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Abstract

The evaluation of the pressure dependence of ionic radii is important in itself
and due to its relation to the pressure dependence of ionic polarizabilities and
dielectric constants.

A new way of obtaining these quantities is given and a computational system
developed and applied to several crystals of interest. Results are compared to
those obtained with a different method and discussed.
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1 Introduction

In a previous work [9] we have mentioned the importance of introducing the concept of
ionic properties transferable among families of crystals. In particular we discussed ionic
polarizabilities [3, 4, 5, 6, 7, 8, 9] proposing a new empirical method [1] for their evaluation.
This method requires values of the pressure dependence of ionic radii; we have given an
alternative way of evaluating these quantities starting from the values of 88—]; obtained from
experimental data of the compressibilities of salts.

The methods is applied to different salts and their evaluation is described in detail. Finally the

results of 887; obtained are compared to those obtained previously via a different method [1].

This work is organized as follows: in Section 2 the theory and method used are described
as well as the Maple V module PRad that implements this method. In Section 3 several
case study are presented aiming to show the correspondence among the salts being studied
and the %—g notation used by the PRad module. For each case study several results obtained
using different constraints to run the module are also shown. Conclusions are presented in
Section 4.

2 Module PRad Description

In this section the algorithm, implemented in Maple V [2], responsible for the calculation of

the maximum values of the absolute value of the quantities %7 887; and 88—]; such that they
verify

8T+ or_ S 6_R ( 1)
op ~ Op ~ Op
is described in detail. To do that, and in order to clearly undestand the notation used as well
as the corresponding data structure used by this module, several cases will be ilustrated.

or_
Op

2.1 Evaluation of % and

The general notation used by this module is similar to the one used by the PDac module from
the Polariz System which is described in detail in [8, 9], but considering only the derivatives,
i.e. the input to the system are the derivatives. The notation used by the system is shown in
Table 1, assuming we have n, different cations ¢ and n,, different anions a with md = n. +n,

Cations cy Co C3 o Cn,
ary aray ars Orne
Op Op Op T Op
Anions | ap,+1  an.+2 An.43 ... Ap.in,
8r’ﬂc+1 8rnc+2 8rnc+3 8rnc+na
op op op - op

Table 1: General Notation



the system implements the linear programming problem of the form

md aTk
marimize 74 = — (2)
= op
subject to the restrictions
% . % < OR;; for i is any value in {l.n.} 3)
dp  Op Op j is any value in {n, + L.n. +ng}

all nonnegative. All instances of ¢ and j values are user defined through the corresponding
companion matrix, such that they verify the restrictions defined by the system of inequal-

ities (3) as ilustrated later on. To solve this problem the user is also allowed to fix one or

or k
more % .

Also, for each one of the equations of the system the linear error ¢;; is calculated for user’s

defined 7 and j as
61@- 37”]' 6&]

W T e Tap

(4)

as well as

e= Z(Gij)z (5)

2
2.2 Implementation

In this section the data structure as well as the Maple commands in the worksheet window
that implements the module PRad is explained in detail. There is one region group consisting
of input regions where all input should be specified. First of all, the file containing the data
related to %—R at Low Temperatures —Table 25 pg. 27 — is read in and afterwards the user
can define the specific case being executed.

2.2.1 Data Structure for %—];

We use the Maple table data structure to store Table 25. Unlike arrays, where indices must
be integers, the indices (or keys) of a table can be any value. In what follows, this table has
been stored in the Maple file named al_derp.m where the contents of the correspondent file
al_derp.ms is shown fellow.

der_LT :=table([LiF=0.9514, LiC1=2.7083,LiBr=3.7982,LiI=5.6859,NaF=1.5224,
NaCl=3.7000,NaBr=4.6279,NaI=6.8671,KF=2.7363,KC1=5.4634,KBr=6.7088,KI=9.0133,
RbF=3.5420, RbCl=6.9525, RbBr=8.7410, RbI=11.4645, CsF=4.2308, CsCl1=5.3178,
CsBr=6.6542,CsI=9.0256,CaF=0.8915,5rF=1.1981,5rC1=3.3128,BaF=1.5703,
Mg0=0.4255,Ca0=0.7206,Sr0=0.9592,Ba0=1.2436 ,NaC103=4.2676 ,NaBr03=3.6196] ) :

vV V. V V V




It can be observed that indexes are related to salt’s chemical symbols. We have found that
this rich data structure is simple to undestand. Furthermore, it is very easy for the user to
alter it and/or include more and new salts.

2.2.2 Worksheet Description

In order to exemplify the user’s definition needed to correctly execute the Maple V worksheet,
case study 1 described in Section 3.1 pg. 7 will be used.

Initially the module is restarted and the necessary Maple packages are loaded through the
with command. Optionally the user can define the number of digits carried in floats (default
is 10) through the Digits environment variable.

> restart:with(linalg) :with(simplex) :with(stats): with(student):
> Digits:=6:

Next the table stored in the Maple file named al_derp.m, or any other file specified by the
user, is read and the defined table der_LT is stored as table fcc_TA. The user needs to set the
value of MD, which holds the number of cations and anions considered, as well as the value of
and MDEQ which holds the number of inequality for this run. For case study 1 those values are
8 and 16 respectively. The user also needs to define matrix A and vector R for this particular
problem — see equation (8) pg. 8.

