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Abstract. Conventional operators for data comparison are either based on ex-
act matching or on total order relationship among elements. Neither of them
are appropriate to manage complex data, such as multimedia data (e.g., im-
ages, audio and large texts), time series and genetic sequences. In fact, the
most meaningful way to compare complex data is by similarity. However, the
Relational Algebra, employed in the relational Database Management Systems
(RDBMS), cannot express similarity criteria. In order to address this support,
an extension to the Relational Algebra is under development at GBdI-ICMC-
USP (Databases and Images Group), aiming to represent similarity queries in
algebraic expressions. This technical report defines a formal framework which
embodies the unary similarity operators into Relational Algebra, and precisely
define their algebraic properties when used in query expressions either alone
or combined with the existing exact matching and relational operators. We
also show how to take advantage of such properties to optimize queries that
include similarity operators, presenting a similarity query optimizer developed
for SIREN (the Similarity Retrieval Engine), which uses a existing RDBMS to
answer similarity queries.

1 Introduction

In 1970, Codd [1] introduced the relational model, which is the base of the actual
commercial Database Management Systems (DBMS). It is based on the mathematical
relation theory: the database is presented as a set of relations, where each relation is a
table with tuples (or rows) and attributes (or columns). The domain of possible values
for each attribute is restricted by the data types.

Initially, the relational model supported only traditional data, i.e., numerical and
string data types. Elements of these types can be compared using exact matching (=
and 6=) and relational (<, >, ≤ and ≥) operators. Currently, with the advent of new
applications, the relational DBMS (RDBMS) should be able to support new data types,
operators and kinds of queries. For instance, in a Geographic Information System (GIS),
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the RDBMS was adapted to store spatial data types and the corresponding operators
and queries that involve the notion of spatial dimension [2].

However, there are many complex domains, such as images, audios, videos, ge-
nomic sequences, and time series, where the conventional operators do not apply and
the notion of spatial dimension does not hold either. Therefore, similarity emerges as
the natural way to compare pairs of elements in complex domains and the degree of
similarity between data is the most important factor [3].

With the growing interest to store multimedia data in RDBMS and the need to
retrieve them by content, the algebraic properties of similarity operators must be pre-
cisely stated, in order to allow query compilers to optimize similarity query execution.
To illustrate interesting queries that require similarity comparison, following we give
examples using a dataset for GIS with demographic data, and a dataset of images, one
of the most common type of multimedia data.

“Find the 5 nearest cities to ‘São Carlos - SP’, which latitude = -22.02 and longitude
= 47.89, provided they are not father then 0.3 distance units, considering Euclidean

distance function (L2)”.

“In a set of X-Ray exams, show the X-Ray exams of any patient that are the most
similar to X-Ray exam from patient X, using color distribution”.

In order to execute this query, it is necessary provide a measurement of how
to quantify similarity between two elements. Usually, it is done defining a distance
function d, which is the basis to create a metric space M = 〈S, d〉, where S de-
notes the universe of valid elements (domain) and d is a function d : S × S → R+

that expresses a “distance” between elements of S, i.e., the smaller distance means
that the elements are closer or more similar. The distance function d must sat-
isfy the following properties: (i) symmetry: d(s1, s2) = d(s2, s1); (ii) non-negativity:
0 < d(s1, s2) < ∞, if s1 6= s2 e d(s1, s1) = 0; and (iii) triangular inequality:
d(s1, s2) ≤ d(s1, s3) + d(s3, s2),∀s1, s2, s3 ∈ S, where s1, s2, s3 ∈ S .

As traditional queries, similarity ones are based on comparison condition called
similarity condition, which should be unary (similarity selection) or binary (similarity
join). This work presents the Similarity Algebra and their properties for unary similarity
operators. The goal of this work is to incorporate unary similarity queries into RDBMS.

The remainder of this technical report is structured as follows. The Section 2 sum-
marizes existing related works. Section 3 presents the Similarity Algebra. Finally, Sec-
tion 4 concludes this technical report.

2 Background

It makes sense to include similarity queries into RDBMS even if its only benefit would
be to support complex data besides traditional ones. One way to offer this support is
including similarity operators into relational algebra and processing similarity queries
in each module efficiently (query compilation, query optimization and query execution)
of the RDBMS query processing engine.
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In order to enable similarity queries into RDBMS, Barioni et al. [4] proposed a
similarity retrieval engine, called SIREN (SImilarity Retrieval ENgine), that allows
expressing similarity queries in SQL and executing them. SIREN is a service in a three
tier architecture implemented between a RDBMS and the application programs. It
intercepts every SQL command sent from the application, analyzes and treats every
similarity-related constructions and references to complex elements, if there exist. SQL
commands which contain neither similarity construction nor references to complex
elements are sent to the RDBMS and the answers are relayed from the RDBMS back
to the application program. Commands containing similarity-related constructions are
processed at SIREN [5].

In its first version, SIREN did not had an optimization module implemented; its
mains component was the query compiler, which makes the lexical and the syntactical
analysis. For this reason, it did not process similarity queries efficiently. To solve this
problem, Ferreira et al. [6] proposed the SIREN query optimizer, which is analogous
to RDBMS query optimizer. Figure 1 shows SIREN architecture.
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Relational DBMS Metric Access Method
(MAM)
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Extended SQL 
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Initial Query Plan
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Fig. 1. SIREN architecture.

In a RDBMS, the query optimizer is responsible for generating alternative plans
employing algebraic properties; evaluating each plan to estimate its execution cost; and
choosing the plan with the minimum expected computational cost to be executed. The
optimization is achieved rewriting the original query into another expression whose
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evaluation cost is expected to be smaller, using algebraic properties to ensure that the
rewritten expression is equivalent to the original one.

The optimizer is able to rewrite queries based on operators presented in the algebra.
In the literature, there are several extensions of relational algebra aiming to include
similarity concepts in RDBMS from various perspectives, as followed.

The first algebra to consider similarity queries was a Multi-Similarity Algebra
(MSA), presented by Adali et al. [7]. This algebra has been designed to integrate
different interpretation of similarity values coming from multiple similarity implemen-
tation in a common framework. However, it remains at a higher abstraction level and
thus does not address the problem of an “operational” algebra usable for modeling,
optimizing, and processing queries with similarity-based operations [8]. Therefore, it is
not fully consistent to the relational model.

Other works associated similarity to uncertainty and provided fuzzy logic-based
methods to solve this [9, 10]. The problem of those approaches is that they assume
that complex data manipulation involves evaluation of their similarity but this does
not mean that these data or the similarity evaluation are uncertain or imprecise (as
only exact match comparisons are useless in these domains). In fact, it is possible to
execute similarity queries resulting in either approximated or exact answers.

Likewise, there are approaches based on the notion of ranking, i.e., ordering among
tuples or elements [11, 12]. It is true that they are consistent to the relational model and
can be applied to similarity queries considering the distance functions as the ranking
criterion, but they depend on ranking criteria that are independent from the queries,
whereas the ranking criterion of a similarity query varies with the query.

None of these previous works has addressed optimizations based on query rewriting
for the similarity-based select operators in complex expressions. Traina et al. [13] pro-
pose an extension of relational algebra considering complex similarity queries with two
or more similarity predicates combined with Boolean operators ∧ (and), ∨ (or) and ¬
(not). However, they have only treated queries with a unique element center, i.e., with
the same query element, which is very restrictive and does not cover all cases occurring
in a RDBMS.

In this work, a Similarity Algebra aiming at integrating both unary similarity op-
erators with relational algebra, which allows optimizing similarity queries in RDBMS.
Then, the proposed algebra was incorporated into SIREN query optimizer to allow it
to optimize similarity queries.

