
,QVWLWXWR GH &LAHQFLDV 0DWHPuDWLFDV H GH &RPSXWDzFaDR

,661 � ���������

$ &RPSXWDWLRQDO 6\VWHP IRU WKH &DOFXODWLRQ RI WKH

3UHVVXUH 'HSHQGHQFH RI ,RQLF 5DGLL LQ &U\VWDOV

0DULD &DUROLQD 0RQDUG

$OLFLD %DWDQD

-RUJH %UXQR
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$ &RPSXWDWLRQDO 6\VWHP IRU WKH &DOFXODWLRQ RI

WKH 3UHVVXUH 'HSHQGHQFH RI ,RQLF 5DGLL LQ

&U\VWDOV

0DULD &DUROLQD 0RQDUGe
8QLYHUVLGDGH GH 6aDR 3DXOR�,/7&

,QVWLWXWR GH &LAHQFLDV 0DWHPuDWLFDV GH 6aDR &DUORV
'HSDUWDPHQWR GH &LAHQFLDV GH &RPSXWDzFaDR H (VWDWurVWLFD
&DL[D 3RVWDO ���� ��������� � 6aDR &DUORV� 63� %UDVLO

H�PDLO� PFPRQDUG#LFPVF�VF�XVS�EU

$OLFLD %DWDQD\

-RUJH %UXQR\
8QLYHUVLGDG GH %XHQRV $LUHV

)DFXOWDG GH &LHQFLDV ([DFWDV \ 1DWXUDOHV
'HSDUWDPHQWR GH 4XurPLFD ,QRUJuDQLFD $QDOurWLFD \ 4XurPLFD )urVLFD

&LXGDG 8QLYHUVLWDULD � 3DEHOOuRQ �
%XHQRV $LUHV � $UJHQWLQD

H�PDLO� IEDWDQD�MEUXQRJ#T��IFHQ�XED�DU

$EVWUDFW

$ FRPSOHWH FRPSXWDWLRQDO V\VWHP KDV EHHQ GHYHORSHG LQ 0DSOH 9 WKDW DO�
ORZV IRU WKH FDOFXODWLRQ RI DQLRQ SRODUL]DELOLWLHV RI LRQLF FU\VWDOV �EDVHG RQ WKH
&ODXVLXV�0RVVRWL WUHDWPHQW� DQG LWV SUHVVXUH GHSHQGHQFH� ,W KDV EHHQ DSSOLHG
WR DONDOL KDOLGHV IRU ZKLFK WKH UHVXOWV PD\ EH FRPSDUHG WR WKRVH REWDLQHG IURP
H[SHULPHQWDO GDWD� ,W RSHQV WKH SRVVLELOLW\ RI LWV IXUWKHU XVH IRU WKH HYDOXDWLRQ
RI WKH SUHVVXUH GHSHQGHQFH RI WKH GLHOHFWULF FRQVWDQW IURP WKH NQRZOHGJH RI
H[SHULPHQWDO GDWD DW S  ��

7KH V\VWHP FRQVLVWV RI VHYHUDO PRGXOHV� ,Q WKLV ZRUN� WKH PRGXOH UHVSRQVLEOH
WR REWDLQ WKH SUHVVXUHV GHULYDWLYHV RI DQLRQ DQG FDWLRQ UDGLL LV GHVFULEHG LQ
GHWDLO WKURXJK D YDULHW\ RI H[DPSOHV�

e:RUN SDUWLDOO\ VXSSRUWHG E\ 1DWLRQDO DQG 6WDWH 5HVHDUFK &RXQFLO _ &13T DQG )$3(63� %UDVLO
\:RUN SDUWLDOO\ VXSSRUWHG E\ &21,&(7� $UJHQWLQD
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&RQWHQWV

� ,QWURGXFWLRQ �

� 7KHRU\ DQG 0HWKRG �

� 2YHUYLHZ RI WKH 3RODUL] 6\VWHP �

� 0RGXOH 3'DF 'HVFULSWLRQ �

��� (YDOXDWLRQ RI #mb
#S

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

����� &DVH 6WXG\ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

����� &DVH 6WXG\ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� 0RGXOH 3'DF ,PSOHPHQWDWLRQ �

��� 'DWD 6WUXFWXUH � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

��� 'DWD 8VHG E\ 3'DF � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

��� :RUNVKHHW 'HVFULSWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� 8VHU
V 'HnQLWLRQV IRU &DVH 6WXG\ � � � � � � � � � � � � � � � � � � � � ��

����� 8VHU
V 'HnQLWLRQV IRU &DVH 6WXG\ � � � � � � � � � � � � � � � � � � � � ��

����� *HQHUDO 'HVFULSWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� &RQFOXVLRQV ��

� $SSHQGL[ � ([SHULPHQWDO 'DWD ��
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/LVW RI )LJXUHV

� 3RODUL] 6\VWHP $UTXLWHFWXUH � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� U� DW S� DVVXPHG DV
5
���
���S
�
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� 3ORW RI =  I�S�� S  ������� � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� 3ORW RI H�Q�  
T3

L�M�H
�Q�
LM �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

� 3ORW RI H
�Q�
���  U

�Q�
� � U

�Q�
� b5

�Q�
��� � � � � � � � � � � � � � � � � � � � � � � � � � ��

� 3ORW RI H
�Q�
����  U

�Q�
� � U

�Q�
�� b5

�Q�
���� � � � � � � � � � � � � � � � � � � � � � � � � ��

� 3ORW RI H
�Q�
���  U

�Q�
� � U

�Q�
� b5

�Q�
��� � � � � � � � � � � � � � � � � � � � � � � � � � ��

� 3ORW RI H
�Q�
����  U

�Q�
� � U

�Q�
�� b5

�Q�
���� � � � � � � � � � � � � � � � � � � � � � � � � ��

� 3ORW RI UQ� DQG /HDVWTXDUH $SSUR[LPDWLRQ � � � � � � � � � � � � � � � � � � � ��

/LVW RI 7DEOHV

� *HQHUDO 1RWDWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

� &DVH� ^ &DWLRQV DQG $QLRQV &RQVLGHUHG � � � � � � � � � � � � � � � � � � � � �

� &DVH� ^ &RUUHVSRQGHQFH $PRQJ 6DOWV � � � � � � � � � � � � � � � � � � � � � �

� &DVH� ^ &DWLRQV DQG $QLRQV &RQVLGHUHG � � � � � � � � � � � � � � � � � � � � �

� &DVH � ^ &RUUHVSRQGHQFH $PRQJ 6DOWV � � � � � � � � � � � � � � � � � � � � � �

� ([SHULPHQWDO 'DWD DW /RZ 7HPSHUDWXUHV � � � � � � � � � � � � � � � � � � � ��
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� ,QWURGXFWLRQ

,Q RUGHU WR XQGHUVWDQG LRQLF FU\VWDOV LW LV RI YDOXH WR LQWURGXFH WKH FRQFHSW RI LRQLF SURSHU�
WLHV WUDQVIHUDEOH DPRQJ IDPLOLHV RI FU\VWDOV� ,Q SDUWLFXODU� LW LV LPSRUWDQW WR REWDLQ UHOLDEOH
YDOXHV RI SRODUL]DELOLWLHV RI LRQV� WKH\ RFFXU LQ WKH WKHRULHV RI UHIUDFWLYH LQGH[� GLHOHFWULF
FRQVWDQW DQG RSWLFDO SURSHUWLHV RI LRQLF VROLGV�

7KH QHW LRQLF SRODUL]DELOLW\ REWDLQHG E\ WKH VWDQGDUG &ODXVLXV�0RVVRWWL WUHDWPHQW FDQ
EH UHSUHVHQWHG� WR D nUVW DSSUR[LPDWLRQ� DV WKH VXP RI LQGLYLGXDO LRQLF SRODUL]DELOLWLHV
WUDQVIHUDEOH DPRQJ FU\VWDOV >��@� 6WXGLHV E\ DE LQLWLR PHWKRGV >�� �� ��@ DOORZ WKH XQ�
GHUVWDQGLQJ RI HmHFWLYH SRODUL]DELOLWLHV RI LRQV� WKHLU HYDOXDWLRQ DQG WKH SK\VLFDO IDFWRUV
WKDW DmHFW WKHP >��@� ,W LV SRVVLEOH WR GHWHUPLQH FDWLRQ SRODUL]DELOLWLHV WKDW DUH SUDFWLFDOO\
LQYDULDQW DPRQJ FU\VWDOV� EXW DQLRQ SRODUL]DELOLWLHV GHSHQG RQ HQYLURQPHQW >��@�

7KHUHIRUH WKH FRQFHSW RI LRQLF SRODUL]DELOLW\ LQYDULDQW IRU GLmHUHQW FU\VWDOV LV QRW YDOLG
IRU DQLRQV� 7KHRUHWLFDO DSSURDFKHV >��@ KDYH LQWURGXFHG DQ LRQLF SRODUL]DELOLW\ IXQFWLRQ

WKDW GHSHQGV RQ WKH LQWHULRQLF VHSDUDWLRQ� 2QH PD\ DVVXPH >�@ WKDW D VLQJOH SRODUL]DELOLW\
IXQFWLRQ GHVFULEHV WKH SRODUL]DELOLW\ RI DQ LRQ LQ GLmHUHQW FU\VWDOV RU LQ D JLYHQ FU\VWDO
XQGHU GLmHUHQW SUHVVXUHV� EHLQJ WUDQVIHUDEOH DPRQJ FU\VWDOV DQG VWUXFWXUHV�

3UHYLRXV ZRUN >�� �� �� �@ KDV VWXGLHG WKH SUHVVXUH GHSHQGHQFH RI WKH KLJK DQG ORZ�IUHTXHQF\
GLHOHFWULF FRQVWDQW E\ PHDQV RI PRGHOV WKDW WDNH DFFRXQW RI WKH GHIRUPDWLRQ RI WKH LRQV�
VXFK DV WKH VKHOO PRGHO >�� ��@� 7KH HPSLULFDO WUHDWPHQW RI 'LFN DQG 2YHUKDXVHU >�@� ZKLFK
KDV WKH SRVVLELOLW\ RI EHLQJ H[WHQGHG WR PRUH FRPSOH[ FU\VWDOV� LQWURGXFHV WKH HYDOXDWLRQ
RI WKH SUHVVXUH GHSHQGHQFH RI WKH DQLRQ SRODUL]DELOLW\ DQG ZLOO EH GHVFULEHG LQ WKH IROORZLQJ
VHFWLRQV�

)RU WKLV SXUSRVH D V\VWHP_ QDPHG 3RODUL] _ KDV EHHQ GHYHORSHG LQ 0DSOH 9� 7KH V\VWHP
DOVR JLYHV D ZD\ RI REWDLQLQJ SUHVVXUH GHULYDWLYHV RI GLHOHFWULF FRQVWDQWV IRU WKRVH FU\VWDOV
IRU ZKLFK RQO\ H[SHULPHQWDO GDWD DW S  � LV DYDLODEOH�

7KH FRPSOHWH V\VWHP FRQVLVWV RI VHYHUDO PRGXOHV� ,Q WKLV ZRUN� WKH PRGXOH UHVSRQVLEOH WR
REWDLQ WKH SUHVVXUHV GHULYDWLYHV RI DQLRQ DQG FDWLRQ UDGLL _ QDPHG 3'DF _ LV GHVFULEHG
LQ GHWDLO WKURXJK D YDULHW\ RI H[DPSOHV�

7KLV ZRUN LV RUJDQL]HG DV IROORZV� LQ 6HFWLRQ � WKH WKHRU\ DQG PHWKRG XVHG DUH GHVFULEHG�
,Q 6HFWLRQ � WKH DUTXLWHFWXUH� DV ZHOO DV WKH IRXU PRGXOHV WKDW FRQVWLWXWH WKH 3RODUL] V\VWHP
DUH EULHo\ GLVFXVHG� ,Q 6HFWLRQ � WKH LPSOHPHQWDWLRQ RI WKH 3'DF PRGXOH LV GHVFULEHG LQ
GHWDLO� ,Q RUGHU WR FODULI\ WKH QRWDWLRQ DV ZHOO DV WKH FRUUHVSRQGLQJ GDWD VWUXFWXUH XVHG
E\ WKLV PRGXOH� WZR GLmHUHQW FDVHV DUH VWXGLHG WR LOOXVWUDWH� ,Q 6HFWLRQ � WKH 0DSOH FRGH
WKDW LPSOHPHQWV WKH 3'DF PRGXOH LV H[SODLQHG LQ GHWDLO DQG ZH FRQFOXGH LQ 6HFWLRQ ��

� 7KHRU\ DQG 0HWKRG

8VLQJ WKH &ODXVLXV�0RVVRWL UHODWLRQ WKH DQLRQ SRODUL]DELOLW\ LQ DQ LRQLF FU\VWDO FDQ EH
HYDOXDWHG IURP H[SHULPHQWDO GDWD RI WKH KLJK IUHTXHQF\ UHODWLYH SHUPLWWLYLW\ �� DQG WKH
LQWHULRQLF VHSDUDWLRQ 5� &DWLRQ SRODUL]DELOLWLHV DUH DVVXPHG LQYDULDQW DPRQJ GLmHUHQW

�



FU\VWDOV DQG LWV YDOXHV DUH WDNHQ IURP WKH OLWHUDWXUH� GXH WR WKHLU LQVHQVLWLYLW\ WR FU\VWDO
HQYLURQPHQW WKHLU SUHVVXUH GHULYDWLYHV PD\ EH FRQVLGHUHG VPDOO DQG SRVLWLYH� :H KDYH
IRXQG >�@ WKDW DQ DGHTXDWH DQDO\WLFDO nW WR WKH YDULDWLRQ RI WKH SRODUL]DELOLW\ RI D JLYHQ

DQLRQ� DV 5 YDULHV E\ H[FKDQJLQJ WKH FDWLRQ LV JLYHQ E\

mb  D�
E

5�

ZKHUH D DQG E DUH nWWHG IURP mb DQG 5 YDOXHV �IRU GLmHUHQW FDWLRQV DQG D n[HG DQLRQ�� LW
HYHQ FRQVLGHUV FKDQJHV LQ FU\VWDO VWUXFWXUH� 2Q WKH RWKHU KDQG RQH FDQ SORW mb IRU D n[HG

FDWLRQ DV 5 FKDQJHV E\ H[FKDQJLQJ DQLRQV� :H REWDLQ WKH IROORZLQJ DGHTXDWH DQDO\WLFDO
nW

mb  D�5� � E�5� F�

ZKHUH D�� E�� F� DUH nWWHG IURP mb �IRU GLmHUHQW DQLRQV DQG D n[HG FDWLRQ� DQG 5 GDWD�

:H KDYH WKHUHIRUH FRQnUPHG WKDW mb RI D JLYHQ DQLRQ YDULHV VPRRWKO\ ZLWK 5 IRU GLmHUHQW
FDWLRQV DQG WKDW mb RI GLmHUHQW DQLRQV YDULHV VPRRWKO\ ZLWK 5 IRU D JLYHQ FDWLRQ� 3UHVVXUH
HmHFWV FDQ WKHUHIRUH EH VWXGLHG LI RQH SRVWXODWHV >�@

mb  mb�Ub� U��

ZKHUH Ub DQG U� DUH WKH DQLRQ DQG FDWLRQ UDGLL UHVSHFWLYHO\� &RQVLGHULQJ 5  U� � Ub�
RQH DOVR SRVWXODWHV

#m

#Ub

u
U�

{
#m

#5

u
IL[HG FDWLRQ

���

#m

#U�

u
Ub

{
#m

#5

u
IL[HG DQLRQ

���

:LWK WKHVH YDOXHV RQH FDQ WKHUHIRUH FDOFXODWH

Gmb
GS

{
#mb
#Ub

u
U�

GUb
GS

�
#mb
#U�

u
Ub

GU�

GS
���

ZKHUH GUb
GS
DQG GU�

GS
DUH HYDOXDWHG E\ WKH PRGXOH 3'DF DV GHVFULEHG LQ VHFWLRQ ���� )LUVW

RI DOO� DQ RYHUYLHZ RI WKH FRPSOHWH 3RODUL] V\VWHP LV JLYHQ LQ 6HFWLRQ ��

� 2YHUYLHZ RI WKH 3RODUL] 6\VWHP

)LJXUH � VKRZV WKH DUTXLWHFWXUH RI WKH V\VWHP ZKLFK FRQVLVWV RI WKH IROORZLQJ IRXU PRGXOHV

�� &0&DWLRQ UHVSRQVLEOH IRU WKH HYDOXDWLRQ RI HTXDWLRQ �

�� &0$QLRQ UHVSRQVLEOH IRU WKH HYDOXDWLRQ RI HTXDWLRQ �

�� 3'DF UHVSRQVLEOH IRU WKH HYDOXDWLRQ RI GUb
GS
DQG GU�

GS

�� 3'FDOF UHVSRQVLEOH IRU WKH HYDOXDWLRQ RI HTXDWLRQ � FRPELQLQJ WKH RXWSXWV RI WKH
RWKHU WKUHH PRGXOHV
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)LJXUH �� 3RODUL] 6\VWHP $UTXLWHFWXUH

,Q >��@ PRGXOHV &0&DWLRQ DQG &0$QLRQ DUH GHVFULEHG LQ GHWDLO� %RWK PRGXOHV� DV ZHOO DV
WKH 3'DF PRGXOH� XVH WKH VDPH H[SHULPHQWDO GDWD� 7DEOH � VKRZV WKH H[SHULPHQWDO GDWD
XVHG LQ WKLV ZRUN ZKLFK KDYH EHHQ WDNHQ IURP WKH H[SHULPHQWDO GDWD DW /RZ 7HPSHUDWXUHV
^ /7 ^ DQG 5RRP 7HPSHUDWXUHV ^ 57 ^ GHVFULEHG LQ >��@� ,W VKRXOG EH QRWHG WKDW VRPH
GDWD ZDV QRW DYDLODEOH DW /7� LQ WKRVH FDVHV WKH PLVVLQJ GDWD
 KDV EHHQ VXEVWLWXWHG E\
GDWD DW 57 IURP WKH VDPH VRXUFH�

0DSOH 9
V H[WHQVLYH PDWKHPDWLFDO IXQFLRQDOLW\ LV HDVLO\ DFFHVVHG WKURXJK LWV DGYDQFHG
ZRUNVKHHW�EDVHG JUDSKLFDO LQWHUIDFH� 7KH XVHU LQWHUIDFH IRU HYHU\ RQH RI WKH LQWHUDFWLYH
PRGXOHV RI WKH V\VWHP LPSOHPHQWHG LV EDVHG RQ WKH FRQFHSW RI ZRUNVKHHWV� PDNLQJ H[WHQ�
VLYH XVH RI UHJLRQ JURXSV WR H[HFXWH ORJLFDO XQLWV� 0DSOH KDV D ZLGH UDQJH RI FRPPDQGV IRU
JHQHUDWLQJ ERWK WZR� DQG WKUHH� GLPHQVLRQDO SORWV� 7ZR� GLPHQVLRQDO SORWV DUH H[WHQVLYHO\
XVHG E\ HDFK RI WKH PRGXOHV RI WKH 3RODUL] V\VWHP�

0DSOH KDV PDQ\ DYDLODEOH GDWD VWUXFWXUHV� ,Q WKLV V\VWHP WKH H[SHULPHQWDO LQSXW GDWD LQ
7DEOH � LV GHnQHG XVLQJ 0DSOH 9 WDEOH GDWD VWUXFWXUH DV H[SODLQHG LQ 6HFWLRQ ����

� 0RGXOH 3'DF 'HVFULSWLRQ

,Q WKLV VHFWLRQ WKH LPSOHPHQWDWLRQ RI WKH PRGXOH 3'DF� UHVSRQVLEOH IRU WKH FDOFXODWLRQ RI
#mb
#S
� LV GHVFULEHG LQ GHWDLOV� 7R GR WKDW� DQG LQ RUGHU WR FOHDUO\ XQGHVWDQG WKH QRWDWLRQ

XVHG DV ZHOO DV WKH FRUUHVSRQGLQJ GDWD VWUXFWXUH XVHG E\ WKLV PRGXOH� WZR GLmHUHQW FDVHV
ZLOO EH LOXVWUDWHG�

��� (YDOXDWLRQ RI
#mb
#S

7KH JHQHUDO QRWDWLRQ XVHG E\ WKLV PRGXOH LV VKRZQ LQ 7DEOH �� DVVXPLQJ ZH KDYH QF
GLmHUHQW FDWLRQV F DQG QD GLmHUHQW DQLRQV D ZLWK PG  QF � QD

�



&DWLRQV F� F� F� � � � FQF
U� U� U� � � � UQF

$QLRQV DQF�� DQF�� DQF�� � � � DQF�QD
UQF�� UQF�� UQF�� � � � UQF�QD

7DEOH �� *HQHUDO 1RWDWLRQ

WKH V\VWHP LPSOHPHQWV WKH OLQHDU SURJUDPPLQJ SUREOHP RI WKH IRUP

PD[LPL]H =  
PG;
N �

UN

VXEMHFW WR WKH UHVWULFWLRQV

UL � UM � 5LM IRU

�
L LV DQ\ YDOXH LQ I���QFJ
M LV DQ\ YDOXH LQ IQF � ���QF � QDJ

DOO QRQQHJDWLYH� $OO LQVWDQFHV RI L DQG M YDOXHV DUH XVHU GHnQHG WKURXJK WKH FRUUHVSRQGLQJ
FRPSDQLRQ PDWUL[� DV H[SODLQHG ODWWHU RQ� 7R VROYH WKLV SUREOHP WKH XVHU FDQ DOVR n[ RQH
RU PRUH UN DW ]HUR SUHVVXUH �S�� DQG LWHUDWLYHO\ VROYH