> read ‘al_derp.m‘: fcc_TA:=der_LT:

> MD:=8: MDEQ:=16:

> A:=array([[1,0,0,0,1,0,0,01,[1,0,0,0,0,1,0,01,[1,0,0,0,0,0,1,01,[1,0,0,0,0,0,0,11,
> [o,1,0,0,1,0,0,01, [0,1,0,0,0,1,0,01, [0,1,0,0,0,0,1,01, [0,1,0,0,0,0,0,11,

> [o0,0,1,0,1,0,0,01, [0,0,1,0,0,1,0,01, [0,0,1,0,0,0,1,01, [0,0,1,0,0,0,0,11,

> [0,0,0,1,1,0,0,01,[0,0,0,1,0,1,0,01,[0,0,0,1,0,0,1,01,[0,0,0,1,0,0,0,111):

> R:=vector([fcc_TA[LiF],fcc_TA[LiCl],fcc_TA[LiBrl,fcc_TA[LiIl],fcc_TA[NaF],

> fcc_TA[NaCll,fcc_TA[NaBrl,fcc_TA[NaIl,fcc_TA[KF],fcc_TA[KCl],fcc_TA[KBrl,

> fcc_TA[KI],fcc_TAIRDF],fcc_TA[RbCl],fcc_TA[RbBrl,fcc_TAI[RbBI]]):

It should be noted that the definition of vector R is easily achieved with the Maple table
data structure keeping in mind the mapping defined in Table 3 pg. 7, which shows the
correspondence among the salts being studied and the 85“” notation. At any moment the

user can display any of those values using for example the Maple function print as shown
bellow for table fcc_TA.

> print(fcc_TA):

table(]
SrO = .9592
BaF =1.5703
LiCl = 2.7083



BaO =1.2436

RbI = 11.4645
MgO = 4255
CsF = 4.2308
RbF = 3.5420
NaBrO8 = 3.6196
SrCl = 3.3128
CsBr = 6.6542
CsCl = 5.3178
Calb = .8915
CaO = .7206
NaClO8 = 4.2676
SrF =1.1981
LiF = .9514
NaCl = 3.7000
NaBr = 4.6279
RbCl = 6.9525
RbBr = 8.7410
Csl = 9.0256
Lil = 5.6859
NaF = 1.5224
Nal = 6.8671
KF =2.7363
KCl =5.4634
KBr = 6.7088
KI =9.0133
LiBr = 3.7982

/)

Up to this point, except for the value of variable more_constr which should be defined by
the user, the necessary input has been defined. Next, knowing the input value of MD and MDEQ
the system prepares the correspondent system of inequalities defined by equation (6) pg. 7,
as well as some auxiliar output variables explained latter on.

> r:=vector(MD) :val_r:=vector (MD):

> c:=vector(MD,1):Z:=[multiply(transpose(c),r)]:
> prod:=multiply(A,r):

> constraints:={seq(prod[i] <=R[i], i=1..MDEQ)}:

At this point the user should define other constraints to be considered. In this example we
shall use the constraints of test T-7 in Table 4 pg. 9 from case study 1, defined as follows

> more_constr:={r[1]1=0.2780, r[5]1=0.6709,r[8]=4.0229}:

Observe that if no additional constrains are to be used then more_constr should be set as
emply, i.e. more_constr:={}. After setting the tolal constraints of the system feasible
returns true if the system has a feasible solution, false otherwise. In this latter case the user
can stop execution.



> tot_constr:=‘union‘ (constraints,more_constr):

> print(feasible(tot_constr,NONNEGATIVE)):
true

Afterwards the solution to the system is found and stored in sols.

> sols:=maximize(Z[1],tot_constr,NONNEGATIVE) :

> result:=subs(sols,Z[1]):

At this point, all calculations have been done and the user can either investigate on his/her
own the calculated values or can use the output facilities provided in this module. For
example, the user can see the function that has been maximize by simply displaying the
objective function Z[1]

> Z[1];
rmt+rotrstratrstregtrrtrs

The user can print the system of inequalities

> print(‘tot_constr=‘,tot_constr):

tot_constr =, {Tg =4.0229,r5 = .6709, 74 + rg < 11.4645,r4 + r7 < 8.7410,

r1 = .2780,r3 + r7 < 6.7088, 4 + r5 < 3.5420, 74 + s < 6.9525,
rg + 18 < 9.0133, 70 + 77 < 4.6279, 11 + 17 < 3.7982,r1 4+ rg < 2.7083,
1+ 78 < 5.6859, 75 + 15 < 1.5224, 10 + 1 < 3.7000, 15 4+ rg < 6.8671,

r3+r5 < 2.7363, 73 + 16 < 5.4634, 71 + 15 < .9514}

as well as the solutions found

> print(‘sols=‘,sols):
sols =, {T7 = 3.52020, ro = .851500, ry = 2.87110, r3 = 2.06540, rg = 4.0229,
r5 = .6709,7 = .2780, 15 = 2.43030}