3 Similarity Algebra

3.1 Definitions

An attribute is comparable by similarity only if it is associated to a similarity mea-
sure (that is, to a distance function d). Although, distance functions can theoretically
be assigned to any attribute, they are of utter importance when applied to complex
attributes. Therefore, without loss of generality, we call complex attributes and, corre-
spondingly, its domains, those associated to distance functions, and the others we call
simple attributes.
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Relations that have complex attributes should follow the same properties and def-
initions of traditional relations. In this technical report, we employ the following no-
tation to express relations. Let Ah ⊂ Ah be a simple attribute in a domain Ah that
allows comparisons using traditional operators; Sj ⊂ Sj be an complex attribute in
a domain Sj in a metric space that allows comparisons using complex operators; and
T be an relation with any number of both simple and complex attributes. That is,
let T = {A1, . . . ,Am,S1, . . .Sp} be an relation schema, a relation T ⊂ T is a set of
elements represented as tuples T = {A1, . . . , Am, S1, . . . Sp} which has for each tuple
t = 〈a1, . . . , am, s1, . . . sp〉 values ah (1 ≤ h ≤ m) obtained in the domain Ah and values
sj (1 ≤ j ≤ p) obtained in the domain Sj . Thus, let ti(Sj) (1 ≤ i ≤ n) be the value the
Sj complex attribute of the ith tuple in the relation, and correspondingly let ti(Ah)
be the value of the Ah simple attribute. To alleviate the notation of handling several
attributes in a relation, in the remainder of the technical report, we will use just S and
S to refer to complex attribute Sj and its respective domain Sj , and A and A to refer
to simple attribute Ah and its respective domain Ah whenever the focus of the text
is over only one attribute. Figure 2 shows the extended relational model to similarity
queries.
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Fig. 2. Extended relational model - Similarity queries

3.2 Unary similarity queries operations

Traditional selections follow the format σ(A θ a) T , where θ is a comparison operator
valid in the domain A of the attribute A, and ‘a’ is either a constant taken in the
domain of A or the value of another attribute from the same domain of A in the same
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tuple. Similarity selections follow the same format: σc (S θc sq) T , where σc represents a
similarity selection, θc is a similarity operator valid in the domain S of the attribute S,
and ‘sq’ is either a constant taken in the domain of S or the value of another attribute
from the same domain of S in the same tuple.

There are two similarity operators commonly employed: range and k-nearest neigh-
bor. As their properties can be different from those of the traditional selections, we
initially use the symbols σ̂ and σ̈ to represent range and kNN selections, and θ̂ and θ̈
to represent range and kNN operators respectively. The range, kNN and their varia-
tions are described as follows. The first definition showed is the Range query.

Definition 1. Range query - Rq: Let S be a complex attribute taken in domain
S over which the similarity condition is expressed, d be a distance function, ξ be the
similarity threshold and sq ∈ S be the query element. The query σ̂(S θ̂(d,ξ) sq) T returns
every tuple ti ∈ T such that d(ti(S), sq) ≤ ξ. This can be formally defined as:

σ̂(S θ̂(d,ξ) sq) T = {ti ∈ T | d (ti (S) , sq) ≤ ξ} . (1)

There is a special case of Range query, called Point query, in which the similarity
threshold is ξ = 0. The goal of this query is to verify if sq ∈ T .

The complementary operation of Range query is called Reversed Range query
- R−1

q .

Definition 2. Reversed Range query - R−1
q : Let S be a complex attribute taken in

domain S over which the similarity condition is expressed, d be a distance function, ξ
be the similarity threshold and sq ∈ S be the query element. The query σ̂(S θ̂−1(d,ξ) sq) T

returns every tuple ti ∈ T such as d(ti(S), sq) > ξ. This can be formally defined as:

σ̂(S θ̂−1(d,ξ) sq) T = {ti ∈ T | d (ti (S) , sq) > ξ} . (2)

The k-Nearest Neighbor query - kNN is defined as follow.

Definition 3. k-Nearest Neighbor query - kNN : Let S be a complex attribute
taken in domain S over which the similarity condition is expressed, d be a distance
function, k ∈ N∗ be the similarity threshold and sq ∈ S be the query element. The query
σ̈(S θ̈(d,k) sq) T returns the tuples from T whose value of the attributes S is one of the
k elements in S nearest to the query element sq based on the distance function d. This
can be defined as:

σ̈(S θ̈(d,k) sq) T = T ′ = {ti ∈ T | ∀ tg ∈ [T − T ′] , T ′ = ti=1,...,k,

d (ti (S) , sq) ≤ d (tg (S) , sq)} . (3)

The complementary operation of k-Nearest Neighbor query is the k-Farthest
Neighbor query - kFN .

Definition 4. k-Farthest Neighbor query - kFN : Let S be a complex attribute
taken in domain S over which the similarity condition is expressed, d be a distance
function, k ∈ N∗ be the similarity threshold and sq ∈ S be the query element. The query
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σ̈(S θ̈F (d,k) sq) T returns the tuples from T whose value of the attribute S is one of the k
elements in S farthest to the query element sq based on the distance function d. This
can be defined as:

σ̈(S θ̈F (d,k) sq) T = T ′ = {ti ∈ T | ∀ tg ∈ [T − T ′] , T ′ = ti=1,...,k,

d (ti (S) , sq) > d (tg (S) , sq)} . (4)

3.3 Algebraic Properties

The query optimizer of RDBMS employs algebraic equivalences to rewrite queries into
equivalent expressions which are expected to be executed faster. Selections are impor-
tant operations because they reduce the size of relations. In the subsections following,
we present algebraic properties useful to rewrite expressions of both range / reversed
range operators (θ̂ / θ̂−1) and k-nearest / k-farthest neighbor operators (θ̈ / θ̈F ).

3.3.1 Range / Reversed Range Selection - σ̂.

The properties definitions present in this subsection use the range θ̂ operator. The same
property definitions can be used for the reversed range θ̂−1 operator.

The Property 1 is valid by conjunctive selection condition as follows:

Property 1. Conjunctions of θ̂ operators can be rewritten into a cascade of individual
σ̂ operations or a sequence of intersection operations, i.e.,

σ̂(S1 θ̂(d1,ξ1) sq1) ∧ (S2 θ̂(d2,ξ2) sq2) T
1=
(
σ̂(S1 θ̂(d1,ξ1) sq1) T

)
∩
(
σ̂(S2 θ̂(d2,ξ2) sq2) T

)
2= σ̂(S1 θ̂(d1,ξ1) sq1)

(
σ̂(S2 θ̂(d2,ξ2) sq2) T

)
. (5)

Proof. We use the Definition 1 to prove that:

σ̂(S1 θ̂(d1,ξ1) sq1) ∧ (S2 θ̂(d2,ξ2) sq2) T

= {ti ∈ T | d(ti(S1), sq1) ≤ ξ1 ∧ d(ti(S2), sq2) ≤ ξ2}
= {ti1 ∈ T | d(ti(S1), sq1) ≤ ξ1} ∩ {ti2 ∈ T | d(ti(S2), sq2) ≤ ξ2}
1=
(
σ̂(S1 θ̂(d1,ξ1) sq1)

T
)
∩
(
σ̂(S2 θ̂(d2,ξ2) sq2)

T
)
.

On the other hand,

= {ti1 ∈ T | d(ti(S1), sq1) ≤ ξ1} ∩ {ti2 ∈ T | d(ti(S2), sq2) ≤ ξ2}
= {ti1 ∈ {ti2 ∈ T | d(ti(S2), sq2) ≤ ξ2}| d(ti(S1), sq1) ≤ ξ1}
2= σ̂(S1 θ̂(d1,ξ1) sq1)

(σ̂(S2 θ̂(d2,ξ2) sq2)
T ) .

ut
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This property is valid regardless of query elements sq1 and sq2 being the same or
not. A special case exists if the conjunction of Rq conditions are executed over the
same query element, i.e., sq1 = sq2 = sq, then only the Rq selection with the smallest
ξ condition needs to be executed [13]. That is,

Property 1.1. Special case where sq1 = sq2 = sq.(
σ̂(S θ̂(d,ξ1) sq) T

)
∩
(
σ̂(S θ̂(d,ξ2) sq) T

)
=

σ̂(S θ̂(d,ξ1) sq) ∧ (S θ̂(d,ξ2) sq) T = σ̂(S θ̂(d,min(ξ1,ξ2)) sq) T. (6)

For disjunctive conditions, the Property 2 is valid.