5�
LM  5�LM b

�LM5
�
LM

�
�S� b S�� ���

VXFK WKDW LW PXVW YHULI\ IRU S�� ! S� ! S�

5��
LM � 5�LM � 5LM DOO L DQG M GHILQHG E\ WKH XVHU

U��N � U�N � UN N  ���PG

)URP S� WR S�  ����� *3D D VWHS RI ��b� LV XVHG DQG IURP S�  ����� *3D WR S��  ����
*3D D VWHS RI ��b� ��� WLPHV KLJKHU� LV XVHG� PDNLQJ D WRWDO RI �� LWHUDWLRQV� 7KLV PRGXOH
DOORZV IRU D ZLGH UDQJH RI H[SHULPHQWDO VHWWLQJV VXFK DV WKH LQFOXVLRQ RI n[HG YDOXHV RI
RQH RU PRUH UN � N  ���PG DW GLmHUHQW SUHVVXUHV� ZKHUH HYHU\ UN PD\ EH HYDOXDWHG DW HDFK
YDOXH RI S DQG PD\ WKHQ EH n[HG LQ HDFK PD[LPL]DWLRQ SURFHGXUH�

7R REWDLQ WKH UHVWULFWLRQ WKDW IRU S�� ! S� ! S� WKHQ U��N � U�N � UN � DGLWLRQDO FRQVWUDLQWV
PD\ EH XVHG LQ HDFK LWHUDWLRQ �Q� �� RI WKH IRUP

U
�Q���
N � U

�Q�
N bcUNcS

ZKHUH cUN FDQ EH n[HG E\ WKH XVHU� 7KH YDOXH RI WKH REMHFWLYH IXQFWLRQ = EHLQJ PLQLPL]HG

=�Q�  
PG;
N �

U
�Q�
N
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LQ HDFK RI WKH Q  �� LWHUDWLRQV LV DOVR SORWWHG� $OVR� IRU HDFK RQH RI WKH WRWDO QXPEHU RI

HTXDWLRQV RI WKH V\VWHP WKH HUURU H�Q�LM LQ HYHU\ LWHUDWLRQ Q LV FDOFXODWHG DQG SORWWHG� IRU
XVHU
V GHnQHG L DQG M

H
�Q�
LM  U

�Q�
L � U

�Q�
M b5

�Q�
LM

DV ZHOO DV

H�Q�  

V;
L�M

�H
�Q�
LM �

�

)LQDOO\� UN  I�S� IRU N  ���PG LV SORWWHG IRU WKH �� FDOFXODWHG SUHVVXUHV DQG XVLQJ
OHDVWVTXDUHV� D OLQHDU IXQFWLRQ LV LQWHUSRODWHG IRU WKH IROORZLQJ WZR FDVHV� DOO �� SUHVVXUHV
DQG RQO\ WKH nUVW �� SUHVVXUHV� )URP WKDW WKH PRGXOH FDOFXODWHV LWV RXWSXW #U

#S
IRU ERWK

FDVHV� 7KRVH YDOXHV DUH WKHQ VDYHG IRU WKHLU nQDO FRPELQDWLRQ� H[HFXWHG E\ WKH PRGXOH
3'JHUDO� ZLWK WKH YDOXHV FDOFXODWHG E\ WKH PRGXOHV &0&DWLRQ �VHH HT� �� DQG &0$QLRQ
�VHH HT� �� WR HYDOXDWH #mb

#S
�VHH HT� � SJ� ���

����� &DVH 6WXG\ �

7KLV FDVH VWXG\ FRUUHVSRQGV WR WKH FDWLRQV DQG DQLRQV LQ 7DEOH ��

&DWLRQV /L� 1D� .� 5E�

U� U� U� U�

$QLRQV )b &Ob %Ub ,b

U� U� U� U�

7DEOH �� &DVH� ^ &DWLRQV DQG $QLRQV &RQVLGHUHG

7KXV QF  �� QD  � DQG PG  � ZLWK

PD[LPL]H =  
�;

N �

UN

VXEMHFW WR WKH UHVWULFWLRQV

UL � UM � 5LM IRU

�
L  ����
M  ����

DOO QRQQHJDWLYH PDNLQJ �� LQHTXDOLWLHV� ,W LV YHU\ LPSRUWDQW WR XQGHUVWDQG WKH FRUUHVSRQ�
GHQFH DPRQJ WKH VDOWV EHLQJ VWXGLHG DQG WKH 5LM QRWDWLRQ� ,Q WKLV FDVH WKH FRUUHVSRQGHQFH
VKRZQ LQ 7DEOH � LV XVHG� ,Q PDWUL[ IRUP WKLV FDQ EH ZULWWHQ DV

$U �5 ���

ZKHUH

�



/L) /L&O /L%U /L, 1D) 1D&O 1D%U 1D,
5��� 5��� 5��� 5��� 5��� 5��� 5��� 5���

.) .&O .%U ., 5E) 5E&O 5E%U 5E,
5��� 5��� 5��� 5��� 5��� 5��� 5��� 5���

7DEOH �� &DVH� ^ &RUUHVSRQGHQFH $PRQJ 6DOWV
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,Q WKLV FDVH ZH GHFLGHG WR n[ WKH YDOXH RI U� DW S� DV
5
���
���S
�
�DVVXPLQJ WKDW ERWK ,b RXWHUPRVW

ERXQGDULHV DUH LQ FRQWDFW DORQJ WKH GLDJRQDO� VHH )LJXUH �� DQG LQ HDFK PD[LPL]DWLRQ
SURFHGXUH DV

U��  
5���� b

���5
�
���

� �S� b S��S
�

)LJXUH �� U� DW S� DVVXPHG DV
5
���
���S
�

7R REWDLQ WKH UHVWULFWLRQ WKDW IRU S�� ! S� ! S� WKHQ U
��
N � U�N � UN LQ HDFK LWHUDWLRQ �Q� ��

RI WKH IRUP
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�Q���
L � U

�Q�
L bcULcS

ZH H[SHULPHQWHG ZLWK GLmHUHQW YDOXHV RI cUL VXFK DV cUL  FRQVWDQW� cUL SURSRUWLRQDO
WR WKH LRQLF UDGLL DQG RWKHUV� 5HVXOWV SUHVHQWHG LQ WKLV ZRUN IRU ERWK FDVHV � DQG ��
FRUUHVSRQG WR WKH nUVW RSWLRQ ZLWK cUL  ��

����� &DVH 6WXG\ �

7KH VHFRQG FDVH VWXG\ FRUUHVSRQGV WR WKH FDWLRQV DQG DQLRQV LQ 7DEOH �

&DWLRQV /L� 1D� .� 5E� &D� 6U� %D� 0J�

U� U� U� U� U� U� U� U�

$QLRQV )b &Ob %Ub ,b 2b

U� U�� U�� U�� U��

7DEOH �� &DVH� ^ &DWLRQV DQG $QLRQV &RQVLGHUHG

ZKHUH QF  �� QD  � DQG PG  �� ZLWK

PD[LPL]H =  
��;
N �

UN

VXEMHFW WR WKH UHVWULFWLRQV UL� UM � 5LM IRU VHYHUDO �L� M� SDLUV DV H[SODLQHG DIWHUZDUGV� ,Q
WKLV VHFRQG FDVH� ZH GHFLGHG WR VWXG\ WKH VDPH VDOWV WKDQ LQ FDVH � DV ZHOO DV RWKHUV VDOWV�
,Q WKLV FDVH WKH FRUUHVSRQGHQFH VKRZQ LQ 7DEOH � LV XVHG�

/L) /L&O /L%U /L, 1D) 1D&O 1D%U 1D,
5��� 5���� 5���� 5���� 5��� 5���� 5���� 5����

.) .&O .%U ., 5E) 5E&O 5E%U 5E,
5��� 5���� 5���� 5���� 5��� 5���� 5���� 5����

&D) &D2 6U) 6U2 %D) %D 2 0J2
5��� 5���� 5��� 5���� 5��� 5���� 5����

7DEOH �� &DVH � ^ &RUUHVSRQGHQFH $PRQJ 6DOWV

ZKHUH HT� � SJ� � LV QRZ JLYHQ E\
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,Q WKLV FDVH ZH GHFLGHG WR n[ WKH IROORZLQJ YDOXHV DW S�
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$OVR� DW S  � WKH YDOXH RI U�� ZDV VHW XS DV EHLQJ U�� w ���� VLQFH WKH PD[LPXP YDOXH RI
WKH REMHWLYH IXQFWLRQ = ZLWKRXW WKLV FRQVWUDLQ KDV U��  � DV VROXWLRQ DW S  �� ,Q HDFK
PD[LPL]DWLRQ SURFHGXUH WKH IROORZLQJ YDOXHV ZHUH n[HG DV
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$V H[SDOLQHG EHIRUH� ZH XVHG LQ HDFK LWHUDWLRQ WKH VDPH FRQVWUDLQWV WKDQ LQ FDVH � WR REWDLQ
WKH UHVWULFWLRQ WKDW IRU S�� ! S� ! S� WKHQ U

��
N � U�N � UN IRU N  ������

� 0RGXOH 3'DF ,PSOHPHQWDWLRQ

,Q WKLV VHFWLRQ WKH 0DSOH FRGH WKDW LPSOHPHQWV WKH PRGXOH 3&DF LV H[SODLQHG LQ GHWDLO�
%RWK FDVH VWXG\ � DQG � _ 6HFWLRQ ����� DQG ����� _ ZLOO EH XVHG WR H[HPSOLI\ WKH XVHU
V

�



GHnQLWLRQ QHHGHG LQ HDFK FDVH� )LUVW RI DOO WKH GDWD VWUXFWXUH XVHG E\ WKH 3RODUL] V\VWHP
WR UHSUHVHQW WKH H[SHULPHQWDO LQSXW GDWD LV GLVFXVVHG�

��� 'DWD 6WUXFWXUH

0DSOH KDV PDQ\ DYDLODEOH GDWD VWUXFWXUHV� ,Q WKLV V\VWHP WKH H[SHULPHQWDO LQSXW GDWD LQ
7DEOH � SJ� �� LV GHnQHG XVLQJ 0DSOH 9 WDEOH GDWD VWUXFWXUH� $ WDEOH LV DQ H[WHQVLRQ RI WKH
FRQFHSW RI WKH DUUD\ GDWD VWUXFWXUH� 7KH GLmHUHQFH EHWZHHQ DQ DUUD\ DQG D WDEOH LV WKDW D
WDEOH FDQ KDYH DQ\WKLQJ IRU LQGH[� QRW MXVW LQWHJHUV� )RU H[DPSOH� D WDEOH QDPHG IFFB/7