In order to have a common output, several data variables have been defined holding the
results of this module, such as

e result which holds the value of the objective function defined by equation (2).



e val_r is a vector {1..MD} which holds the values of %L; that maximizes the objective
function defined by equation (2).

e error_linear is a vector {1..MDEQ} which holds the values of ¢;; defined by equa-
tion (4) using the same mapping than vector R.

e error_quadrado is a real variable which holds the value of e defined by equation (5)

val_r is calculated by the following region

> k:="k’:
> for k from 1 to MD do val_rl[k]:=subs(sols,rl[k]) od:

error_linear and error_quadrado are calculated by the following region

error_linear:=add(multiply(A,val_r),scalarmul (b,-1)):

>

>

> error_quadrado:=map(x->x"2,error_linear):

> sum_error_quadrado:=sum(error_quadrado [m] ,m=1..MDEQ) :
>

error_total:=sqrt (sum_error_quadrado) :

The last region of this module simply prints this results. It is up to the user to keep them in
a file or otherwise for futher use.

> print(‘Z=¢, result): print(‘val_r=‘,val_r):

> print(‘error_linear=‘,error_linear): print(‘error_total=‘,error_total):

Z =,16.7103
val_r =, [.2780.851500 2.06540 2.87110 .6709 2.43030 3.520204.0229|

error_linear =,[—.002500 — 1.38500 — .41820 — .25620 — 1.99270 0
—.96770 — 1.12320 —2.925000 — 1.65110 — 2.34970 — 4.57050)]

error_total =, 6.78380

3 Examples and Results

In this section several case study are presented aiming to show the correspondence among

the salts being studied and the 8521 notation used by this module. Furthermore, we show

the results of using different constraints to run the module. It should be observed that the
system has too many degree of liberty and some times a solution % = 0 is factible. Adding
constraints allows the user to study the behavior of the system as well as testing specific

Ory;
8” values.
D




In what follows the symbol & in front of a value means that this value has been fixed by the
user for that run, while a e indicates that a zero value is a solution to the system.

3.1 Case Study 1

This case study corresponds to the cations and anions in Table 2.

Cations | Lit Na®™ KT Rb™
gry  Grp Orz  Grg
Op Op Op Op

Anions | F~ ClI© Br™ I~
grs  Gre  Org  Org
op op op Op

Table 2: Case 1 — Cations and Anions Considered

Thus n. =4, n, =4 and md = 8 with

8 3rk
mazimize 7 =y — (6)
i1 op

subject to the restrictions

61@- 37”]' 6&] i =1.4
T R .’
ap + dp — Op for{ j=25.8

all nonnegative making 16 inequalities. It is very important to understand the correspondence
among the salts being studied and the 8521 notation. In this case the correspondence shown

in Table 3 is used.
LiFF LiCl LiBr Lil NaF NaCl NaBr Nal

OR15 OR1 6 ORy 7 OR1 8 OR2 5 ORs 6 OR2 7 ORs2 8
op op op Op Op op op op

KF KCl KBr KI RbF RbCl RbBr Rbl
0R35 0R36 OR3 7 0R3s 0R4.5 0R46 OR47 0R4s8
op op op op op op op op

Table 3: Case 1 — Correspondence Among Salts

In matrix form this can be written as

where



oR

1,6

10001000 O

10000100 X

100000710 81;17,8

10000001 ore 31;2,5

01001000 I ort s

010007100 E N

010000710 Y7 O

Org 58

01000001 = >
A1 00101000 r= %—i’ R = [ 55 (8)

o

00100100 %_pe o

§4

001000T10 ory 8%717

001000071 s o

00011000 op 7

00010100 3%5

00010010 8124,6

00010001 R

op

OR4 8

op

Table 4 shows the results obtained by different tests T under the restrictions given by equa-
tions (7) and (8) where

R' = (19514 2.7083 3.7982 5.6859 1.5224 3.7000 4.6279 6.8671 2.7363 5.4634
6.7088 9.0133 3.5420 6.9525 8.7410 11.4645)

The Z column correspond to the Z value defined by equation (6) and the e column is defined
by equation (9).

; i—1.4
e= > for{ FR o)

(]

Table 5 shows, for each one of the equations, the linear error as defined by equation (10).

Y " o

Ori | Oy _ Ol Or{ ;.: (10)

3.2 Case Study 2

This case study corresponds to the cations and anions in Table 6.



