(t)). (5.10)

5.2 Non-dimensionalisation

Introduce the nondimensional variables

' = x/d, t' = (Dot

and scale the dependent variables
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uhixt,ths ulx, t)/e_; gty = om/ao
and note that

d ax' 4 1 4

Pl vy S
and

a at' d D d

AR oAtz

Equation (5.7) reduces to

du' 02u'
= (x',t') = = (x',t")
it Jx.z ;

(5.8) to u'(x',0) =1

du' (x',t")
and (5.9) to v =
X

x'=1

We shall consider (5.10) in a little more detail.

lk '
o 0du
e S 3 ' ' - ' ' ' ' ' '
T e (Xt e ™ k_jaf'(t") - kjeu'(l,th)a - a f'(th)
du' s
v (x",t" = {k_lﬁ'(t') = klcou'(l,t')(l—G'(t'))}
e x'=1 o
kldao r k-] ]
= —B—{k — 0'(t) - u'(Lt ) -0ty (5.1
170

It is now convenient to define:

a
o
(a) the molar ratio m = ——
cod
k—1
(b) the reaction time scale ratio L = e
1%0
(k,c +k )d2
170 -1
(c) the diffusion reaction time scale E = — e =

so that (5.11) becomes
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du' Em
F*y (x ,t) i = ol (LE'(t") - (1-¢"(t" ))u (1,t7)).
Note
(k,c 4k d? =
Em 1571
14 k ‘cd
-1 o
(1 + el )D
170
daokl
e \

Dropping the 'primes' results in the nondimensionalised problem:

du 02u
5{ o ;_E {:5.12a)
X
subject to
u(x,0) =1 (5.12b)
and
du
™ (0,t) = 0 (5.12¢c)
X
and
Au Em
e ity = oL (LO(t) - (1-0(t))u(l,t) (5.12d)
together with
1
mé(t) + J ulx,tidxi = 1. (5.12e)
0

5.3 Integro-differential Derivation

The characteristics of the solution are particularly dependent upon the
order of magnitude of the parameter E, which physically represents how fast the
reaction at the 'wall' occurs compared with the diffusion adjustment within the
vessel. Of particular interest are the two extreme cases E << 1 and E >> 1. In
the case E << 1 (renction limited systems) the rcaction is slow compared to the
diffusion response, and consequently the X concentration gradient will be small.
If E >> 1 (diffusion limited systems) the diffusion response is slow compared to
the reaction, and it is expected that at the reaction side wall u will decrease
quickly before diffusion causes it to rise to the equilibrium value.
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In general the initial boundary-value problem (5.12) cannot be solved
analvtically. Using Laplace transforms it is possible, however, to reduce it to
a nonlinear Volterra integro-differential equation for f(t). We shall require
the convolution theorem for Laplace transforms and therefore state it now:
Define the convolution function h = ftg of the functions f and g by
t
h(t) = (f*g)(t) :J f(t-u)g(uldu.
0

The convolution theorem states:

Theorem
If h(t) = (frg)(t) then h(p) = t’"(p)\é(p).
Differentiate (5.12e) with respect to time:
dé 1 du
m 3t (t) + JO 7t (x,t) dx = O.

From (5.12a) it follows that

av 1 % du !
-m 57 (t) =J —= (X;t)dx.i= = (x;t)
dt 0 ﬁXZ ! 0x 0
de¢ tu
or -m v (t) = ‘7)‘( (x,t) s (5.,13)

using (5.12c).

Denote the Laplace transform of u in time by u where

ul(x,p) = r u(x,t)e_ptdt.
0

Taking Laplace transforms of equation (5.12a) and using the initial condition
(5.12b) results in

a4 )
2 (x,p) = pulx,p) - 1
dx

The general solution is

1
u(x,p) = - A(p) cosh(ypx) + B(p) sinh(ypx). (5.14)

Differentiating with respect to x,



du
I (XiP) = Alp) VP sinh(ypx) + B(p)yp cosh(ypx)

and the boundary condition (5.12c) at x = 0 implies B(p) = 0.

Therefore
du
a; (x,p)
x=1
e
Vp sinh Vp
and it follows from (5.14) that \
- l - -
uiil;p) = 5 + ux(l.p) k(p)
where
_ du
ux(l,p) = (x,p) )
x=1
_ cotanhy/p
d k(p) S,
an p JB

Inverting using the convolution theorem it follows that

t du
ufl,t) = 1 # J T (1,s) kit-s)ds
0
where
. X
k(t) = (2)"1% (142 T exp(-n2/t)). (5.15)
n=1
Note that x_l(l/p) = 1 and, from tables, we discover that z_](ﬁ(p)) = k(t)
above.

From the convolution theorem, we then identify
f(p) = ax (Lip) and g(p) = kip)

before applying the convolution theorem.

16
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Hence using (5.13)

t df
u(l,t) = l-mJ ds (s) k(t-s)ds. (5.16)
0

Once f is known equation (5.16) may be used to determine u on the boundary
x =1,

By (5.13) and (5.16) the condition (5.12d) becomes

df E

t df \
Tdt Tl

{L0(t) - (1-0(t)) (1-m| == (s) k(t-s)ds)| . (5.17)
o s J

This is & nonlineaer Volterra integro-differential equation for f, with initial

condition #(0) = 0. The kernel k is given by (5.15); it is weakly singular,
that is, k possesses an integrable singularity within the range of singularity.