Property 2. Disjunctions of θ̂ operators can be rewritten into a sequence of union
operations as follows. This property requires that the relation T be a set because, in this
way, duplications will be correctly eliminated.

σ̂(S1 θ̂(d1,ξ1) sq1) ∨ (S2 θ̂(d2,ξ2) sq2) T =
(
σ̂(S1 θ̂(d1,ξ1) sq1) T

)
∪
(
σ̂(S2 θ̂(d2,ξ2) sq2) T

)
. (7)

Proof. We can use the Definition 1 to prove that:

σ̂(S1 θ̂(d1,ξ1) sq1) ∨ (S2 θ̂(d2,ξ2) sq2) T

= {ti ∈ T | d(ti(S1), sq1) ≤ ξ1 ∨ d(ti(S2), sq2) ≤ ξ2}
= {ti1 ∈ T | d(ti(S1), sq1) ≤ ξ1} ∪ {ti2 ∈ T | d(ti(S2), xq2) ≤ ξ2}

=
(
σ̂(S1 θ̂(d1,ξ1) sq1) T

)
∪
(
σ̂(S2 θ̂(d2,ξ2) sq2) T

)
.

ut

This property is valid regardless of query elements sq1 and sq2 being the same or
not. A special case exists if the disjunction of Rq conditions are executed over the
same query element, i.e., sq1 = sq2 = sq, then only the Rq selection with the largest ξ
condition needs to be executed [13]. That is,

Property 2.1. Special case where sq1 = sq2 = sq.(
σ̂(S θ̂(d,ξ1) sq) T

)
∪
(
σ̂(S θ̂(d,ξ2) sq) T

)
=

σ̂(S θ̂(d,ξ1) sq)∨(S θ̂(d,ξ2) sq) T = σ̂(S θ̂(d,max(ξ1,ξ2)) sq) T. (8)

Properties 3 and 4 explore the commutativity of σ̂ operation with its composition
and traditional operation.

Property 3. The Rq selection operation commutes under its composition, i.e.,

σ̂(S1 θ̂(d1,ξ1) sq1)
(
σ̂(S2 θ̂(d2,ξ2) sq2) T

)
= σ̂(S2 θ̂(d2,ξ2) sq2)

(
σ̂(S1 θ̂(d1,ξ1) sq1) T

)
. (9)

Proof. This proof is directly obtained by Property 1 and Definition 1.
ut
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Property 4. The Rq selection operation and traditional selection operation commute
under their composition, i.e.,

σ̂(S θ̂(d,ξ) sq)
(
σ(A θ a) T

)
= σ(A θ a)

(
σ̂(S θ̂(d,ξ) sq) T

)
. (10)

Proof. We use the Definition 1 to prove that:

σ̂(S θ̂(d,ξ) sq)
(
σ(A θ a) T

)
= σ̂(S θ̂(d,ξ) sq){ti ∈ T |ti(A) θ a}

= {ti ∈ {ti ∈ T |ti(A) θ a}| d(ti(S), sq) ≤ ξ}
= {ti ∈ T | ti(A) θ a ∧ d(ti(S), sq) ≤ ξ}
= {ti ∈ {ti ∈ T |d(ti(S), sq) ≤ ξ}| ti(A) θ a}

= σ(A θ a)

(
σ̂(S θ̂(d,ξ) sq) T

)
.

ut

As σ̂ operation is commutative with σ operation, Properties 1 and 2 can also be
employed for these operations. Therefore, we can use Properties 1 and 2 with either
the σ̂ operation only or σ̂ and σ operations.

The next set of properties involving σ̂ allows to push range selection through the
binary operators: union (∪), intersection (∩), difference (−), cross product (×) and
join (on). Property 5 shows that σ̂ is distributive over the set binary operators ∪, ∩
and −. The relations T1 e T2 must be union compatible.

Property 5. The operator σ̂ is distributive over the set binary operators ∪, − and ∩
as follows.

Property 5.1. For union, the following expression holds:

σ̂(S θ̂(d,ξ) sq) (T1 ∪ T2) =
(
σ̂(S θ̂(d,ξ) sq) T1

)
∪
(
σ̂(S θ̂(d,ξ) sq) T2

)
. (11)

Property 5.2. For difference, the following expression holds:

σ̂(S θ̂(d,ξ) sq) (T1 − T2) =
(
σ̂(S θ̂(d,ξ) sq) T1

)
−
(
σ̂(S θ̂(d,ξ) sq) T2

)
=
(
σ̂(S θ̂(d,ξ) sq) T1

)
− T2. (12)

Property 5.3. For intersection, the following expression holds:

σ̂(S θ̂(d,ξ) sq) (T1 ∩ T2) =
(
σ̂(S θ̂(d,ξ) sq) T1

)
∩
(
σ̂(S θ̂(d,ξ) sq) T2

)
=
(
σ̂(S θ̂(d,ξ) sq) T1

)
∩ T2

= T1 ∩
(
σ̂(S θ̂(d,ξ) sq) T2

)
. (13)
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Proof. Let Property 5.1 and Definition 1, we prove that:

σ̂(S θ̂(d,ξ) sq) (T1 ∪ T2) = {ti ∈ T1 ∪ T2| d(ti(S), sq) ≤ ξ}

= {ti ∈ T1| (d(ti(s), sq) ≤ ξ)} ∪ {ti ∈ T2| d(ti(S), sq) ≤ ξ}

=
(
σ̂(S θ̂(d,ξ) sq) T1

)
∪
(
σ̂(S θ̂(d,ξ) sq) T2

)
.

For Properties 5.2 and 5.3, the proof is realized in the analogous way.
ut

Regarding the binary join (on) and cross product (×) operators, σ̂ must be dis-
tributed to the relation that has all the complex attribute mentioned in the condition.
This is represented in Property 6.

Property 6. When the complex attribute mentioned in the range predicate belongs to
only one of the joined relations, the operation σ̂ is distributive over on or ×. Let T1 be
the relation that has complex attribute S. Thus:

σ̂(S θ̂(d,ξ) sq) (T1 θ T2) =
(
σ̂(S θ̂(d,ξ) sq) T1

)
θ T2, (14)

for any θ = on or ×.

Proof. Let θ = ×, S ∈ T1 and Definition 1, we prove that:

σ̂(S θ̂(d,ξ) sq) (T1 × T2) = {(titg) ∈ T1×T2| d(ti(S), sq) ≤ ξ}

= {ti ∈ T1| d(ti(S), sq) ≤ ξ} × T2

=
(
σ̂(S θ̂(d,ξ) sq) T1

)
× T2.

The same proof can be applied if S ∈ T2. For θ =on, the proof is realized in analogous
way.

ut

If the Rq condition is conjunctive, in which S1 is a complex attribute of relation T1

and S2 is a complex attribute of relation T2, Properties 1 and 6 can be used to prove,

σ̂(S1 θ̂(d,ξ) sq) ∧ (S2 θ̂(d,ξ) sq) (T1 θ T2) =
(
σ̂(S1 θ̂(d,ξ) sq) T1

)
θ
(
σ̂(S2 θ̂(d,ξ) sq) T2

)
, (15)

for any θ=× ou on; that is, the distributive property applied to the traditional selection
operation can also be used to range selection operation. In this way, the Equivalence 15
complete the Property 6.

In summary, Properties 1 to 6 show that range selection shares the same algebraic
equivalences as the traditional selection. Moreover, Property 4 shows commutativity
property between similarity-based selections and traditional ones. This is an important
result, as it allows the RDBMS query optimizer to treat range selection as traditional
selection. Therefore, we can use the symbol σ instead of σ̂ to represent range selections,
only using θ̂ to represent the range operator, without loss of generality.