= T-1 T-2 T-3 T-4 T-5 T-6 T-6b T-7
5L | @270 o | @.2780 o | @230 | @2780 | ®.2780 | ®.2780
52 | @.8466 9917 | 1.2697 | .82970 8515 | 1.2607 | 1.1077 8515
52 | @2.0636 | 27363 | 2.7363 | ©2.0636 | 20654 | 2.7363 | 27363 | 20654
S4 | @28707 | 35420 | 3.5420 | 28693 | 2.8711 | 8.5420 | 3.5420 | 28711
e | @6709 . . 6727 | ©.6709 . o | ®6709
5o | @1.0148 | 27083 | 24303 | 2.7083 | 24303 | 24303 | 24303 | 24303
57 | @26866 | 36362 | 3.3582 | 3.7982 | 3.5202 | 3.3582 | 3.5202 | 3.5202
S5 | ©4.0220 | 56859 | 54079 | 56850 | 5.4079 | @4.0220 | ©4.0220 | ©4.0229
Z | 15.3541 | 19.3004 | 19.0224 | 18.6277 | 18.0953 | 17.6374 | 17.6374 | 16.7103
e 7.6004 | 3.1064 | 3.5317 | 4.2041 | 4.8553 | 5.4812 | 5.4722 | 6.7838
Table 4: Case Study 1: Tests using Absolute Values of 88;75
i T-1 T-2 T-3 T-4 T-5 T-6a T-6b T-7
e1,5 | -.0025 | -.9514 | -.6734 | -.2787 | -.0025 | -.6734 | -.6734 | -.0025
er6 | -5155 0 0 0 0 0 0 0
e1,7 | -8336 | -.1620 | -.1620 0 0| -.1620 0 0
e1,s | -1.3850 0 0 0 0 | -1.3850 | -1.3850 | -1.3850
e | -.0049 | -.5307 | -.2527 | -.0200 0| -2527 | -.4147 0
ea | -.9386 0 0 | -16200 | -.4182 0| -1620 | -.4182
a7 | -1.0947 0 0 0| -.2562 0 0| -2562
eos | -1.9976 | -.1895 | -.1895 | -.3515 | -.6077 | -1.5745 | -1.7365 | -1.9927
eas | -.0018 0 0 0 0 0 0 0
ese | -1.4850 | -.0188 | -.2068 | -.6915 | -.9677 | -.2968 | -.2068 | -.9677
esr | -1.9586 | -.3363 | -.6143 | -.8470 | -1.1232 | -.6143 | -.4523 | -1.1232
ess | -2.9268 | -.5011 | -.8691 | -1.2638 | -1.5400 | -2.2541 | -2.2541 | -2.9250
ess | --0004 0 0 0 0 0 0 0
es6 | -2.1670 | -.7022 | -.9802 | -1.3749 | -1.6511 | -.9802 | -.9802 | -1.6511
ea7 | -3.1837 | -1.5628 | -1.8408 | -2.0735 | -2.3497 | -1.8408 | -1.6788 | -2.3497
ess | -4.5709 | -2.2366 | -2.5146 | -2.0093 | -3.1855 | -3.8996 | -3.8996 | -4.5705
Table 5: Case Study 1: Linear Error using Absolute Values

Thus n. =5, ng =4 and md =9 with

.. ? or k
maximize 4 = S
=1 P
subject to the restrictions
% % < OR;; For 1 =1..5
dp  Op op j=6.9
Cations | Lit Na®™ K+ Rb+ Cs+
ory  Or Ors Ory rs
Op Op Op op p
Anions | F~ ClI© Br™ I~
gr¢  Grg  Ors  Grg
op op op op

Table 6: Case 2 — Cations and Anions Considered

(11)



all nonnegative making 20 inequalities. The correspondence among the salts being studied

and the 8?; notation is shown in Table 7.

LiF  LiCl LiBr Lil NaF NaCl NaBr Nal KF KC1
OR1 6 ORy 7 OR1 8 OR1 9 OR2 6 OR2 7 ORs2 8 ORs 9 ORs3 6 OR3 7
op Op Op op Op Op op Op Op op

KBr KI  RbF RbCl RbBr Rbl CskF CsCl GCsBr Csl
OR3g OR3zg ORas  ORa7 ORu4s OR49  ORss ORs7 ORss  ORspo
op op op op op op op op op op

Table 7: Case 2 — Correspondence Among Salts

In matrix form Ar <R where A, r, and R are defined as shown in (12).

OR1 6

or

1,7

100001000 R s
1 0000O0T100 ot s
100000GO0T1 O op
0R> 6

100000GO0GO1 o0
010001000 3§;v7
010000100 & OR2s
0100000T10 o, ois
01000000 1 oy N
001001000 ot 0p
oo 1000100 | Ae | =

A=l oo1000010 S 7 R=1 okt (12)
001000001 7 ol
Liird

000101000 o 3}226
0001007100 7 o
0001000T10 i op
000100001 s
000011000 ik
0000710100 ORb o
0000100710 ot
0000O0O0O OO 1 p
ORs5 8

Op

0Rs5 9

Op

Table 8 shows the results obtained by different tests T under the restrictions given by equa-
tion (12) where

R! = (19514 2.7083 3.7982 5.6859 1.5224 3.7000 4.6279 6.8671 2.7363 5.4634
6.7038 9.0133 3.5420 6.9525 8.7410 11.4645 4.2308 5.3178 6.6542
9.0256)

10



The Z column correspond to the Z value defined by equation (11) and the e column is defined

by equation (13).