UHSUHVHQWV WKH ORZ WHPSHUDWXUH GDWD FRUUHVSRQGLQJ WR 7DEOH � VXFK WKDW HDFK LQGH[ LV D
QDPH� )RU HDFK FDWLRQ LQGH[ /L� 1D� .� 5E� &V� HWF� � � HDFK HQWU\ LV D QXPEHU UHSUHVHQWLQJ
WKH YDOXH RI WKH FRUUHVSRQGLQJ m�� )RU H[DPSOH� IFFB/7>/L@ LV ������ )RU LQGH[HV UHODWHG
WR WKH VDOW
V FKHPLFDO V\PEROV HDFK HQWU\ LV D OLVW UHSUHVHQWLQJ WKH URZ RI WKH FRUUHVSRQGLQJ
WDEOH� )RU H[DPSOH IFFB/7>/L)@ LV WKH OLVW >����� ������ ����� ����� ����@� 3DUWLF�
XODU HOHPHQWV RI D OLVW FDQ EH H[WUDFWHG� )RU H[DPSOH� IFFB/7>/L)@>�@ UHIHUV WR �����
IFFB/7>/L)@>�@ WR ����� DQG VR RQ� :H FRQVLGHU WKDW WKLV ULFK GDWD VWUXFWXUH LV PRUH
HpFLHQW� HDVLHU WR XQGHUVWDQG DV ZHOO DV WR LQFUHPHQW DQG DOWHU ZKHQ KDYLQJ QHZ DQG PRUH
GDWD DYDLODEOH� $ SDUWLDO 0DSOH SULQW RXW RI WDEOH IFFB/7 LV VKRZQ EHOORZ�

! IFFB/7 � WDEOH�>/L ������

! /L) >����� ������ ����� ����� ����� ��� ��@�

! /L&O >����������� ������ ����� ����� ��� ��@�

! /L%U >����� ������ ������ ����� ����� ��� ��@�

! /L, >����� ������ ������ ����� ������� ��� ��@�

! ����������

! 1D ������

! 1D) >����� ������ ����� ����� ����� ��� ��@�

! 1D&O >����� ����������� ����� ����� ��� ��@�

! 1D%U >����� ������ ����� ����� ����� ��� ��@�

! 1D, >����� ������ ����� ����� ����� ��� ��@�

��� 'DWD 8VHG E\ 3'DF

$OWKRXJK WKH 3'DF PRGXOH KDV DFFHVV WR WKH FRPSOHWH WDEOH� LW VKRXOG EH REVHUYHG WKDW LW
RQO\ XVHV WKH GDWD UHODWHG WR WKH YDOXHV RI 5�LM DQG �LM IRU WKH VDOWV WUHDWHG� )RU H[DPSOH�
IRU WDEOH IFFB/7 WKH\ FRUUHVSRQG WR WKH HQWULHV

5�LM  IFFB/7> � VDOW QDPH ! @>�@

�LM  IFFB/7> � VDOW QDPH ! @>�@

ZKHUH WKH PDSSLQJ � VDOW QDPH !� �L� M� LV GHnQHG E\ WKH XVHU DV H[SODLQHG LQ 6HFWLRQ �
SJ� ��

�



��� :RUNVKHHW 'HVFULSWLRQ

,QLWLDOO\ WKH PRGXOH LV UHVWDUWHG DQG WKH QHFHVVDU\ 0DSOH SDFNDJHV DUH ORDGHG E\ WKH
FRPPDQG ZLWK

! UHVWDUW�ZLWK�OLQDOJ��ZLWK�VLPSOH[��ZLWK�VWDWV�� ZLWK�VWXGHQW��

1H[W WKH H[SHULPHQWDO LQSXW GDWD _ 7DEOH � SJ� �� _ QDPHG IFFB/7 LV UHDG LQ DQG VWRUHG
LQ IFFB7$ DQG WKH YDULDEOH WHPSHUDWXUH VKRXOG EH VHW DFFRUGLQJO\ WR LQGLFDWH WKLV IDFW�
7KH YDOXH RI WKH YDULDEOH WHPSHUDWXUH LV SULQWHG LQ VHYHUDO RI WKH WZR� GLPHQVLRQDO SORWV�

! UHDG CDOBIFFB/7�PC� IFFB7$� IFFB/7� WHPSHUDWXUH� C/7 C�

1H[W� WKH XVHU QHHGV WR GHnQH WKH VSHFLnF SUREOHP� 7R H[HPSOLI\� LW IROORZV WKH QHFHVVDU\
XVHU
V GHnQLWRQV IRU FDVH VWXG\ � DQG ��

����� 8VHU
V 'HnQLWLRQV IRU &DVH 6WXG\ �

,Q WKLV FDVH _ VHH 6HFWLRQ ����� SJ� � _ PG  � DQG WKH QXPEHU RI LQHTXDOLWLHV LV ���
2SWLRQDOO\ WKH XVHU FDQ GHnQH WKH QXPEHU RI GLJLWV FDUULHG LQ oRDWV �GHIDXOW LV ��� WKURXJK
WKH 'LJLWV HQYLURQPHQW YDULDEOH� 7KLV LV GHnQHG DV IROORZV

! 0'� �� 0'(4� ��� 'LJLWV� ��

1H[W� WKH XVHU KDV WR GHnQH WKH FRUUHVSRQGLQJ PDWUL[ $ DQG YHFWRU 5 LQ HT� � SJ� �� 7KH
GHnQLWLRQ RI PDWUL[ $ FDQ EH GRQH DV D VWUDLJKWIRUZDUG OLQH E\ OLQH GHnQLWLRQ DV VKRZQ
EHOORZ

! $� DUUD\�>>���������������@�>���������������@�>���������������@�

! >���������������@�>���������������@�>���������������@�

! >���������������@�>���������������@�>���������������@�

! >���������������@�>���������������@�>���������������@�

! >���������������@�>���������������@�>���������������@�

! >���������������@@��

$W DQ\ WLPH WKH XVHU FDQ GLVSOD\ DQ\ YDOXHV XVLQJ WKH 0DSOH IXQFWLRQ SULQW SUHWW\�SULQWLQJ
RI H[SUHVVLRQV� DV VKRZQ EHOORZ

! SULQW�$��

��
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1H[W� WKH XVHU QHHGV WR GHnQH WKH IXQFWLRQ QHZS WR FDOFXODWH YHFWRU 5 LQ HT� � SJ� � IRU
WKLV SDUWLFXODU SUREOHP� ,Q WKLV FDVH LV YHU\ LPSRUWDQW WR REVHUYH WKH PDSSLQJ GHnQHG E\
PDWUL[ $� ,W IROORZV WKH 0DSOH GHnQLWLRQ RI WKLV IXQFWLRQ ZKHUH WKH nUVW OLQH FRUUHVSRQG
WR WKH YDOXH RI 5��� WKH VHFRQG WR 5�� DQG VR RQ�

,W VKRXOG EH QRWHG WKDW WKH GHnQLWLRQ RI WKLV IXQFWLRQ _ VHH HT� � SJ� � _ LV HDVLO\
DFKLHYHG ZLWK WKH WDEOH GDWD VWUXFWXUH GHnQHG NHHSLQJ LQ PLQG WKH PDSSLQJ XVHG� L�H� 5��
FRUUHVSRQGV WR /L)� 5�� WR /L&O DQG VR RQ� DV VKRZQ LQ 7DEOH � SJ� ��

! QHZS� [�!HYDOI�>IFFB7$>/L)@>�@
���IFFB7$>/L)@>�@
[����

! IFFB7$>/L&O@>�@
���IFFB7$>/L&O@>�@
[����

! IFFB7$>/L%U@>�@
���IFFB7$>/L%U@>�@
[����

! IFFB7$>/L,@>�@
���IFFB7$>/L,@>�@
[����

! IFFB7$>1D)@>�@
���IFFB7$>1D)@>�@
[����

! IFFB7$>1D&O@>�@
���IFFB7$>1D&O@>�@
[����

! IFFB7$>1D%U@>�@
���IFFB7$>1D%U@>�@
[����

! IFFB7$>1D,@>�@
���IFFB7$>1D,@>�@
[����

! IFFB7$>.)@>�@
���IFFB7$>.)@>�@
[����

! IFFB7$>.&O@>�@
���IFFB7$>.&O@>�@
[����

��



! IFFB7$>.%U@>�@
���IFFB7$>.%U@>�@
[����

! IFFB7$>.,@>�@
���IFFB7$>.,@>�@
[����

! IFFB7$>5E)@>�@
���IFFB7$>5E)@>�@
[����

! IFFB7$>5E&O@>�@
���IFFB7$>5E&O@>�@
[����

! IFFB7$>5E%U@>�@
���IFFB7$>5E%U@>�@
[����

! IFFB7$>5E,@>�@
���IFFB7$>5E,@>�@
[���@��

$IWHU H[HFXWLQJ WKLV UHJLRQ WKH XVHU FDQ HYHQWXDOO\ YHULI\ LWV GHnQLWLRQ E\ SULQWLQJ VHYHUDO
IXQFWLRQ YDOXHV DV VKRZQ EHOORZ

! SULQW�QHZS�����

>������ ������ ������ ������ ������ ������ ������ ������ ������ ������ ������

������ ������ ������ ������ �����@

! SULQW�QHZS��������

>�������� �������� �������� �������� �������� �������� �������� ��������
�������� �������� �������� �������� �������� �������� ��������

�������@

����� 8VHU
V 'HnQLWLRQV IRU &DVH 6WXG\ �

,Q WKLV FDVH _ VHH 6HFWLRQ ����� SJ� � _ PG  �� DQG WKH QXPEHU RI LQHTXDOLWLHV LV ���
WKHQ WKH XVHU VKRXOG GHnQH

! 0'� ��� 0'(4� ��� 'LJLWV� ��

7KH FRUUHVSRQGLQJ PDWUL[ $ LQ HT� � SJ� � FDQ EH GHnQHG DV IROORZV

! $� DUUD\�>

! >�������������������������@�>�������������������������@�

! >�������������������������@�>�������������������������@�

! >�������������������������@�>�������������������������@�

! >�������������������������@�>�������������������������@�

! >�������������������������@�>�������������������������@�

! >�������������������������@�>�������������������������@�

! >�������������������������@�>�������������������������@�

! >�������������������������@�>�������������������������@�

! >�������������������������@�>�������������������������@�

! >�������������������������@�>�������������������������@�

! >�������������������������@�>�������������������������@�

! >�������������������������@@��

��



1H[W� WKH XVHU QHHGV WR GHnQH WKH IXQFWLRQ QHZS WR FDOFXODWH YHFWRU 5 LQ HT� � SJ� � IRU
WKLV SDUWLFXODU SUREOHP� ,W IROORZV WKH 0DSOH GHnQLWLRQ RI WKLV IXQFWLRQ ZKHUH WKH nUVW OLQH
FRUUHVSRQG WR WKH YDOXH RI 5��� �/L)�� WKH VHFRQG WR 5���� �/L&O� DQG VR RQ XS WR 5����
�0J2� DV VKRZQ LQ 7DEOH � SJ� ��

! QHZS� [�!HYDOI�>IFFB7$>/L)@>�@
���IFFB7$>/L)@>�@
[����

! IFFB7$>/L&O@>�@
���IFFB7$>/L&O@>�@
[����

! IFFB7$>/L%U@>�@
���IFFB7$>/L%U@>�@
[����

! IFFB7$>/L,@>�@
���IFFB7$>/L,@>�@
[����

! IFFB7$>1D)@>�@
���IFFB7$>1D)@>�@
[����

! IFFB7$>1D&O@>�@
���IFFB7$>1D&O@>�@
[����

! IFFB7$>1D%U@>�@
���IFFB7$>1D%U@>�@
[����

! IFFB7$>1D,@>�@
���IFFB7$>1D,@>�@
[����

! IFFB7$>.)@>�@
���IFFB7$>.)@>�@
[����

! IFFB7$>.&O@>�@
���IFFB7$>.&O@>�@
[����

! IFFB7$>.%U@>�@
���IFFB7$>.%U@>�@
[����

! IFFB7$>.,@>�@
���IFFB7$>.,@>�@
[����

! IFFB7$>5E)@>�@
���IFFB7$>5E)@>�@
[����

! IFFB7$>5E&O@>�@
���IFFB7$>5E&O@>�@
[����

! IFFB7$>5E%U@>�@
���IFFB7$>5E%U@>�@
[����

! IFFB7$>5E,@>�@
���IFFB7$>5E,@>�@
[����

! IFFB7$>&D)@>�@
���IFFB7$>&D)@>�@
[����

! IFFB7$>&D2@>�@
���IFFB7$>&D2@>�@
[����

! IFFB7$>6U)@>�@
���IFFB7$>6U)@>�@
[����

! IFFB7$>6U2@>�@
���IFFB7$>6U2@>�@
[����

! IFFB7$>%D)@>�@
���IFFB7$>%D)@>�@
[����

! IFFB7$>%D2@>�@
���IFFB7$>%D2@>�@
[����

! IFFB7$>0J2@>�@
���IFFB7$>0J2@>�@
[���

! @��

$IWHU KDYLQJ H[HFXWHG WKLV UHJLRQ� DQ\ IXQFWLRQ YDOXHV FDQ EH SULQWHG E\ WKH XVHU DV VKRZQ
EHOORZ

! SULQW�QHZS�����

>������ ������ ������ ������ ������ ������ ������ ������ ������ ������ ������
������ ������ ������ ������ ������ ����� ������� ����� ������� �����

������� ������@

! SULQW�QHZS��������

>������� ������� ������� ������� ������� ������� ������� ������� �������
������� ������� ������� ������� ������� ������� ������� ������� �������

������� ������� ������� ������� ������@

��



,Q WKLV FDVH� DV ZHOO DV WKH SUHYLRXV FDVH� ZH n[HG cUL  � WR REWDLQ WKH UHVWULFWLRQ WKDW IRU
S�� ! S� ! S� WKHQ U��

N
� U�

N
� UN � LQ HDFK LWHUDWLRQ �Q� �� XVLQJ WKH DGGLWLRQDO FRQVWUDLQWV

U
�Q���
L � U

�Q�
L bcULcS� 7KH YDOXHV RI cUL DUH GHnQHG DV IROORZV

! GHOWDBU�� � � GHOWDBU�� � � GHOWDBU�� � � GHOWDBU�� ��

! GHOWDBU�� � � GHOWDBU�� � � GHOWDBU�� � � GHOWDBU�� ��

! GHOWDBU�� � � GHOWDBU��� �� GHOWDBU��� �� GHOWDBU��� �� GHOWDBU��� ��

7KLV HQGV WKH XVHU
V QHFHVVDU\ GHnQLWLRQV WR UXQ KLV SDUWLFXODU SUREOHP XVLQJ WKLV PRG�
XOH� H[FHSW IRU WKH LQLWLDO DQG RWKHU FRQVWUDLQWV WR EH FRQVLGHUHG LQ HDFK LWHUDWLRQ RI WKH
PD[LPL]DWLRQ SURFHGXUH� GHVFULEHG LQ GHWDLO LQ QH[W VHFWLRQ�

����� *HQHUDO 'HVFULSWLRQ

,Q WKH IROORZLQJ GHVFULSWLRQ XVHU
V GHnQLWLRQV IRU FDVH VWXG\ �� 6HFWLRQ ����� SJ� ��� DUH
FRQVLGHUHG�

7KH YDOXH RI WKH YDULDEOH GHOWDBLQLWLDO LV WKH LQLWLDO YDOXH RI cS XVHG E\ WKH FRQVWUDLQWV

U
�Q���
L � U

�Q�
L bcULcS IURP S� WR S�  ����� *3D ZKHUH D VWHS RI ��b� LV XVHG� )URP

S�  ����� *3D WR S�  ������ *SD D VWHS RI ��b� ��� WLPHV KLJKHU� LV XVHG DQG cS
�UHSUHVHQWHG E\ WKH YDULDEOH GHOWD� LV DOVR VHW �� WLPHV KLJKHU� (YHQWXDOO\� WKH YDOXH RI
WKH YDULDEOH GHOWDBLQLWLDO FDQ EH FKDQJHG LI QHFHVVDU\� 6WLOO� ZH KDYH H[SHULPHQWHG ZLWK
VHYHUDO YDOXHV DQG IRXQG WKDW WKLV LQLWLDO YDOXH LV TXLWH DSSURSULDWH�

! GHOWDBLQLWLDO� ��������

1H[W� VHYHUDO GDWD YDULDEOHV XVHG E\ WKLV PRGXOH DUH GHnQHG� 2QO\ WKH RQHV WKDW ZLOO KROG
GDWD ZKLFK LV LQWHUHVWLQJ IRU WKH XVHU DUH GHVFULEHG

q YDOBU LV D YHFWRU I���0'J WKDW KROGV� LQ HDFK RI WKH �� LWHUDWLRQV WKH YDOXHV RI UN
IURP N  ���PG WKDW PD[LPL]HV WKH REMHFWLYH IXQFWLRQ =

q &DOFBSUHVVXUHV LV D YHFWRU I�����J WKDW KROGV WKH SUHVVXUH YDOXHV XVHG LQ HDFK RI
WKH �� LWHUDWLRQV�

q &DOFBUV LV D PDWUL[ I���������0'J ZKHUH HYHU\ OLQH L ����� KROGV WKH FRUUHVSRQGLQJ
YDOXHV RI YDOBU>M@ M ���0' FDOFXODWHG DW SUHVVXUH &DOFBSUHVVXUH>L@

q &DOFBHUURUBOLQHDU LV PDWUL[ I���������0'J ZKHUH HYHU\ OLQH Q  ����� KROGV WKH
OLQHDU HUURU H

�Q�
LM  U

�Q�
L � U

�Q�
M b5

�Q�
LM RI HYHU\ I���0'J HTXDWLRQ RI WKH V\VWHP

q &DOFBHUURUBWRWDO LV D YHFWRU I�����J VXFK WKDW &DOFBHUURUBWRWDO>Q@ KROGV WKH WR�
WDO HUURU H�Q�  

T3
L�M�H

�Q�
LM �

� IRXQG DW WKH QWK LWHUDWLRQ XVLQJ SUHVVXUH &DOFBSUHVVXUH>Q@

��



q &DOFBREMI LV D YHFWRU I�����J VXFK WKDW &DOFBREMI>Q@ KROGV WKH YDOXH RI WKH RE�
MHFWLYH IXQFWLRQ = EHLQJ PD[LPL]HG =�Q�  

3PG
N � U

�Q�
N
LQ HDFK RI WKH Q  I�����J

LWHUDWLRQV�

! F� DUUD\�>>VHT���L ���0'�@@��

! YDOBU� YHFWRU�0'��

! &DOFBSUHVVXUHV� YHFWRU�����

! &DOFBUV� DUUD\����������0'��

! &DOFBHUURUBOLQHDU� DUUD\����������0'(4��

! &DOFBHUURUBWRWDO� YHFWRU�����

! &DOFBREMI� YHFWRU�����

7KH QH[W ZRUNVKHHW
V UHJLRQ LV UHVSRQVLEOH IRU WKH FDOFXODWLRQ LQ HYHU\ RI WKH �� LWHUDWLRQV�
,Q WKLV UHJLRQ WKH XVHU KDV WR VHW XS DQ\ QHZ FRQVWUDLQWV DW S  � RU RWKHU SUHVVXUHV�

! S� 
S
�

! IRU S IURP � WR �� GR

! =� 
=
� U� 
U
� E� 
E
� L� 
L
� SURG� 
SURG
� UHVXOW� 
UHVXOW
�

! VROV� 
VROV
� FRQVWUDLQWV� 
FRQVWUDLQWV
� N� 
N
� WRWBFRQVWU� 
WRWBFRQVWU
�

! GHOWD� 
GHOWD
�PRUHBFRQVWU� 
PRUHBFRQVWU
�

! U� YHFWRU�0'��

! GHOWD� GHOWDBLQLWLDO�

8S WR KHUH� WKH QHFHVVDU\ YDULDEOHV KDYH EHHQ FOHDQLQJ RI DOO SULRU GHnQLWLRQ DQG LQLWLDOL]HG�
1H[W WKH YDULDEOH SUHVVXUH LV VHW WR WKH FRUUHVSRQGLQJ SUHVVXUH YDOXH E\ WKH IROORZLQJ WZR
FRPPDQGV�

! LI S� �� WKHQ SUHVVXUH� S
������ HOVH SUHVVXUH� �S���
����� IL�

! LI S!�� WKHQ GHOWD� GHOWDBLQLWLDO
�� IL�

9HFWRU E LV VHW XS WR KROG WKH YDOXHV RI YHFWRU 5 HT� � SJ� � E\ WKH IROORZLQJ FRPPDQG

! E� YHFWRU�QHZS�SUHVVXUH���

$ YHFWRU =� VXFK WKDW WKH REMHFWLYH IXQFWLRQ =  
30'

N � UN FRUUHVSRQGV WR =>�@� DV ZHOO DV
$U �5 LV GHnQHG E\ WKH IROORZLQJ WKUHH FRPPDQGV

! =� PXOWLSO\�F�U��

! SURG� PXOWLSO\�$�U��

! FRQVWUDLQWV� ^VHT�SURG>L@ � E>L@� L ���0'(4�`�

7KH IROORZLQJ FRPPDQG LV UHVSRQVLEOH IRU VHWWLQJ DGGLWLRQDO FRQVWUDLQWV DW S  � DV ZHOO DV
n[LQJ DQ\ RWKHU YDOXHV LQ HDFKPD[LPL]DWLRQ VWHS� ,Q WKLV FDVH� DV H[SODLQHG LQ 6HFWLRQ �����

��



SJ� �� LW ZDV GHFLGHG WR n[ VRPH YDOXHV DW S  � �VHH HT� �� DQG VRPH LQ HDFK PD[LPL]DWLRQ
SURFHGXUH �VHH HT� � � DV ZHOO DV U�� w ���

! LI S � WKHQ PRUHBFRQVWU� ^ U>�@  HYDOI�IFFB7$>/L)@>�@�VTUW���� �

! U>��@  HYDOI�IFFB7$>/L&O@>�@�VTUW�����

! U>��@  HYDOI�IFFB7$>/L%U@>�@�VTUW�����

! U>��@  HYDOI�IFFB7$>/L,@>�@�VTUW�����

! ��� � U>��@`

! HOVH PRUHBFRQVWU� ^

! U>�@ � YDOBU>�@ �GHOWDBU�
GHOWD� U>�@ � YDOBU>�@ �GHOWDBU�
GHOWD�

! U>�@ � YDOBU>�@ �GHOWDBU�
GHOWD� U>�@ � YDOBU>�@ �GHOWDBU�
GHOWD�

! U>�@ � YDOBU>�@ �GHOWDBU�
GHOWD� U>�@ � YDOBU>�@ �GHOWDBU�
GHOWD�

! U>�@ � YDOBU>�@ �GHOWDBU�
GHOWD� U>�@ � YDOBU>�@ �GHOWDBU�
GHOWD�

! U>�@  HYDOI�IFFB7$>/L)@>�@
���IFFB7$>/L)@>�@
SUHVVXUH����VTUW�����

! U>��@  HYDOI�IFFB7$>/L&O@>�@
���IFFB7$>/L&O@>�@
SUHVVXUH����VTUW�����

! U>��@  HYDOI�IFFB7$>/L%U@>�@
���IFFB7$>/L%U@>�@
SUHVVXUH����VTUW�����

! U>��@  HYDOI�IFFB7$>/L,@>�@
���IFFB7$>/L,@>�@
SUHVVXUH����VTUW�����

! U>��@ � YDOBU>��@ �GHOWDBU��
GHOWD` IL�

)LQDOO\� WKH WRWDO FRQVWUDLQWV XVHG LQ HDFK PD[LPL]DWLRQ LV WKH XQLRQ RI ERWK� WKH RQHV FRU�
UHVSRQGLQJ WR WKH YDOXHV RI YHFWRU 5 �YDULDEOH FRQVWUDLQWV� DQG WKHVH QHZ RQHV �YDULDEOH
PRUHBFRQVWU� DGLWLRQDOO\ GHnQHG E\ WKH XVHU�

! WRWBFRQVWU� CXQLRQC�FRQVWUDLQWV�PRUHBFRQVWU��

,Q RUGHU WR LOOXVWUDWH� WKH DFWXDO YDOXH RI WRWBFRQVWU DW S  � LV VKRZ EHOORZ
Q
�� � U��� U� � U� � ������ U� � U� � ������ U� � U�� � ������

U� � U�� � ������ U� � U�� � ������ U� � U�� � ������� U� � U�� � ������
U� � U�� � ������ U� � U�� � ������ U� � U�� � ������ U� � U� � ������
U� � U�� � ������ U� � U�� � ������ U� � U� � ������ U� � U�� � ������
U� � U�� � ������ U� � U�� � ������ U� � U� � ����� U� � U� � �����
U� � U�� � ������� U� � U� � ����� U� � U�� � ������� U� � U�� � �������
U��  ������� U�  ������� U��  ������� U��  ������

R

7KH QH[W FRPPDQG FDOOV IXQFWLRQ IHDVLEOH WKDW UHWXUQV WUXH LI D IHDVLEOH VROXWLRQ WR WKH
OLQHDU V\VWHP WRWBFRQVWU H[LVWV� DQG IDOVH RWKHUZLVH� 1RQ�QHJDWLYLW\ FRQVWUDLQWV RQ DOO
WKH YDULDEOHV DUH LQGLFDWHG E\ WKH VHFRQG DUJXPHQW� 1211(*$7,9(]

,I WKH IXQFWLRQ UHWXUQV D WUXH YDOXH WKHQ WKH IXQFWLRQ PD[LPL]H LV FDOOHG ZKHUH WKH H[SUHV�
VLRQ =>�@ LV WKH OLQHDU REMHFWLYH IXQFWLRQ WR EH PD[LPL]HG VXEMHFW WR WKH OLQHDU FRQVWUDLQWV
WRWBFRQVWU 1211(*$7,9(�

]7KH 0DSOH VLPSOH[ SDFNDJH LV D FROOHFWLRQ RI URXWLQHV IRU OLQHDU RSWLPL]DWLRQ XVLQJ WKH VLPSOH[ DOJR�

ULWKP� 7KH SDUWLFXODU LPSOHPHQWDWLRQ RI WKH VLPSOH[ DOJRULWKP XVHG LV EDVHG RQ WKH LQLWLDO FKDSWHUV RI

/LQHDU 3URJUDPPLQJ E\ &KYDWDO� ����� :�+� )UHHPDQ DQG &RPSDQ\� 1HZ <RUN�

��



! LI�IHDVLEOH�WRWBFRQVWU�1211(*$7,9(��

! WKHQ VROV� PD[LPL]H�=>�@�WRWBFRQVWU�1211(*$7,9(��

7KH HTXDWLRQV UHWXUQHG E\ PD[LPL]H FDQ EH VXEVWLWXWHG EDFN LQWR WKH REMHFWLYH IXQFWLRQ
=>�@ WR REWDLQ WKH YDOXH RI WKH REMHFWLYH IXQFWLRQ DW WKH RSWLPDO VROXWLRQ� 7KLV YDOXH LV
VWRUHG LQ &DOFBREMI>S��@� WKH VROXWLRQ YDOXHV UN IURP N  ���0' DUH DVVLJQHG WR WKH
YHFWRU YDOBU DV ZHOO DV VWRUHG LQ &DOFBUV>S���N@ DQG WKH SUHVVXUH YDOXH IRU WKLV LWHUDWLRQ
LV VWRUHG LQ &DOFBSUHVVXUHV>S��@

! UHVXOW� VXEV�VROV�=>�@��

! &DOFBREMI>S��@� UHVXOW�

! N� 
N
�

! IRU N IURP � WR 0' GR YDOBU>N@� VXEV�VROV�U>N@� RG�

! N� 
N
�

! IRU N IURP � WR 0' GR &DOFBUV>S���N@� YDOBU>N@ RG�

! &DOFBSUHVVXUHV>S��@� SUHVVXUH�

1H[W� WKH IXQFWLRQ PXOWLSO\�$�YDOBU� FDOFXODWHV WKH PDWUL[ �D YHFWRU LQ WKLV FDVH� SURG�
XFW $ E\ YDOBU� 7KH FDOO VFDODUPXO�E� ��� FRPSXWHV WKH YHFWRU ZKLFK LV WKH UHVXOW RI
PXOWLSO\LQJ HYHU\ HQWU\ LQ E E\ WKH VFDODU YDOXH ��� )LQDOO\ WKH IXQFWLRQ DGG FRPSXWHV
WKH YHFWRU VXP RI ERWK UHVVXOWV�

! HUURUBOLQHDU� DGG�PXOWLSO\�$�YDOBU��VFDODUPXO�E������

1H[W WKH PDS IXQFWLRQ DSSOLHV WKH IXQFWLRQ I�[�  [� WR HDFK HOHPHQW RI WKH YHFWRU
HUURUBOLQHDU� 7KH FDOO WR VXP FRPSXWHV WKH VXP RI WKH HOHPHQWV RI HUURUBTXDGUDGR
RYHU WKH JLYHQ UDQJH DQG VTUW FRPSXWHV WKH VTXDUH URRW

! HUURUBTXDGUDGR� PDS�[�![A��HUURUBOLQHDU��

! VXPBHUURUBTXDGUDGR� VXP�HUURUBTXDGUDGR>P@�P ���0'(4��

! HUURUBWRWDO� VTUW�VXPBHUURUBTXDGUDGR��

)LQDOO\� WKH OLQHDU DQG WRWDO HUURU DUH VWRUHG IRU IXUWKHU XVH

! N� 
N
�

! &DOFBHUURUBWRWDO>S��@� HUURUBWRWDO�

! IRU N IURP � WR 0'(4 GR &DOFBHUURUBOLQHDU>S���N@� HUURUBOLQHDU>N@ RG�

! RG�

7R OOXVWUDWH� WKH FXUUHQW YDOXHV RI YDULDEOHV VROV SUHVVXUH DQG HUURUBWRWDO DW WKH EH�
JLQLQJ �S  �� DQG HQG �S  ����� RI WKLV LWHUDWLRQ DUH VKRZQ EHOORZ

��



VROV  �
Q
U�  ������� U�  ������� U��  ������� U�  ������� U��  �������

U��  ������� U�  ������� U�  ������� U��  ������� U�  �������

U�  ������� U�  ������� U�  ������
R

SUHVVXUH  � �

HUURU WRWDO  � ������

VROV  �
Q
U��  ������� U�  ������� U�  ������� U�  ������� U�  �������

U�  ������� U��  ������� U�  ������� U�  ������� U�  �������

U��  ������� U��  ������� U�  ������
R

SUHVVXUH  � ����

HUURU WRWDO  � ������

$W WKLV SRLQW� DOO QHFHVVDU\ FDOFXODWLRQV KDYH EHHQ SHUIRUPHG DQG UHVXOWV VWRUHG� )URP
QRZ RQ WKH XVHU KDV DFFHVV WR DQ\ RI WKHP�

7KXV� XVLQJ WKH GDWD VWRUHG LQ WKH YDULDEOHV GHVFULEHG DW WKH EHJLQLQJ RI WKLV VHFWLRQ
�SJ� ��� VHYHUDO UHVXOWV FDQ EH SORWWHG IRU LQVSHFWLRQ� )RU H[DPSOH� WKH IROORZLQJ UHJLRQ
SURGXFHV WKH JUDSK LQ )LJXUH � SJ� ��� VKRZLQJ WKH YDOXH RI WKH REMHFWLYH IXQFWLRQ = LQ
HYHU\ LWHUDWLRQ

! ZLWK�SORWV��

! GLVSOD\�SORW�>VHT�>&DOFBSUHVVXUHV>L@� &DOFBREMI>L@@�L ������@�VW\OH 32,17��

! ODEHOV >CSUHV�C�C=C@�WLWOH C= I�S�C��

7KH WRWDO HUURU H�Q�  
T3

L�M�H
�Q�
LM �

� LQ HDFK LWHUDWLRQ LV SORWWHG E\ WKH IROORZLQJ UHJLRQ
_ VHH )LJXUH � SJ� ���

! GLVSOD\�SORW�>VHT�>&DOFBSUHVVXUHV>L@� &DOFBHUURUBWRWDO>L@@�L ������@�

! VW\OH 32,17��ODEHOV >CSUHV�C�C(UURUC@�WLWOH C7RWDO (UURU I�S�C��

7KH QH[W UHJLRQ SUHSDUHV� LQ HDFK HQWU\ RI WKH YDULDEOH HUUBHT>N@ IURP N ���0'(4� WKH
QHFHVVDU\ GDWD WR SORW WKH OLQHDU HUURU LQ HDFK LWHUDWLRQ RI HYHU\ LQHTXDWLRQ LQ WKH V\VWHP�

L�H� H
�Q�
LM  U

�Q�
L � U

�Q�
M b5

�Q�
LM � LQ IXQFWLRQ RI WKH FRUUHVSRQGLQJ SUHVVXUH�

! N� 
N
�

! IRU N IURP � WR 0'(4 GR

! HUUBHT>N@� >VHT�>&DOFBSUHVVXUHV>L@� FRO�&DOFBHUURUBOLQHDU�N�>L@@�L ������@�

! RG�

��



)LJXUH �� 3ORW RI =  I�S�� S  �������

$IWHUZDUGV� WKH XVHU PD\ SORW DQ\ RI WKRVH ���0'(4 ��� LQ WKLV FDVH VWXG\� HUURUV� $JDLQ�
WKH RQO\ WKLQJ WR NHHS LQ PLQG LV WKH PDSSLQJ GHnQHG IRU WKH FRUUHVSRQGHQW VDOWV �VHH
7DEOH � SJ� ���

7R LOOXVWUDWH )LJXUH � SJ� �� VKRZV WKH SORW FRUUHVSRQGHQW WR WKH H[HFXWLRQ RI WKH IROORZLQJ

UHJLRQ� ,Q WKLV FDVH WKH HUUR H
�Q�
��� LV ]HUR LQ DOO LWHUDWLRQV �LQ WKLV UXQ ZHUH DOVR ]HUR LQ DOO

LWHUDWLRQV H
�Q�
��� � H

�Q�
��� � H

�Q�
��� � H

�Q�
��� � H

�Q�
����� H

�Q�
��� ��

! GLVSOD\�SORW�HUUBHT>�@�VW\OH /,1(��ODEHOV >CSUHV�C�CHT�C@�
! WLWOH C(UURU HT�� U��U�C��

7KH SORW UHODWHG WR WKH H[HFXWLRQ RI WKH IROORZLQJ UHJLRQ LV VKRZQ LQ )LJXUH � SJ� ��

! GLVSOD\�SORW�HUUBHT>��@�VW\OH /,1(��ODEHOV >CSUHV�C�CHT��C@�
! WLWOH C(UURU HT��� U��U��C��

7KH SORW UHODWHG WR WKH H[HFXWLRQ RI WKH IROORZLQJ UHJLRQ LV VKRZQ LQ )LJXUH � SJ� ��

! GLVSOD\�SORW�HUUBHT>��@�VW\OH /,1(��ODEHOV >CSUHV�C�CHT��C@�
! WLWOH C(UURU HT��� U��U�C��

7KH SORW UHODWHG WR WKH H[HFXWLRQ RI WKH IROORZLQJ UHJLRQ LV VKRZQ LQ )LJXUH � SJ� ��

! GLVSOD\�SORW�HUUBHT>��@�VW\OH /,1(��ODEHOV >CSUHV�C�CHT��C@�
! WLWOH C(UURU HT��� U��U��C��

��



)LJXUH �� 3ORW RI H�Q�  
T3

L�M�H
�Q�
LM �

�

,Q JHQHUDO� WKH PHWKRGRORJ\ XVHG WR EXLOG D IHDVLEOH OLQHDU SURJUDPLPJ V\VWHP LV WR DGG
DGGLWLRQDO FRQVWDLQWV VWHS E\ VWHS� 0RVW RI WKH WLPH� WKHUH DUH VHYHUDO VROXWLRQV ZKLFK
PLQLPL]H = � :H KDYH IRXQG WKDW WKH DQDO\VLV RI WKRVH HUURUV ZKLOH VWXG\LQJ WKH EHKDYLRU
RI WKH V\VWHP IRU GLmHUHQW DGGLWLRQDO FRQVWUDLQWV LV TXLWH XVHIXO�

$IWHU KDYLQJ IRXQG WKH U�V YDOXHV WKDW VDWLVI\ WKH REMHFWLYH IXQFWLRQ = WKH QH[W UHJLRQ
SUHSDUHV� LQ HDFK HQWU\ RI WKH YDULDEOH UBSORWV>N@ IURP N ���0'� WKH QHFHVVDU\ GDWD WR
SORW� LQ IXQFWLRQ RI S� WKH VROXWLRQV YDOXHV RI UN N  ���PG LQ HDFK RI WKH �� LWHUDWLRQV�

! N� 
N
�

! IRU N IURP � WR 0' GR

! UBSORWV>N@� >VHT�>&DOFBSUHVVXUHV>L@� FRO�&DOFBUV�N�>L@@�L ������@ �

! RG�

1H[W� VLPLODU GDWD LV SUHSDUHG LQ UBYDOXHV>N@ IRU WKH �� LWHUDWLRQV DV ZHOO DV UBYDOXHVB��>N@
IRU WKH nUVW �� LWHUDWLRQV� 7KLV SUHSDUDWLRQ LV QHFHVVDU\ GXH WR WKH VWDWLVWLFDO OLVW GDWD
VWUXFWXUH QHHGHG WR DSSO\ OHDVWVTXDUH�

! SUHVVXUHBYDOXHV� >VHT�&DOFBSUHVVXUHV>L@�L ������@�

! SUHVVXUHBYDOXHVB��� >VHT�SUHVVXUHBYDOXHV>L@�L ������@�

! N� 
N
�

! IRU N IURP � WR 0' GR

! UBYDOXHV>N@� >VHT�FRO�&DOFBUV�N�>L@�L ������@�

! UBYDOXHVB��>N@� >VHT�FRO�&DOFBUV�N�>L@�L ������@�

! RG�
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$W WKLV SRLQW GDWD LV UHDG\ WR nW D OLQHDU HTXDWLRQ WR WKH GDWD �UN YDOXHV IRXQG GXULQJ WKH
nUVW �� LWHUDWLRQV DV ZHOO DV WKH WRWDO �� LWHUDWLRQV� XVLQJ WKH FDOOLQJ VHTXHQFH IXQFWLRQ
ILW>OHDVWVTXDUH>YDUV@@�GDWD� ZKHUH YDUV LV D OLVW RI YDULDEOHV� FRUUHVSRQGLQJ� LQ RUGHU�
WR WKH OLVWV LQ GDWD� DQG GDWD LV D OLVW RI VWDWLVWLFDO OLVWV DOUHDG\ SUHSDUHG E\ SUHYLRXV UHJLRQ�

$OVR� LQ ERWK FDVHV� WKH FRHpFLHQW RI OLQHDU FRUUHODWLRQ EHWZHHQ WKH WZR VWDWLVWLFDO OLVWV LV
FRPSXWHG E\ WKH FDOOLQJ VHTXHQFH IXQFWLRQ GHVFULEH>OLQHDUFRUUHODWLRQ@�GDWD��GDWD��
DQG VWRUHG IRU IXWXUH XVHU
V LQYHVWLJDWLRQ VLQFH LW PHDVXUHV KRZ ZHOO D OLQHDU IXQFWLRQ H[�
SODLQV WKH UHODWLRQVKLS EHWZHHQ WKH WZR GDWD OLVWV �WKH FRHpFLHQW RI OLQHDU FRUUHODWLRQ
LV FRPSXWHG WKURXJK WKLV IXQFWLRQ E\ GLYLGLQJ WKH FRYDULDQFH E\ WKH VTXDUH URRW RI WKH
SURGXFW RI WKH YDULDQFH RI WKH WZR GDWD OLVWV��

7KH UHVXOW RI XQDSSO\�H[SU�[� LV D IXQFWLRQDO RSHUDWRU� $SSO\LQJ WKLV RSHUDWRU WR [

JLYHV WKH RULJLQDO H[SUHVVLRQ� 7KHVH UHVXOWV ZLOO EH XVHG WR SORW WKH VWUDLJKW OLQHV IRXQG E\
DSSO\LQJ OHDVWVTXDUH� )LQDOO\� WKH FDOOLQJ VHTXHQFH VORSH�HTXDWLRQ� FRPSXWHV WKH VORSH
RI D OLQH GHWHUPLQHG E\ DQ HTXDWLRQ�

! N� 
N
�

! IRU N IURP � WR 0' GR

! OHDVWVTBU>N@� ILW>OHDVWVTXDUH>>[�\@@@�>SUHVVXUHBYDOXHV� UBYDOXHV>N@@��

! OLQFRUUBU>N@� GHVFULEH>OLQHDUFRUUHODWLRQ@�SUHVVXUHBYDOXHV� UBYDOXHV>N@��

! OHDVWVTBUI>N@� XQDSSO\�UKV�OHDVWVTBU>N@��[��

! GHULYDWLYHBU>N@� VORSH�OHDVWVTBU>N@��

! OHDVWVTBUB��>N@� ILW>OHDVWVTXDUH>>[�\@@@�>SUHVVXUHBYDOXHVB��� UBYDOXHVB��>N@@��

! OLQFRUUBUB��>N@� GHVFULEH>OLQHDUFRUUHODWLRQ@�SUHVVXUHBYDOXHVB��� UBYDOXHVB��>N@��

! OHDVWVTBUIB��>N@� XQDSSO\�UKV�OHDVWVTBUB��>N@��[��

! GHULYDWLYHBUB��>N@� VORSH�OHDVWVTBUB��>N@��

! RG�

$OO WKRVH SUHYLRXV UHVVXOWV KDYH EHHQ VWRUHG� VR DW WKLV SRLQW WKH\ FDQ EH SULQWHG E\ WKH
XVHU IRU IXUWKHU LQYHVWLJDWLRQ� IRU H[DPSOH

! SULQW�GHULYDWLYHBU�� SULQW�GHULYDWLYHBUB����

WDEOH�>
�  b������
��  b������
��  b������
�  b������
�  b������
�  b������
�  b������
�  b������
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�  b������
��  b������
��  b������
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,Q IDFW� WKH FDOFXODWLRQ RI WKRVH GHULYDWLYHV LV WKH PDLQ RXWSXW RI WKLV PRGXOH 3'DF� 7KH
YDOXHV RI WKLV GHULYDWLYHV� WRJHWKHU ZLWK WKH FRUUHVSRQGLQJ YDOXHV FDOFXODWHG E\ PRGXOHV
&0$QLRQ DQG &0&DWLRQ� VKRXOG EH FRPELQHG E\ PRGXOH 3'FDOF WR FDOFXODWH WKH nQDO
YDOXHV UHODWHG WR HT� � SJ� � JLYLQJ WKH nQDO RXWSXW RI WKH FRPSOHWH V\VWHP 3RODUL] _ VHH
)LJXUH � SJ� ��

7KH FDOFXODWHG GHULYDWLYHV FDQ EH VDYHG LQ D 0DSOH nOH QDPHG GHULYBU�PV WKURXJK WKH
VDYH FRPPDQG DV VKRZQ EHOORZ

! VDYH GHULYDWLYHBU � GHULYDWLYHBUB���CGHULYBU�PVC�

)LQDOO\� DOO WKLV UHVXOWV UHODWHG WR UL� L  ���PG FDQ EH SORWWHG E\ WKH XVHU� $V DQ H[DPSOH�
)LJXUH � VKRZV WKH RXWSXW SURGXFHG E\ WKH IROORZLQJ UHJLRQ ZKLFK FRUUHVSRQG WR WKH
FDOFXODWHG YDOXHV RI U� �5%

�� LQ HDFK RI WKH �� LWHUDWLRQ DV ZHOO DV WKH VWUDLJKW OLQHV IRXQG
E\ DSSO\LQJ OHDVWVTXDUH XVLQJ DOO WKH YDOXHV DQG WKH nUVW �� YDOXHV�

! 'UDZ� SORW�UBSORWV>�@�VW\OH 32,17��

! 'UDZOVBU� SORW�OHDVWVTBUI>�@�[��[ ��������FRORU JUHHQ��

! 'UDZOVBUB��� SORW�OHDVWVTBUIB��>�@�[��[ ��������FRORU UHG��

! GLVSOD\�^'UDZ�'UDZOVBU�'UDZOVBUB��`�ODEHOV >CSUHV�C�CUC@�WLWOH CU� I�S�C��

� &RQFOXVLRQV

7KH PRGXOH 3'DF� GHVFULEHG LQ GHWDLO LQ WKLV ZRUN� DOORZV IRU WKH HYDOXDWLRQ RI LRQLF
UDGLL DQG WKHLU SUHVVXUH GHSHQGHQFH� $Q LPSRUWDQW IDFW LV WKDW LW KDV oH[LELOLW\ VR WKDW
D YDULDEOH QXPEHU RI DQLRQV DQG FDWLRQV PD\ EH FRQVLGHUHG� DOVR YDU\LQJ WKH QXPEHU RI
VDOWV� 9DULDEOH QXPEHU RI SK\VLFDO UHVWULFWLRQV DUH DOORZHG IRU� WKLV DQG WKH VWXG\ RI HUURUV
PDNH WKH VHOHFWLRQ RI nQDO UHVXOWV PRUH UHOLDEOH

��



)LJXUH �� 3ORW RI UQ� DQG /HDVWTXDUH $SSUR[LPDWLRQ

7KH 3'DF PRGXOH� WRJHWKHU ZLWK WKH SUHYLRXV RQHV _ &0$QLRQ DQG &0&DWLRQ _ DOORZV
IRU WKH FDOFXODWLRQ RI WKH DQLRQ SRODUL]DELOLW\ �EDVHG RQ D &ODXVLXV 0RVVRWL WUHDWPHQW�
DQG LWV SUHVVXUH GHSHQGHQFH IRU LRQLF FU\VWDOV� 9DOXHV RI WKH SUHVVXUH GHSHQGHQFH RI
WKH GLHOHFWULF FRQVWDQW PD\ WKHQ EH HYDOXDWHG VWDUWLQJ RQO\ IURP GDSD DW S  �� ZKLFK LV
SDUWLFXODUO\ LPSRUWDQW IRU PRUH FRPSOH[ FU\VWDOV ZKHQ H[SHULPHQWDO GDWD DW KLJK SUHVVXUHV
DUH QRW DYDLODEOH�

5HIHUHQFHV

>�@ %DUURQ� 7�+�.�� %DWDQD� $� 3UHVVXUH 'HSHQGHQFH RI WKH 2SWLFDO 3URSHUWLHV RI $ONDOL
+DOLGH &U\VWDOV� 3KLO� 0DJ� ����� �������� ���^����

>�@ %DWDQD� $�� 6RULDQR� 0�5� 2Q WKH 3UHVVXUH 'HSHQGHQFH RI WKH (mHFWLYH ,RQLF &KDUJH
RI $ONDOLQH (DUWK )OXRULGHV� -� 3K\V� &KHP� 6ROLGV� ����� ������ ���^����

>�@ %DWDQD� $�� )DRXU� -� 3UHVVXUH 'HSHQGHQFH RI WKH (mHFWLYH &KDUJH RI ,RQLF &U\VWDOV�
-� 3K\V� &KHP� 6ROLGV� ����� ������ ��������

>�@ %DWDQD� $�� &DVWLOOR� $�'�� )UDFFKLD� 5�0� +LJK 2UGHU 3UHVVXUH 'HULYDWLYHV RI WKH
6WDWLF 'LHOHFWULF &RQVWDQWV IRU ,RQLF &U\VWDOV ZLWKLQ WKH )UDPHZRUN RI WKH ([FKDQJH�
&KDUJH 0RGHO� -� 3K\V� &KHP� 6ROLGV� ����� ������� ����^�����

>�@ %DWDQD� $�� %UXQR� -�� 0XQQ� 5�:� $QLRQ 3RODUL]DELOLW\ LQ $ONDOL +DOLGH &U\VWDOV�
0ROHFXODU 3K\VLFV� �LQ SUHVV��

>�@ &KDU� %�:�� *HGGHV� .�2�� *RQQHW� *�2�� /HRQJ� %�/�� 0RQDJDQ� 0�%�� :DWW� 6�0�
0DSOH 9 /DQJXDJH 5HIHUHQFH 0DQXDO� 6SULQJHU�9HUODJ� ����

��



>�@ 'LFN� %�&�-U�� 2YHUKDXVHU� $�:� 7KHRU\ RI WKH 'LHOHFWULF &RQVWDQWV RI $ONDOL +DOLGH
&U\VWDOV� 3K\V� 5HY� ����� ������� ��^����

>�@ )RZOHU� 3�:�� 0DGGHQ� 3�$� 7KH ,Q�FU\VWDO 3RODUL]DELOLW\ RI WKH )OXRULGH ,RQ� 0ROHF�

XODU 3K\VLFV� ����� ������ ��������

>�@ )RZOHU� 3�:�� 0DGGHQ� 3�$� ,Q�FU\VWDO 3RODUL]DELOLWLHV RI $ONDOL DQG +DOLGH ,RQV�
3K\VLFDO 5HYLHZ %� ����� ������ ����^�����

>��@ )RZOHU� 3�:�� 0DGGHQ� 3�$� ,Q�FU\VWDO 3RODUL]DELOLW\ RI 2�b� -� 3K\V� &KHP� �����
��� ����^�����

>��@ )RZOHU� 3�:�� 3\SHU� 1�&� ,Q &U\VWDO ,RQLF 3RODUL]DELOLWLHV 'HULYHG E\ &RPELQLQJ
([SHULPHQWDO DQG DE LQLWLR 5HVXOWV� 3URF� 5R\� 6RF� $���� ����� ���� ���^����

>��@ )UDFFKLD� 5�0� $ 7KHRUHWLFDO 6WXG\ RI $QKDUPRQLF 3URSHUWLHV RI 6ROLGV� 3K' 7KHVLV�
�LQ VSDQLVK�� )DFXOWDG GH &LHQFLDV ([DFWDV \ 1DWXUDOHV� 8QLYHUVLW\ RI %XHQRV $LUHV�
$UJHQWLQD� �����

>��@ +DYLQJD� (�(� &RQWULEXWLRQ WR WKH 7KHRU\ 2I WKH 'LHOHFWULF 3URSHUWLHV RI WKH $ONDOL
$OLGHV� 3K\V� 5HY� ����� ������� ����^�����

>��@ 0DKDQ� *�'� 'LHOHFWULF 3DUDPHWHUV RI $ONDOL +DOLGHV� 3K\V� 5HY� ����� ��� ����^
�����

>��@ 0RQDUG� 0�&�� %UXQR� -�� %DWDQD� $� $ &RPSXWDWLRQDO 6\VWHP IRU WKH &DOFXODWLRQ
RI 3RODUL]DELOLWLHV DQG WKHLU 3UHVVXUH 'HSHQGHQFH� 7HFK� 5HS� ,&06&�863� 1R� ���
�����

>��@ 7HVVPDQ� -�5�� .DKDQ� $�+�� 6KRFNOH\� :� (OHFWURQLF 3RODUL]DELOLWLHV RI ,RQV LQ &KU\V�
WDOV� 3K\V� 5HY� ����� ��� ���^����

>��@ :LOVRQ� 0�� 0DGGHQ� 3�$� 3RODUL]DWLRQ (mHFWV LQ ,RQLF 6\VWHPV IURP )LUVW 3ULQFLSOHV�
-� 3K\V�� &RQGHQV� 0DWWHU� ����� �� ����^�����

��



� $SSHQGL[ � ([SHULPHQWDO 'DWD

([SHULPHQWDO GDWD XVHG LQ WKLV ZRUN KDV EHHQ WDNHQ IURP WKH H[SHULPHQWDO GDWD DW /RZ
7HPSHUDWXUH ^ /7 ^ DQG 5RRP 7HPSHUDWXUH ^ 57 ^ GHVFULEHG LQ >��@� ,W VKRXOG EH
QRWHG WKDW VRPH GDWD ZDV QRW DYDLODEOH DW /7� LQ WKRVH FDVHV WKH PLVVLQJ GDWD e KDV EHHQ
VXEVWLWXWHG E\ GDWD DW 57 IURP WKH VDQH VRXUFH�

6WUXFW� 6DOW m� mb U� �� �� �7
��b��FP� ��b��FP� ��b�FP ��b��FP�G\Qb�

IFF /L �����
& � /L) ���� ����� ���� ���� ����

/L&O ���� ����� ����� ���� ����
/L%U ���� ����� ����� ���� 
����
/L, ���� ����� ����� ���� 
������
1D �����
1D) ���� ����� ���� ���� ����
1D&O ���� ����� ���� ���� ����
1D%U ���� ����� ���� ���� ����
1D, ���� ����� ���� ���� ����
. ����
.) ���� ����� ���� ���� ����
.&O ���� ����� ���� ���� ����
.%U ���� ����� ���� ���� ����
., ���� ����� ���� ���� ����
5E ����
5E) ���� ����� ���� ���� 
����
5E&O ���� ����� ���� ���� 
����
5E%U ���� ����� ���� ���� 
����
5E, ���� ����� ���� ���� 
����
&V ����
&V) ���� ������ ���� ���� 
����

EFF &V ����
& �

�
S
�

&V&O ���� ������ ���� ���� ������

&V%U ���� ������ ���� ���� ������
&V, ���� ������ ���� ���� ������
&D) ���� ������
&D2 ������ ������
6U) ���� ������
6U2 ������ ������
%D) ���� ������
%D2 ������ ������
0J2 ������ �����
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