10



3.3.2 k-Nearest / k-Farthest Neighbor Selection - σ̈.

The properties definitions presented in this subsection regards the k-nearest neighbor
θ̈ operator. The same property definitions can be used for the k-farthest neighbor θ̈F
operator.

Valid transformation properties to kNN queries are proved algebraically and invalid
transformation properties are proved by contradiction. The relations CitySaoCarlos
and CityAraraquara are used in examples. These relations have geographic informa-
tions (latitude and longitude) about 12 cities around “São Carlos-SP” (see Figure 3a)
and 17 cities around “Araraquara-SP” (see Figure 3b). Elements (black square) con-
nected by black line into query element belong to answer set in all examples.

a) b)

Fig. 3. Relations CitySaoCarlos and CityAraraquara. a) Relation CitySaoCarlos:
12 cities around “São Carlos-SP”. b) Relation CityAraraquara: 17 cities around
“Araraquara-SP”.

In the relational algebra, the following expression is valid:

σ(A1 θ1 a1)∧(A2 θ2 a2) T =
(
σ(A1 θ1 a1) T

)
∩
(
σ(A2 θ2 a2) T

)
= σ(A1 θ1 a1)

(
σ(A2 θ2 a2) T

)
. (16)

However, when σ is changed by σ̈, conjunctions of θ̈ operators can only be trans-
formed into a sequence of intersection operations, but they cannot be transformed into
a cascade of individual σ̈ operations. Thus, Property 7 is valid for the conjunctive
selection conditions, as follows.

Property 7. Conjunctions of θ̈ operator can be rewritten into a sequence of intersec-
tion operations but they cannot be rewritten as a cascade of individual σ̈ operations,
i.e.,

σ̈(S1 θ̈(d1,k1) sq1)∧(S2 θ̈(d2,k2) sq2) T =
(
σ̈(S1 θ̈(d1,k1) sq1) T

)
∩
(
σ̈(S2 θ̈(d2,k2) sq2) T

)
; (17)
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σ̈(S1 θ̈(d1,k1) sq1)∧(S2 θ̈(d2,k2) sq2) T 6= σ̈(S1 θ̈(d1,k1) sq1)
(
σ̈(S2 θ̈(d2,k2) sq2) T

)
. (18)

Proof. We use the Definition 3 to prove the Equivalence 17:

σ̈(S1 θ̈(d1,k1) sq1) ∧ (S2 θ̈(d2,k2) sq2) T

={ti ∈ T | ∀ t ∈ [T − T1], T1 = ti=1,...,k1 , d1(ti(S1), sq1) ≤ d1(t(S1), sq1) ∧
∀ t ∈ [T − T2], T2 = ti=1,...,k2 , d2(ti(S2), sq2) ≤ d2(t(S2), sq2)}

={ti ∈ T | ∀ t ∈ [T − T1], T1 = ti=1,...,k1 , d1(ti(S1), sq1) ≤ d1(t(S1), sq1)} ∩
{ti ∈ T | ∀ t ∈ [T − T2], T2 = ti=1,...,k2 , d2(ti(S2), sq2) ≤ d2(t(S2), sq2)}

=
(
σ̈(S1 θ̈(d1,k1) sq1) T

)
∩
(
σ̈(S2 θ̈(d2,k2) sq2) T

)
.

ut

Proof. We use the following counterexample to prove the Inequality 18.

Example 1. “Select 5 nearest cities of São Carlos-SP, which latitude =−22.02 and
longitude =47.89, and Araraquara-SP, which latitude =−21.79 and longitude =48.18,
considering Euclidean distance L2”.

σ̈(coordenada θ̈(L2,5) (−22.02,47.89)) ∧ (coordenada θ̈(L2,5) (−21.79,48.18))CitySaoCarlos =

σ̈(coordenada θ̈(L2,5) (−22.02,47.89))
(
σ̈(coordenada θ̈(L2,5) (−21.79,48.18))CitySaoCarlos

)
.

The execution of the first algebraic expression returns 2 tuples: {Ribeir~ao Bonito,
Ibaté}, and the second expression returns 5 tuples: {Ribeir~ao Bonito, Ibaté,
Araraquara, Américo Brasiliense, Santa Lúcia}. So, this proof confirm that
Property 7 is valid. ut

This property is valid regardless of query elements sq1 and sq2 being the same or
not. A special case exists if the conjunction of kNN conditions are executed over the
same query element, i.e., sq1 = sq2 = sq, then only the kNN selection with the smallest
k condition needs to be executed [13]. That is,

Property 7.1. Special case where sq1 = sq2 = sq.(
σ̈(S θ̈(d,k1) sq) T

)
∩
(
σ̈(S θ̈(d,k2) sq) T

)
=

σ̈(S θ̈(d,k1) sq) ∧ (S θ̈(d,k2) sq) T = σ̈(S θ̈(d,min(k1,k2)) sq) T. (19)

For disjunctive conditions, the relational algebra considers valid the following ex-
pression:

σ(A1 θ1 a1) ∨ (A2 θ2 a2) T =
(
σ(A1 θ1 a1) T

)
∪
(
σ(A2 θ2 a2) T

)
. (20)

If σ is changing by σ̈, the expression 20 continue to be valid, generating the Property 8.

12



Property 8. Disjunctions of θ̈ operators can be rewritten into a sequence of union
operations as follows. This property requires that the relation T is a set because, in this
way, duplications will be correctly eliminated.

σ̈(S1 θ̈(d1,k1) sq1) ∨ (S2 θ̈(d2,k2) sq2) T =
(
σ̈(S1 θ̈(d1,k1) sq1)T

)
∪
(
σ̈(S2 θ̈(d2,k2) sq2)T

)
. (21)

Proof. We use the Definition 3 to prove that:

σ̈(S1 θ̈(d1,k1) sq1) ∨ (S2 θ̈(d2,k2) sq2) T

={ti ∈ T | ∀ t ∈ [T − T1], T1 = ti=1,...,k1 , d1(ti(S1), sq1) ≤ d1(t(S1), sq1) ∨
∀ t ∈ [T − T2], T2 = ti=1,...,k2 , d2(ti(S2), sq2) ≤ d2(t(S2), sq2)}

={ti ∈ T | ∀ t ∈ [T − T1], T1 = ti=1,...,k1 , d1(ti(S1), sq1) ≤ d1(t(S1), sq1)} ∪
{ti ∈ T | ∀ t ∈ [T − T2], T2 = ti=1,...,k2 , d2(ti(S2), sq2) ≤ d2(t(S2), sq2)}

=
(
σ̈(S1 θ̈(d1,k1) sq1) T

)
∪
(
σ̈(S2 θ̈(d2,k2) sq2) T

)
.

ut

This property is valid regardless of query elements sq1 and sq2 being the same or
not. A special case exists if the disjunction of kNN conditions are executed over the
same query element, i.e., sq1 = sq2 = sq, then only the kNN selection with the largest
k condition needs to be executed [13]. That is,

Property 8.1. Special case where sq1 = sq2 = sq.(
σ̈(S θ̈(d,k1) sq) T

)
∪
(
σ̈(S θ̈(d,k2) sq) T

)
=

σ̈(S θ̈(d,k1) sq) ∨ (S θ̈(d,k2) sq) T = σ̈(S θ̈(d,max(k1,k2)) sq) T. (22)

In relational algebra, the commutativity of σ, expressed by the following expression,
is valid.

σ(A1 θ1 a1)

(
σ(A2θ2 a2) T

)
= σ(A2 θ2 a2)

(
σ(A1 θ1 a1) T

)
. (23)

Nonetheless, if σ is changed by σ̈ and the query elements are distinct, that is,
sq1 6= sq2, the Expression 23 does not hold. Properties 9, 10 and 11 present the non-
commutativity of k-nearest neighbor selection operation with traditional selection op-
eration, range selection operation and self selection operation.