B 1\ 1=1.5

€= %:(ez]) for j=6.9
%—;j T-1 T-2 T-3 T-4 T-5 T-6a T-6b
dBLpl ©.2780 6927 . @®.2780 @®.2780 @®.2780 @®.2780
88;2 ©.8466 1.5224 8515 8515 1.5224 8515 8515
BBTPS ©2.0636 2.7363 2.0654 2.0654 2.7363 2.0654 2.0654
BBLPA‘ ®2.8707 3.5420 2.8711 2.8711 3.5420 2.8711 2.8711
88% 3.4030 3.5487 2.8778 3.1340 3.5487 2.8875 3.1340
%L; @®.6709 . @®.6709 @®.6709 . @®.6709 @®.6709
88—;97 ©1.9148 1.7691 2.4400 2.1838 1.7691 2.4303 2.1838
BBL];S ©2.6866 3.1055 3.7764 3.5202 3.10565 3.5202 3.5202
%LPQ ©4.0229 4.9932 5.6859 5.4079 | ©4.0229 | ©4.0229 | ©4.0229
Z 18.7571 | 21.9099 | 21.2390 | 20.9828 20.5249 19.5978 19.5978
e 7.8856 4.4825 4.4607 5.0725 6.0422 7.1419 71717

Table 8: Case Study 2: Tests using Absolute Values of %—7;

(13)

Table 9 shows, for each one of the equations, the linear error as defined by equation (14).

an or; 6Rl 1=1.5
€ij = — + —2L — L for{
7 9p  Op op j=6.9
e T-1 T-2 T-3 T-4 T5 | T-6a] T-6b
e1,6 | -.0025 | -.25870 | -.2805 | -.0025 | -.6734 | -.0025 | -.0025
en,7 | -.5155 | -.2465 | -.2683 | -.2465 | -.6612 0| -.2465
es | -.8336 0| -0218 0| -4147 0 0
e1,0 | -1.3850 0 0 0 | -1.3850 | -1.3850 | -1.3850
e26 | -.0049 0 0 0 0 0 0
eo7 | -.9386 | -.4085 | -.4085 | -.664T | -.4085 | -.4182 | -.6647
eas | -1.0047 0 0| -.2562 0| -.2562 | -.2562
es0 | -1.9976 | -.3515 | -.3207 | -.6077 | -1.3218 | -1.9927 | -1.9927
ez | -.0018 0 0 0 0 0 0
esr | -1.4850 | -.9580 | -.9580 | -1.2142 | -.9580 | -.9677 | -1.2142
ess | -1.9586 | -.8670 | -.8670 | -1.1232 | -.8670 | -1.1232 | -1.1232
es0 | -2.9268 | -1.2838 | -1.2620 | -1.5400 | -2.2541 | -2.9250 | -2.9250
ese | -.0004 0 0 0 0 0 0
es,7 | -2.1670 | -1.6414 | -1.6414 | -1.8076 | -1.6414 | -1.6511 | -1.8976
ess | -3.1837 | -2.0035 | -2.0035 | -2.3407 | -2.0035 | -2.3497 | -2.3497
es0 | -4.5700 | -2.9203 | -2.9075 | -3.1855 | -3.8096 | -4.5705 | -4.5705
es6 | -.1569 | -.6821 | -.6821 | -.4250 | -.6821 | -.6724 | -.4250
es,7 0 0 0 0 0 0 0
es,s | -.5646 0 0 0 0| -.2465 0
es,0 | -1.5997 | -.4837 | -.4619 | -.4837 | -1.4540 | -2.1152 | -1.8687

Table 9: Case Study 2: Linear Error

11

using Absolute Values
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3.3 Case Study 3

The third case study corresponds to the cations and anions in Table 10

Cations Lit Na® KT Rb' Cs™ Ca’?t Sr?T Ba?t Mg?"
ory Ory ora Ora ors Ore orr ors org
Op Op Op Op Op Op Op Op Op
Anions F~ ClI= Br- I~ 02~
orig Orqq Or19 Ori3 oria
op Op op op op

Thus n. =9, n, =5 and md = 14 with

Table 10: Case 3 — Cations and Anions Considered

subject to the restrictions

6 T
Op

maximize 4 =

67”]'

Op

OR;;
S%f‘”“{

14
aTk

k=1 ap

ie{1..9}
j € {10..14}

(15)

all nonnegative making 28 inequalities where the correspondence among the salts being stud-

OR;;

ied and the o notation is shown in Table 11.

LiF LiC1 LiBr Lil NaF NaCl NaBr Nal
OR110 OR111 ORy112  OR113  ORs10 ORs 11 OR2 12 OR2 13
op Op Op Op Op Op Op op
KF KC1 KBr KI RbF RbCl RbBr Rbl
OR310 ORs311 OR312 O0R313 O0Rs410 OR411 OR4,12 OR4,13
op Op Op Op Op Op Op op

CsF CsCl  CsBr Csl
0Rs5 10 0Rs5 11 ORs5 12 0Rs5 13
op Op Op Op
CaF  CaO SrF SrCl SrO BaF  BaO  MgO
ORs10 ORs1a OR7z10 OR711 OR714 ORg10 0ORsg14 0ORog14
op op op op op op op op

Table 11: Case 3 — Correspondence Among Salts

In matrix form Ar <R where A, r, and R are defined as shown in (16).