5.4 Numerical Method

The equations to be solved are

t

#'(t) = C - Ef(t) - Cm(1-6(t)) J k(t-s) ¢'(s)ds (5.18)
0
with 6(0) = 0 and
t
u(l,t) =1 -m J k(t-s)8'(s)ds (5.19)
0
with the kernel k(t) defined by
w
kig)ee nty M2 (a2 I exp(-nz/t)). (5.20)

n=1
Here 0'(t) denotes diffcrentiation with respect to time and € = E/(14L).

Firstly, it is of interest to note that an asymptotic result exists for
small t,

/2

20213 372 4 01973,

#(t) ~Ct - 4/3 C'mx

Before we can obtain a numerical method it is first necessary to truncate the
infinite series in (5.20).

Let kl(t) denote the kernel truncated after [ terms, that is,

{
2(1+2 )3 exp(—nz/t ) )s
n=1

ky(t) = (rt)” Y
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Given T, £ > 0, ( is chosen so that

[k(t) - "1‘“' < €, for all t € |0,T]. (5.21)
Now
Ps w
lk(t) - k()] = 20072 8 expt-n®/t)
n=/+1
< 2(1L)—]/2 Jm exp(—nzlt)dn
/
o 3172
. { f ] b exp(-xz/Z)dx
x (2760 1/2¢
=1 - sti2z/)1/20)
where

o 1/2 2 :
olz)is o = exp(-t~/2)dt
d 0

is a normal distribution; tables of ¢(z) may be found in any statistical
reference textbook.

It follows that (5.21) is satisfied if ( is chosen so that

g2/ /2

) D11 =

We shall derive an explicit product integration method, the product Euler
method. The idea of product integration is: given two functions f(t) and g(t),
we write

1 N ot N=l ot5i
J f(t)g(t)dx = £ J f(t)g(t)dx = £ J pn(()g(t)d\:
0 320 It 3=0 Yt

where t. . = tj + At and NAt = T and where, for t € [tj, tj ), we approximate

Jt+1
f(t) by the n degree polynomial pn(t).

+1

Let At > 0 denote the time step size and let ty = iAt, i = O(1)N, NAt = T,

I " " v 3

t } - t

T = 1
l CAt? jAt(j+1)At NAt

-

In the following discussion ﬁi and uy will denote approximations to P(ti) and

u(l,tj) respectively.



Replacing k(t) by kl(t.) in (5.18) gives

' i1 Syl

[ (ti) =C - Eﬂ(ti) - On(l-(f(ti)l _L J kl(ti—sw (S)ds.
Jz=0 “Jt.

J

For t € ltj'tj+1] approximate A(t) by the linear Lagrange polynomial

1

AE l(t—t‘j)f)(tj+1) - (t—t.ﬂlm“’j”'
Then using the approximation \
Jtm n? 1 n? tis1  ds
expl- v 5 | T 173 98 Texp|- (T J Y
¢, b | o Yty Ty, e M4
J 1 J i
leads to the scheme
6L u=50
(o]
L e §-1 5q5)
e i - o = ‘\ o-c N SRR, S
it SkC Eéli Cmr (1 lii)At I 7(i-j) it y
Jj=0
i = 1(1IN
where the quadrature weights 7(i-j) are given by
1 / n2 t'j<l>l ds
7(i-J) = gr|1+2 I expl- ¥ ¢ [ 1
n=1 i 9 -tJ. (Li—s)

J =0(1)i-1, 1 = 1(1)N.

19

(5.22)

(5.23)

This scheme is implicit since the right hand side of (5.23) involves a term in

9?. so that at each time step a nonlinear equation must be solved.

On rearranging (5.23) takes the form

6, =g, + Fl6)

(5.24)

where gi_1 contains known (and previously calculated values) and F(Hj) involves

9?. The nonlinear equation (5.24) may be solved iteratively using
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(0)
# = H
i i-1

g'n! ”fn-l))' n=1,2,... .
i i

gi-l + F(

In practice, only one or two iterations are required.

Having found 0i, the epproximation u; to u(l.ti) is given by the

corresponding discretization of (5.19), namely

u =1
o

i-1
U U< i e
u, =1 -mr Y 6 J)(€j+l - Qj)' i = 1(1)N.

J=0

Note that in evaluating 0i the summation

i-2
=Nl - Loi-gid, . - 6
a; = (b, _, b 1i-)( a4 3

has already been computed and uy is then determined by

1/2

u, = 1 - Mz~ (1(1)6, - a.).
1 Al 1

Figure 5.1 and 5.2 show f(t) and u(l,t) as a function of time for different
parameter values. Note for E = 100 (>> 1) u(l,t) decreases rapidly before then
returning to its equilibrium level. This is an example of a diffusion limited
system.
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Figure 1 Ee+ 10, L = 0.001, m= 0.1
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Figure 2 E = 100, L = 0.0, m =1.0