Property 9. The kNN selection operation does not commute under its composition,
i.e.,

σ̈(S1 θ̈(d1,k1) sq1)
(
σ̈(S2 θ̈(d2,k2) sq2) T

)
6= σ̈(S2 θ̈(d2,k2) sq2)

(
σ̈(S1 θ̈(d1,k1) sq1) T

)
. (24)

Proof. We use the following counterexample to prove this property.

Example 2. “Select 5 nearest cities of São Carlos-SP, which latitude =−22.02 and
longitude =47.89, and Araraquara-SP, which latitude =−21.79 and longitude =48.18,
considering Euclidean distance L2”.
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Fig. 4. Non-commutativity of kNN selection operation with self selection operation
(query elements distinct). Query presents in Example 2: a) kNN query first exe-
cuted with sq2 = “Araraquara” and, then, with sq1 = “São Carlos” in the relation
CitySaoCarlos. b) kNN query executed first with sq1 = “São Carlos” and with sq2 =
“Araraquara” in the relation CitySaoCarlos.

σ̈(coordenada θ̈(L2,5) (−22.02,47.89))
(
σ̈(coordenada θ̈(L2,5) (−21.79,48.18))CitySaoCarlos

)
=

σ̈(coordenada θ̈(L2,5) (−21.79,48.18))
(
σ̈(coordenada θ̈(L2,5) (−22.02,47.89))CitySaoCarlos

)
.

However, when algebraic expressions are executed, the results are not the same.
This can be observed in the Figure 4.

In the Figure 4a, first it is executed kNN selection with sq2 = “Araraquara” in
the relation CitySaoCarlos and, over its results, kNN selection with sq1 = “São Car-
los”. The answer of this query is {Ribeir~ao Bonito, Ibaté, Araraquara, Américo
Brasiliense, Santa Lúcia}. In the Figure 4b, first it is executed kNN selection
with sq1 = “São Carlos” in the relation CitySaoCarlos and, then, kNN selection with
sq2 = “Araraquara”. The answer of last kNN selection is {S~ao Carlos, Analândia,
Itirapina, Ribeir~ao Bonito, Ibaté}. This proof validates the Property 9. ut

This property is valid if query elements sq1 and sq2 are distinct. For the same query
elements, there exists a special case where kNN selection operation becomes commu-
tative under its composition: if sq1 = sq2 = sq, the Expression 24 can be rewritten as
a conjunction of kNN conditions, then only the kNN selection with the smallest k
condition needs to be executed [13]. That is,
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Property 9.1. Special case where sq1 = sq2 = sq.

σ̈(S θ̈(d,k1) sq)
(
σ̈(S θ̈(d,k2) sq) T

)
= σ̈(S θ̈(d,k2) sq)

(
σ̈(S θ̈(d,k1) sq) T

)
=

σ̈(S θ̈(d,k1) sq) ∧ (S θ̈(d,k2) sq) T = σ̈(S θ̈(d,min(k1,k2)) sq) T. (25)

Property 10. The kNN selection operation and traditional selection operation do not
commute under their composition, i.e.,

σ̈(S θ̈(d,k) sq)
(
σ(A θ a) T

)
6= σ(A θ a)

(
σ̈(S θ̈(d,k) sq) T

)
. (26)

Proof. We use the following counterexample to prove this property.

Example 3. “Select 5 nearest cities of “São Carlos-SP”, which latitude =−22.02 and
longitude = 47.89, and their latitude is smaller than the latitude of “São Carlos-SP”,
considering Euclidean distance L2”.

σ̈(coordenada θ̈(L2,5) (−22.02,47.89))
(
σ(lat<−22.02) CitySaoCarlos

)
=

σ(lat<−22.02)

(
σ̈(coordenada θ̈(L2,5) (−22.02,47.89)) CitySaoCarlos

)
.

However, when algebraic expressions are executed, the results are not the same.
This can be observed in the Figure 5.

In the 5a, first it is executed kNN selection in the relation CitySaoCarlos and,
then, traditional selection. The answer of this query is {Itirapina, Analândia,
Ribeir~ao Bonito}. In the Figure 5b, it is first executed traditional selection in
the relation CitySaoCarlos and, then, kNN selection. The answer of last selection
is {Corumbataı́, Analândia, Ribeir~ao Bonito, Itirapina, Brotas}. This proof
validates the Property 10. ut

Property 11. The kNN selection operation and range selection operation do not com-
mute under their composition, i.e.,

σ̈(S1 θ̈(d1,k) sq1)
(
σ̂(S2 θ̂(d2,ξ) sq2) T

)
6= σ̂(S2 θ̂(d2,ξ) sq2)

(
σ̈(S1 θ̈(d1,k) sq1) T

)
. (27)

Proof. We use the following counterexample to prove this property.

Example 4. “Select 5 nearest cities of São Carlos-SP, which latitude =−22.02 and
longitude =47.89, and their distance from “Araraquara”, which latitude =−21.79 and
longitude = 48.18, are not farther then 0.3 distance units, considering Euclidean dis-
tance L2”.

σ̈(coordenada θ̈(L2,5) (−22.02,47.89))
(
σ̂(coordenada θ̂(L2,0.3) (−21.79,48.18))CitySaoCarlos

)
=

σ̂(coordenada θ̂(L2,0.3) (−21.79,48.18))
(
σ̈(coordenada θ̈(L2,5) (−22.02,47.89))CitySaoCarlos

)
.

Algebraic expressions are executed and their results are not the same. This can be
observed in the Figure 6.
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Fig. 5. Non-commutativity of kNN selection operation with traditional selection oper-
ation. Query presents in Example 3: a) Query first executed kNN selection and, then,
traditional selection in the relation CitySaoCarlos. b) Query executed first traditional
selection and, then, kNN selection in the relation CitySaoCarlos.

In the Figure 6a, first it is executed range selection with sq2 = “Araraquara” in the
relation CitySaoCarlos and, then, kNN selection with sq1 = “São Carlos”. The answer
of this query is {Ribeir~ao Bonito, Ibaté, Araraquara, Américo Brasiliense,
Santa Lúcia}. In the Figure 6b, it is first executed kNN selection with sq1 = “São Car-
los” in the relation CitySaoCarlos and, then, range selection with sq2 = “Araraquara”
over the result of first selection. The answer of last selection is {Ribeir~ao Bonito,
Ibaté}. This proof validates the Property 11. ut

This property is valid if query elements sq1 and sq2 are distinct. For the same
query elements, there exists a special case where kNN selection operation becomes
commutative with range selection operation: if sq1 = sq2 = sq, the conjunctions of
range and kNN conditions can be rewritten as a intersection of the results from both
basic operators, as follow [13]. This is also equivalent to the execution of the algorithm
kAndRange(θ, sq, k, ξ).
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Fig. 6. Non-commutativity of kNN selection operation with range selection opera-
tion (query elements distinct). Query presents in Example 4: a) Query first executed
range selection with sq2 = “Araraquara” and, then, kNN selection with sq1 = “São
Carlos” in the relation CitySaoCarlos. b) Query executed first kNN selection with
sq1 = “São Carlos” and, then, range selection with sq2 = “Araraquara” in the relation
CitySaoCarlos.

Definition 11.1. Special case where sq1 = sq2 = sq.

σ̂(S θ̂(d,ξ) sq)
(
σ̈(S θ̈(d,k) sq)T

)
= σ̈(S θ̂(d,ξ) sq) ∧ (S θ̈(d,k) sq) T =(

σ̂(S θ̂(d,ξ) sq)T
)
∩
(
σ̈(S θ̈(d,k) sq)T

)
= kAndRange(θ, sq, k, ξ); (28)

and the disjunction of range and kNN conditions can be rewritten as a union of the
results from both basic operators, as follow [13]. This is also equivalent to the execution
of the algorithm kOrRange(θ, sq, k, ξ).

Definition 11.2. Special case where sq1 = sq2 = sq.