1000000O0OO0OT1O0UO0O00O0 83811511
1000000O0O0OO0T1O0O00 p
1000000O0O0OOO0T1UO00O0 81";};12
1000000O0DO0OOO0O0T1O0 OR1,13
01 000000010000 az%?w
01 0000O0O0O0OO0T10UO00 ol
01 0000O0OO0O0ODO0O0OT1O0O0 ary ap
01 00000O0UO0GO0OO0OT10 o LR
001 000O0O0O0T1O00U00 A 8@;13
001 000O0O0O0O0T1U0U00 P OR3,10
001 000O0O0O0O0O0T1O0O0 E a
001 000O0O0O0O0O0O0T1O0 o ol
00010000O0DT10000 o P
A_|0O0OO0O1T 0000001000 | F (g | 5 (16)

0001000O0O0O0O0OT1O00O0 %_ps 51“}5;10
00010000O0DO0O0O0T1O0 %v; 7Y
00001000O0D10000 5710 ory L,
00001000O0O0T10U00 o o
00001000O0O0O0T1UO00 K oy
00001000O0O0O0O0T1O0 e 8%210
00000100O0DT1TO0000 o 8%214
0000O0100O0O0UO0O0O01 o OR7.10
00000O0T10O0T1O0000 orl
00000O0T10O0DO0T1U0U0O0 P
0000O0O0T1U0UO0O0O0O0GO0°1 5
00000O0O0OT1O0T1O00O00 3@210
0000O0O0O0OT1O0O0UO0O0O01 ORs, 14
0000O0O0O0OO0OT1O0UO0O0TO01 onl

Op

Table 12 shows the results obtained by different tests T under the restrictions given by
equation (16) where

R = (.9514 2.7083 3.7982 5.6859 1.5224 3.7000 4.6279 6.8671

2.7363 5.4634 6.7088 9.0133 3.5420 6.9525 8.7410 11.4645
4.2308 5.3178 6.6542 9.0256 .8915 .7206 1.1981 3.3128

09592 1.5703 1.2436 .4255)

The Z column correspond to the Z value defined by equation (15) and the e column is defined
by equation (17).

e= > (ew)? for{ P a7

]
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%_;; T-1a T-1b T-2a T-2b T-3a T-3b T-3c
da% ©.2780 ©.2780 ©.2780 ©.2780 ©.2780 ©.2780 ©.2780
88% ©.8466 ©.8466 .8515 .8515 .8515 .8515 .8515
88% ©2.0636 | ©2.0636 2.0654 2.0654 2.0654 2.0654 2.0654
88% ©2.8707 | $©2.8707 2.8711 2.8711 2.8711 2.8711 2.8711
88% 3.4030 3.4030 3.1340 2.8875 2.8875 2.8875 3.1340
88% .2206 .2206 .2206 .2206 .2206 .2206 .2206
BB—T; 5272 5272 5272 5272 5272 5272 5272
88% .8994 .8994 .8994 .8994 .8994 .8994 .8994
88% 4255 .0813 .0813 .0813 .3455 .0813 .0813
851190 @©.6709 ©.6709 ©.6709 @©.6709 ©.6709 @©.6709 ©.6709
8(.;]191 ©1.9148 | ©1.9148 2.1838 2.4303 2.4303 2.4303 2.1838
8(.;]192 $2.6866 | $2.6866 3.5202 3.5202 3.5202 3.5202 3.5202
% ©4.0229 | ©4.0229 5.4079 5.4079 5.4079 5.4079 5.4079
8{;]194 . .3442 3442 3442 | A.0800 | A.3442 | A.3442

Z 20.8298 20.8298 | 23.0555 | 23.0555 | 23.0555 | 23.0555 | 23.0555

e 7.9685 7.9356 5.1112 4.9778 | 5.01164 4.9778 5.1112

Table 12: Case Study 3: Tests using Absolute Values of %Zj
Cases marked with A, such as testes T-3a, T-3b and T-3c¢ in Table 12, correspond to the
additional constraint 85% > 0.08.

It is interesting to observe that results from tests T-2b and T-3b as well as T-2a and T-3c in
Table 12 are identical. The only difference between T-3 and T2 cases is that in the former
the additional constraint 85% > (.08 has been added. As the result of test T-3b has the

smallest error e, it seems that 85% = 0.3442 has reached a stable value.

Table 13 shows, for each one of the equations, the linear error as defined by equation (18).

an 37”]' 6Rl-j 7 € {1..9}
P A Tl At ¥ ) ] 18
%= 3, Vo T oy T jef10.14) (18)
Several other thests have been carried out such as
e With no constraint, i.e. not fixing any value of 8827 then 85;0 and 85;47 related to F~

and O?~ respectively are zero.

e With %Lpl = 0.2780, related to Li", as constraint then 85—;0 and 85%7 related to F~ and

O?~ respectively, are zero.

e With %LPQ = 0.8466, related to Na™', as constraint then 85—;0 and 85;47 related to F~ and

O?~ respectively, are zero. Sometimes also 88—;17 related to LiT is also zero.

e With %ﬂ = 2.0636, related to KT, as constraint then %7 8510 and 85147 related to LiT,
Iz p’ Op p

F~ and O?~ respectively, are zero.

e With %ﬂ = 2.8707, related to Rb™, as constraint then 8510 and /or 85147 related to F~
P P P

and O?~ respectively, are zero.