σ̂(S θ̂(d,ξ) sq) (T ) ∪ σ̈(S θ̈(d,k) sq) (T )⇔ kOrRange (θ, sq, k, ξ) ; (29)

where θ denotes if it is a range and kNN condition or range−1 and kFN condition. This
special case is important in the similarity query optimization because it allows reading
the dataset only once, while the intersection expression requires reading the dataset
twice to answer the query. Then, the I/O and CPU costs can be reduced.

In summary, k-NN-based selections do not commute with any other selection con-
ditions including other kNN conditions. Therefore, distinct execution orders of kNN
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conditions result in different answers. Moreover, for this kind of query, it is necessary
to execute each selection condition separately, and then return the intersection or the
union of results to answer the query. Algebraically, non-commutativity of kNN selec-
tion operation can be expressed in two ways depending on how the conditions are
connected. Comparing commutativity equivalences of kNN selections with those pre-
sented by traditional selections, the following properties occurs, regarding conjunctive
conditions (∧):

σ̈(S1 θ̈(d1,k1) sq1)∧(S2 θ̈(d2,k2) sq2)T
1⇔
(
σ̈(S1 θ̈(d1,k1) sq1)T

)
∩
(
σ̈(S2 θ̈(d2,k2) sq2)T

)
2< . . .

m3 m4

σ̈(S2 θ̈(d2,k2) sq2)∧(S1 θ̈(d1,k1) sq1)T
6⇔
(
σ̈(S2 θ̈(d2,k2) sq2)T

)
∩
(
σ̈(S1 θ̈(d1,k1) sq1)T

)
7< . . .

. . .
2< σ̈(S1 θ̈(d1,k1) sq1)

(
σ̈(S2 θ̈(d2,k2) sq2)T

)
6m3

. . .
7< σ̈(S2 θ̈(d2,k2) sq2)

(
σ̈(S1 θ̈(d1,k1) sq1)T

)
,

and regarding disjunctive conditions (∨):

σ̈(S1 θ̈(d1,k1) sq1)∨(S2 θ̈(d2,k2) sq2)T
1⇔
(
σ̈(S1 θ̈(d1,k1) sq1)T

)
∪
(
σ̈(S2 θ̈(d2,k2) sq2)T

)
m2 m3

σ̈(S2 θ̈(d2,k2) sq2)∨(S1 θ̈(d1,k1) sq1)T
4⇔
(
σ̈(S2 θ̈(d2,k2) sq2)T

)
∪
(
σ̈(S1 θ̈(d1,k1) sq1)T

)
.

Thus, Property 12 holds.

Property 12. For complex conditions, each selection should be executed separately and
the intersection (for conjunctions) or the union (for disjunctions) of results must be
returned, since the operator σ̈ is not commutative neither with other selection operators
nor with itself. That is, for conjunctive conditions:(

σ̈(S1 θ̈(d1,k1) sq1)T
)
∩
(
σ̈(S2 θ̈(d2,k2) sq2)T

)
=(

σ̈(S2 θ̈(d2,k2) sq2)T
)
∩
(
σ̈(S1 θ̈(d1,k1) sq1)T

)
; (30)

and for disjunctive conditions:(
σ̈(S1 θ̈(d1,k1) sq1)T

)
∪
(
σ̈(S2 θ̈(d2,k2) sq2)T

)
=(

σ̈(S2 θ̈(d2,k2) sq2)T
)
∪
(
σ̈(S1 θ̈(d1,k1) sq1)T

)
. (31)

The same property can be employed combining either “σ̈ ∩ / ∪ σ̂” and “σ̈ ∩ / ∪ σ”.

18



Proof. We prove this property using the Definition 3:(
σ̈(S1 θ̈(d1,k1) sq1)T

)
∩
(
σ̈(S2 θ̈(d2,k2) sq2)T

)
=

{ti ∈ T | ∀ ti1 ∈ [T − T1] , T1 = ti=1,...,k1 , d (ti (S) , sq1) ≤ d (ti1 (S) , sq1)} ∩
{ti ∈ T | ∀ ti2 ∈ [T − T2] , T2 = ti=1,...,k2 , d (ti (S) , sq2) ≤ d (ti2 (S) , sq2)} =
{ti ∈ T | ∀ ti1 ∈ [T − T1] , T1 = ti=1,...,k1 , d (ti (S) , sq1) ≤ d (ti1 (S) , sq1)∧

∀ ti2 ∈ [T − T2] , T2 = ti=1,...,k2 , d (ti (S) , sq2) ≤ d (ti2 (S) , sq2)} =
{ti ∈ T | ∀ ti2 ∈ [T − T2] , T2 = ti=1,...,k2 , d (ti (S) , sq2) ≤ d (ti2 (S) , sq2)∧

∀ ti1 ∈ [T − T1] , T1 = ti=1,...,k1 , d (ti (S) , sq1) ≤ d (ti1 (S) , sq1)} =
{ti ∈ T | ∀ ti2 ∈ [T − T2] , T2 = ti=1,...,k2 , d (ti (S) , sq2) ≤ d (ti2 (S) , sq2)} ∩
{ti ∈ T | ∀ ti1 ∈ [T − T1] , T1 = ti=1,...,k1 , d (ti (S) , sq1) ≤ d (ti1 (S) , sq1)} =(
σ̈(S2 θ̈(d2,k2) sq2)T

)
∩
(
σ̈(S1 θ̈(d1,k1) sq1)T

)
.

The proof of the conjunctive conditions over σ and σ̂ operators is realized in analogous
way. The proof of the disjunctive conditions over σ, σ̂ and σ̈ operators is also realized
in analogous way. ut

The next set of properties involves traditional binary operators. In relational al-
gebra, it is possible to distribute σ over binary operators in different relations of the
expression. Therefore, the following expression is valid for union (∪) operator since the
relations T1 e T2 are union compatible:

σ(A θ a) (T1 ∪ T2) =
(
σ(A θ a)T1

)
∪
(
σ(A θ a)T2

)
. (32)

Though, if σ is changed by σ̈, the Expression 32 becomes invalid, generating the
Property 13.

Property 13. The σ̈ is not distributed over union (∪).

σ̈(S θ̈(d,k) sq) (T1 ∪ T2) 6=
(
σ̈(S θ̈(d,k) sq)T1

)
∪
(
σ̈(S θ̈(d,k) sq)T2

)
. (33)

Proof. We use the following counterexample to prove this property.

Example 5. “Select 5 nearest cities of São Carlos-SP, which latitude = −22.02
and longitude = 47.89, that belong to relation “CitySaoCarlos” or relation
“CityAraraquara”, considering Euclidean distance L2”.

σ̈(coordenada θ̈(L2,5) (−22.02,47.89)) (CityAraraquara ∪ CitySaoCarlos) =(
σ̈(coordenada θ̈(L2,5) (−22.02,47.89))CityAraraquara

)
∪(

σ̈(coordenada θ̈(L2,5) (−22.02,47.89))CitySaoCarlos
)
. (34)

Figure 7 shows that the results of two algebraic expressions are not the same.
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In the Figure 7a, first it is executed the union of relations CitySaoCarlos
and CityAraraquara and, then, kNN selection. The answer of this query
is {S~ao Carlos, Ibaté, Itirapina, Analândia, Ribeir~ao Bonito}. In the Fig-
ure 7b, first it is executed kNN selection in the relations CitySaoCarlos
and CityAraraquara and, then, the union of the results. The answer of
last query is {S~ao Carlos, Analândia, Ribeir~ao Bonito, Ibaté, Itirapina,
Araraquara, Américo Brasiliense}. This proof validates the Property 13. ut

In the difference (−), σ can be distributed to the first relation and, optionally,
to both relations of the expression. This is present in the following expression. The
relations T1 e T2 must be union compatible.

σ(A θ a) (T1 − T2) =
(
σ(A θ a)T1

)
− T2 =

(
σ(A θ a)T1

)
−
(
σ(A θ a)T2

)
. (35)

However, if σ is altered by σ̈, Expression 35 becomes invalid and the Property 14
is generated.

Property 14. The σ̈ is not distributed over difference (−), i.e., the expressions

σ̈(S θ̈(d,k) sq) (T1 − T2) , (36)(
σ̈(S θ̈(d,k) sq)T1

)
− T2, (37)(

σ̈(S θ̈(d,k) sq)T1

)
−
(
σ̈(S θ̈(d,k) sq)T2

)
(38)

are distinct pairwise.

Proof. We use the following counterexample to prove this property.

Example 6. “Select 5 nearest cities of São Carlos-SP, which latitude =−22.02 and
longitude =47.89, that belong to relation “CityAraraquara” but do not belong to relation
“CitySaoCarlos”, considering Euclidean distance L2”.

σ̈(coordenada θ̈(L2,5) (−22.02,47.89)) (CityAraraquara − CitySaoCarlos) =(
σ̈(coordenada θ̈(L2,5) (−22.02,47.89))CityAraraquara

)
− CitySaoCarlos=(

σ̈(coordenada θ̈(L2,5) (−22.02,47.89))CityAraraquara
)
−(

σ̈(coordenada θ̈(L2,5) (−22.02,47.89))CitySaoCarlos
)
. (39)

The results of algebraic expression are not the same. This can be observed in the
Figure 8.

In the Figure 8a, first it is executed the difference between the relations
CityAraraquara and CitySaoCarlos and, then, kNN selection. The answer of this
query is {Boa Esperança do Sul, Guatapará, Motuca, Rinc~ao, Trabiju}. In the
Figure 8b, first it is executed kNN selection in the relation CityAraraquara and, then,
the difference of its result with the relation CitySaoCarlos is realized. The answer of
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this is empty (∅), i.e., all tuples returned in the kNN selection belong to the relation
CitySaoCarlos. In the Figure 8c, first it is executed kNN selection in the relations
CityAraraquara and CitySaoCarlos and, then, the difference of their results. The
answer of last query is {Américo Brasiliense, Araraquara}. This proof validates
the Property 14. ut

In the intersection (∩), traditional selection can be distributed over to the first rela-
tion, to the second relation or, optionally, to both relations of the expression, depending
on the attributes mentioned in condition. Then, Expression 40 shows this property. The
relations T1 e T2 must be union compatible.

σ(A θ a) (T1 ∩ T2) =
(
σ(A θ a)T1

)
∩ T2︸ ︷︷ ︸

1

= T1 ∩
(
σ(A θ a)T2

)︸ ︷︷ ︸
2

=
(
σ(A θ a)T1

)
∩
(
σ(A θ a)T2

)
. (40)

If all attributes mentioned in the condition belong to T1 then the Equivalence 1 of
Expression 40 is valid; but, if all attributes mentioned in the condition belong to T2

then the Equivalence 2 is valid.
Nevertheless, if σ is switched to σ̈, this expression get invalid and the Property 15

is generated.

Property 15. The σ̈ is not distributed over intersection (∩), that is, the expressions

σ̈(S θ̈(d,k) sq) (T1 ∩ T2) , (41)(
σ̈(S θ̈(d,k) sq)T1

)
∩ T2, (42)

T1 ∩
(
σ̈(S θ̈(d,k) sq)T2

)
, (43)(

σ̈(S θ̈(d,k) sq)T1

)
∩
(
σ̈(S θ̈(d,k) sq)T2

)
, (44)

are distinct pairwise.

Proof. We use the following counterexample to prove this property.

Example 7. “Select 5 nearest cities of São Carlos-SP, which latitude = −22.02
and longitude = 47.89, that belong to the relation “CityAraraquara” and the relation
“CitySaoCarlos”, considering Euclidean distance L2”.

σ̈(coordenada θ̈(L2,5) (−22.02,47.89)) (CityAraraquara ∩ CitySaoCarlos) =(
σ̈(coordenada θ̈(L2,5) (−22.02,47.89))CityAraraquara

)
∩(

σ̈(coordenada θ̈(L2,5) (−22.02,47.89))CitySaoCarlos
)
. (45)

The results of algebraic expression are presented in the Figure 9.
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In the Figure 9a, first it is executed the intersection between the rela-
tions CityAraraquara and CitySaoCarlos and, then, kNN selection. The answer
of this query is {S~ao Carlos, Ribeir~ao Bonito, Ibaté, Araraquara, Américo
Brasiliense}. In the Figure 9b, first it is executed kNN selection in the relations
CityAraraquara and CitySaoCarlos and, then, the intersection of their results. The
answer of last query is {Ribeir~ao Bonito, S~ao Carlos, Ibaté}. This proof validates
the Property 15. ut

For join (on) and cross product (×) binary operators, σ should be distributed to a
relation that has all the attributes mentioned in the condition, if one exists. Traditional
selection can only be distributed to a relation if all attributes in the condition belong to
this relation. That is, the following expression is valid for cross product binary operator,
in relational algebra.

σ(A θ a) (T1 × T2) =
(
σ(A θ a)T1

)
× T2︸ ︷︷ ︸

1

= T1 ×
(
σ(A θ a)T2

)︸ ︷︷ ︸
2

. (46)

If all attributes mentioned in the condition belong to T1 then the Equivalence 1 of
Expression 46 is valid; but, if all attributes mentioned in the condition belong to T2

then the Equivalence 2 is valid.
Nonetheless, if σ is substituted by σ̈, Expression 46 becomes invalid generating the

Property 16.

Property 16. The σ̈ is not distributed over cross product (×), i.e., the expressions

σ̈(S θ̈(d,k) sq) (T1 × T2) , (47)(
σ̈(S θ̈(d,k) sq)T1

)
× T2, (48)

T1 ×
(
σ̈(S θ̈(d,k) sq)T2

)
(49)

are distinct pairwise.

Proof. We use the following counterexample to prove this property.

Example 8. “Select 5 pairs of nearest cities of São Carlos-SP, which latitude =−22.02
and longitude =47.89, belong to the relations “CityAraraquara” and “CitySaoCarlos”,
considering Euclidean distance L2”.

σ̈(coordenada θ̈(L2,5) (−22.02,47.89)) (CityAraraquara × CitySaoCarlos)︸ ︷︷ ︸
1

=

(
σ̈(coordenada θ̈(L2,5) (−22.02,47.89))CityAraraquara

)
× CitySaoCarlos︸ ︷︷ ︸

2

=

CityAraraquara ×
(
σ̈(coordenada θ̈(L2,5) (−22.02,47.89))CitySaoCarlos

)
︸ ︷︷ ︸

3

. (50)

Expression 1 returns 204 tuples (|17| ∗ |12|); Expression 2 returns 60 tuples (|5| ∗ |12|);
and Expression 3 returns 85 tuples (|17|∗ |5|). This proof validates the Property 16. ut
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In relational algebra, if × is replaced by on, the Expression 46 continues valid. It is
shown in the following expression.

σ(A θ a) (T1 on T2) =
(
σ(Aθ a)T1

)
on T2︸ ︷︷ ︸

1

= T1 on
(
σ(A θ a)T2

)︸ ︷︷ ︸
2

. (51)

If all attributes mentioned in the condition belong to T1 then the Equivalence 1 of
Expression 51 is valid; but, if all attributes mentioned in the condition belong to T2

then the Equivalence 2 is valid.
However, if σ is exchanged by σ̈ in the Expression 51, this expression becomes

invalid and the Property 17 is generated.

Property 17. The σ̈ is not distributed over join (on), that is, the expressions

σ̈(S θ̈(d,k) sq) (T1 on T2) , (52)(
σ̈(S θ̈(d,k) sq)T1

)
on T2, (53)

T1 on
(
σ̈(S θ̈(d,k) sq)T2

)
(54)

are distinct pairwise.

Proof. We use the following counterexample to prove this property.