14



€4 T-la T-1b T-2a T-2b T-3a T-3b T-3c

€1,10 -.0025 -.0025 -.0025 -.0025 -.0025 -.0025 -.0025
€1,11 -.5155 -.5155 -.2465 0 0 0 -.2465
e1,12 -.8336 -.8336 0 0 0 0 0
e1,13 | -1.3850 | -1.3850 0 0 0 0 0
€2,10 -.0049 -.0049 0 0 0 0 0
€211 -.9386 -.9386 -.6647 -.4182 -.4182 -.4182 -.6647
€212 | -1.0947 | -1.0947 -.2562 -.2562 -.2562 -.2562 -.2562
e2 13 | -1.9976 | -1.9976 -.6077 -.6077 -.6077 -.6077 -.6077
€3,10 -.0018 -.0018 0 0 0 0 0
ez 11 | -1.4850 | -1.4850 | -1.2142 -.9677 -.9677 -.9677 | -1.2142

e, 12 | -1.9586 | -1.9586 | -1.1232 | -1.1232 | -1.1232 | -1.1232 | -1.1232
€313 | -2.9268 | -2.9268 | -1.5400 | -1.5400 | -1.5400 | -1.5400 | -1.5400
€4,10 -.0004 -.0004 0 0 0 0 0
e4,11 | -2.1670 | -2.1670 | -1.8976 | -1.6511 | -1.6511 | -1.6511 | -1.8976
eq12 | -3.1837 | -3.1837 [ -2.3497 [ -2.3497 | -2.3497 | -2.3497 | -2.3497
e4,13 | -4.5709 | -4.5709 | -3.1855 | -3.1855 | -3.1855 | -3.1855 | -3.1855

€5,10 -.1569 -.1569 -.4259 -.6724 -.6724 -.6724 -.4259
es5,11 0 0 0 0 0 0 0
es,12 -.5646 -.5646 0 -.2465 -.2465 -.2465 0
es,13 | -1.5997 [ -1.5997 -.4837 -.7302 -.7302 -.7302 -.4837
€6,10 0 0 0 0 0 0 0
€6,14 -.5000 -.1558 -.1558 -.1558 -.4200 -.1558 -.1558
€7,10 0 0 0 0 0 0 0
e7,11 -.8708 -.8708 -.6018 -.3553 -.3553 -.3553 -.6018
€714 -.4320 -.0878 -.0878 -.0878 -.3520 -.0878 -.0878
€8,10 0 0 0 0 0 0 0
€g,14 -.3442 0 0 0 -.2642 0 0
€9,14 0 0 0 0 0 0 0

Table 13: Case Study 3: Linear Error using Absolute Values

e With % = 0.6709, related to I, as constraint then %ﬂ and/or 85147 related to Li"
P P P

and O?~ respectively, are zero.

e With %Lpl = 0.2780 and 85% = 0.6709, related to Li" and F~, two tests T-2a and T-2b

with non zero solution are shown in Table 12. Still, it should be mentioned that the

85;47 related to O?~, as zero.

system also have a solution with

These results are sumarized in Table 14

3.4 Case Study 4

The forth case study considers the same anions and cations than in case 3, incremented by
the two new anions ClO; and BrOj, as shown in Table 15.

Thus n. =9, ng, = 7 and md = 16 with

16
3rk

— (19)
k=1 ap

maximize 4 =

subject to the restrictions

15



ori To-1 | To-2 | To-3a | To-3b | To-4 | To-ba | Top-5b | To-5¢c | To-6a | To-6b | To-6¢c | To-7

Table 14: Case Study 3: Tests with Zero Solutions

Cations Lit Na® KT RbT™ GCst Ca?t Sr*t  Ba?t Mg?"
ory ory ora Ory ars Ire ory Org Org
Op Op Op Op Op Op Op Op Op

Anions F~ CI© Br- - 0% (105 BrO;
orig Orqq Orio Ori3 Ori4 Or15 Orie
op op op Op op op Op

Table 15: Case 4 — Cations and Anions Considered

dr; n or; < OR;; for i€ {1..9}
op  Op op j € {10..16}
all nonnegative making 30 inequalities where the correspondence among the salts being stud-

ied and the 85‘; notation is shown in Table 16.

In matrix form Ar <R where A, r, and R are defined as shown in (20).

16



LiF LiC1 LiBr Lil NaF NaCl NaBr Nal NaClOs3 NaBrOs
O0R110 OR111 OR112 OR113 ORg10 ORs 11 ORs 12 OR213 OR2, 15 OR2 16
Op op op op op op Op Op op Op

KF KC1 KBr KI RbF Rb(Cl RbBr RbIl
0R3 10 0R3,11 OR3,12 O0R3 13 0R4,10 0R4,11 OR4, 12 0R4,13
Op Op Op Op Op Op Op Op
CsF CsCl  CsBr Csl
ORs510 ORs511 OR512  ORs513
Op op op op
CaF  CaO SrF SrCl SrO BaF  BaO  MgO
ORs10 ORs14 OR710 OR711 OR714 ORg10 ORg14a  O0Roj14
op op op op op op op op