Example 9. “Select 5 nearest cities of São Carlos-SP, which latitude =−22.02 and
longitude =47.89, belong to the relations “CityAraraquara” and “CitySaoCarlos”, con-
sidering Euclidean distance L2”.

σ̈(coordenada θ̈(L2,5) (−22.02,47.89)) (CityAraraquara on CitySaoCarlos)︸ ︷︷ ︸
1

=

CityAraraquara on
(
σ̈(coordenada θ̈(L2,5) (−22.02,47.89))CitySaoCarlos

)
︸ ︷︷ ︸

2

. (55)

Expression 1 returns 5 tuples: {S~ao Carlos, Ribeir~ao Bonito, Ibaté,
Araraquara, Américo Brasiliense}; and Expression 2 returns 3 tuples: {S~ao
Carlos, Ribeir~ao Bonito, Ibaté}. This proof validates the Property 17. ut

Alternatively, if the condition is conjunctive and can be written as A1θ1a1∧A2θ2a2,
where condition A1 θ1 a1 involves only attributes of T1 and condition A2 θ2 a2 involves
only attributes of T2, the following expressions are valid.

σ(A1 θ1 a1 ∧ A2 θ2 a2) (T1 θ T2) =
(
σ(A1 θ1 a1)T1

)
θ
(
σ(A2 θ2 a2)T2

)
, (56)

for any θ=× or on.
Notwithstanding, if σ is modified by σ̈, Expression 56 becomes invalid.

σ̈(S1 θ̈(d1,k1) sq1) ∧ (S2 θ̈(d2,k2) sq2) (T1 θ T2) 6=(
σ̈(S1 θ̈(d1,k1) sq1)T1

)
θ
(
σ̈(S2 θ̈(d2,k2) sq2)T2

)
, (57)

for any θ=× or on.
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Proof. This inequality is proved using the properties 7, 16 and 17. ut

Then, Inequality 57 completes the Property 17. Therefore, for the set of properties
involving traditional binary operators, no property involving σ̈ exists, because σ̈ is not
distributive over these operators.

As kNN selection operations accept only three properties (7, 8 and 12) and five
special cases (over the same query elements), they do not allow optimization algorithms
equivalent to traditional and range selections. Thus, specific optimization algorithms
should be implemented in the query optimizer to optimize this kind of selection. The
kAndRange and the kOrRange algorithms [13] are examples specifically created to
handle the commutativity property of range query and kNN query over the same query
element.

Other conclusion is that there are not properties applied with kNN selection op-
eration using traditional binary operators. Therefore, when kNN selection operation
involves traditional binary operators, optimization can not be applied to σ̈.

Tables 1 and 2 show a summary of algebraic properties for range / reversed range
selection (σ̂) and k-Nearest / k-Farthest Neighbor selection (σ̈) to traditional unary
and traditional binary operators, respectively. In Table 1, for traditional selection (σ),
c1 = (A1 θ1 a1), c2 = (A2 θ2 a2) and θ = ‘<’, ‘≤’, ‘>’, ‘≥’, ‘=’ or ‘ 6=’; and for similarity
selection (σ̂ or σ̈), c1 = (S1 θc1(d1, lim1) sq1) and c2 = (S2 θc2(d2, lim2) sq2). In the case
of σ̂, θc = ‘θ̂’ or ‘θ̂−1’, lim1 = ξ1 and lim2 = ξ2; and in the case of σ̈, θc = ‘θ̈’ or ‘θ̈F ’,
lim1 = k1 and lim2 = k2. In Table 2, for traditional selection (σ), c = (A θ a) and θ =
‘<’, ‘≤’, ‘>’, ‘≥’, ‘=’ or ‘ 6=’; for similarity selection (σ̂ or σ̈), c = (S θc(d, lim) sq). In
the case of σ̂, θc = ‘θ̂’ or ‘θ̂−1’ and lim = ξ; and in the case of σ̈, θc = ‘θ̈’ or ‘θ̈F ’ and
lim = k.

Table 1. Traditional unary operators - summary of the algebraic properties of σ, σ̂
and σ̈.

Unary operators
Properties σ σ̂ σ̈ sq1 = sq2 Exception (sq1 = sq2)
σ(c1 ∧ c2)T=(σc1T)∩(σc2T)=σc1(σc2T) " " " σ̂/σ̈(min(c1,c2))T

σ(c1 ∨ c2)T=(σc1T)∪(σc2T) " " " σ̂/σ̈(max(c1,c2))T

σc1(σc2T)=σc2(σc1T) " % " σ̈(min(c1,c2))T

Commutativity σ " % % –
Commutativity σ̂ " % " (σ̂c1T)∩(σ̈c2T)/(σ̂c1T)∪(σ̈c2T)
Commutativity σ̈ % % " σ̈c1(σ̈c2T)=σ̈c2(σ̈c1T)

4 Conclusion

Nowadays, storing and retrieving multimedia data is a requirement that must be pro-
vided by RDBMS, so the challenge of enabling them has drawn researcher’s attentions.
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Table 2. Traditional binary operators - summary of the algebraic properties of σ, σ̂
and σ̈.

Binary operators
Properties σ σ̂ σ̈

σc (T1 ∪ T2) = (σc T1) ∪ (σc T2) " %

σc (T1 − T2) = (σc T1)− T2 = (σc T1)− (σc T2) " %

σc (T1 ∩ T2) = (σc T1) ∩ T2 = (σc T1) ∩ (σc T2) = T1 ∩ (σc T2) " %

σc (T1 × T2) = (σc T1)× T2 " %

σc (T1 on T2) = (σc T1) on T2 " %

σc (T1 × T2) = T1 × (σc T2) " %

σc (T1 on T2) = T1 on (σc T2) " %

σc1 ∧ c2 (T1 × T2) = (σc1 T1)× (σc2 T2) " %

σc1 ∧ c2 (T1 on T2) = (σc1 T1) on (σc2 T2) " %

In order to allow query processor to execute similarity queries, the algebraic properties
of similarity operators must be stated. In this technical report, we presented the Sim-
ilarity Algebra with the properties holding for the unary similarity operators, that is,
for range / reversed range selection and for k-nearest / k-farthest neighbor selection.
Then, the incorporation of similarity queries in RDBMS becomes possible.

Another contribution is that as range / reversed range selections have the same
properties of traditional selections, the RDBMS query optimizer can treat these se-
lections as traditional one, and traditional optimization algorithms can be used to
optimize them. Distinctly from range / reversed range and traditional selections, kNN
/ kFN selections have only three properties and five special cases (over the same query
elements) to rewrite algebraic expressions. Then, they do not allow optimization algo-
rithms equivalent to traditional and range / reversed range selections. Specific opti-
mization algorithms should be implemented in the RDBMS query optimizer to optimize
these kind of selections.
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a)

b)

Fig. 7. Non-distributivity of kNN selection operation over union binary opera-
tor. Query presents in Example 5: a) Query first executed the union of rela-
tions CitySaoCarlos and CityAraraquara and, then, kNN selection over its re-
sult. b) Query executed first kNN selection in the relations CitySaoCarlos and
CityAraraquara and, then, the union of their results.
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a)

b)

c)

Fig. 8. Non-distributivity of kNN selection operation over difference binary opera-
tor. Query presents in Example 6: a) Query first executed the difference of relations
CityAraraquara and CitySaoCarlos and, then, kNN selection over its result. b)
Query executed first kNN selection in the relation CityAraraquara and, then, the
difference of its result with the relation CitySaoCarlos. c) Query executed first kNN
selection in the relations CityAraraquara and CitySaoCarlos and, then, the difference
of their results.
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a)

b)

Fig. 9. Non-distributivity of kNN selection operation over intersection binary oper-
ator. Query presents in Example 7: a) Query first executed the intersection of re-
lations CityAraraquara and CitySaoCarlos and, then, kNN selection over its re-
sult. b) Query executed first kNN selection in the relations CityAraraquara and
CitySaoCarlos and, then, the intersection of their results.
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