SO OO OO OO OO OO DD OO OO OO OO O

SO OO OO O OO OO OO oo oo R PR EPEREFE OO oo
OO OO OO OO OO0 OO DO OHHFEFHEHMEFOOODODODOOO OO

OO OO OO OO OO0 OHHMFEFMEFOODODODODODODOOoODODOOoO OO

Table 16: Case

SO OO OO OO R HFHFEFMFEPFOOODODODODOoODOOoDOOOoDOOoOD oo oo oo
SO OO OO R PP OO0 o000 o0

SO OHRPR PP OO0 o0

O HRHF PO OO OO OO OO DD o000 o000 oo

H O OO OO OO OO OO DD o000 oo o oo oo

4 — Correspondence Among Salts

OO P OO O OO0 OO, OO HOODODODOHOO O
[ eleBoll S = ReRellolall o llellelaell o llellelBell S eoBeBeNelal =l =Rl o]

SO OO OO OO OH OO OoOH OO OO, ODODOoOOoOHOO

(=R eleleleBeNel ol =Nel ol el ol ellal o = =)

—
-J

)
H PR ORFR OORFRPR OO0 oo

=N elelelBeleoleBeBeoleoBelaoloBaolBeoBaleBeNaNaeN el S =l =il Rl Rlo)
=NeleleleleoleBeBeoleoBeloloBalBeoBalaeBeNaNall =l =l ol ol il Rl o Rlo)

0R1,10
Op
OR111
Op
0R1,12
Op
OR1,13
Op
0R2 10
Op
OR2 11
Op
0R2 12
Op
OR2 13
ory op
op OR2 15
Ora 3
Op ORs 16
Ors ap
op ORs3 10
ora op
op OR3,11
ors oy
gﬁ 31%83,12
5] P
ﬁ OR3,13
op o
ors 0R4,10
op _ O
r= drg R = 0R4 11
Op op
3510 OR4,12
¢4 ap
8511 OR4,13
P Op
852172 ORs5,10
Op
8521,3 ORs5,11
Or14 Op
op ORs5,12
Orqs o
p OR5 13
Orie op
Op 9Re,10
Op
ORg, 14
Op
OR7 10
Op
OR7 11
Op
OR7 14
Op
ORs, 10
Op
ORs 14
Op
ORo, 14
op



Table 17 shows the results obtained by different tests T under the restrictions given by
equation (20) where

R' = (.9514 2.7083 3.7982 5.6859 1.5224 3.7000 4.6279 6.8671
4.2676 3.6196 2.7363 5.4634 6.7088 9.0133 3.5420 6.9525
8.7410 11.4645 4.2308 5.3178 6.6542 9.0256 .8915 .7206
1.1981 3.3128 .9592 1.5703 1.2436 .4255))

The Z column correspond to the Z value defined by equation (19) and the e column is defined
by equation (21).

B o i€ {1..9}
“- %;@m ﬂ”{je{uyw} (21)

’g—;j T-la T-1b T-2
oL | e2780 | e.2m80 | .@2780
52 | 08466 | ©.8466 | ©.8466
88% ©2.0636 | ©2.0636 | 2.0654
54 | @28707 | 92,8707 | 28711
g 3.4030 | 3.4030 | 2.8875
%% 2206 .2206 .2906
%% 5272 5272 5272
%% 8994 .8094 .8994
%% 4255 0813 0813
Eio | 96709 | ©.6709 | ©.6709
8{.% ©1.9148 | ©1.9148 | 2.4303
Sl | ©26866 | $2.6866 | 3.5202
e | ©4.0220 | @4.0229 | 5.4079
S . 3442 | 3442
8{;% 3.4210 | 3.4210 | 3.4210
fs 27730 | 27730 | 27730
4 27.0238 | 27.0238 | 29.2446

e 7.0685 | 7.9356 | 4.9791

Table 17: Case Study 4 Tests using Absolute Values of %Zj

Table 18 shows, for each one of the equations, the linear error as defined by equation (22).

an 37”]' 6Rl-j 1 E {1..9}
o 7 ] 22
% =35 " o " ap 1) jefi0.16) (22)
Several other thests have been carried out such as

. . . . or; dry Ora Orig Or14
e With no constraint, i.e. not fixing any value of op then o0 Tp p and X7 related

to Lit, NaT, F~ and O% respectively are zero.
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e T-1a | T-1b T-2

€1,10 -.0025 -.0025 -.0025
€1,11 -.5155 -.5155 0
€1,12 -.8336 -.8336 0
e1,13 | -1.3850 | -1.3850 0
€2,10 -.0049 -.0049 -.0049
€211 -.9386 -.9386 -.4231
ez 12 | -1.0947 | -1.0947 -.2611
e2 13 | -1.9976 | -1.9976 -.6126
€215 0 0 0
€216 0 0 0
€3,10 -.0018 -.0018 0
es11 | -1.4850 | -1.4850 -.9677

e312 | -1.9586 | -1.9586 | -1.1232
es13 | -2.9268 | -2.9268 | -1.5400
€4,10 -.0004 -.0004 0
e4,11 | -2.1670 | -2.1670 | -1.6511
eq12 | -3.1837 | -3.1837 [ -2.3497
eq4,13 | -4.5709 | -4.5709 | -3.1855

€5,10 -.1569 -.1569 -.6724
e5,11 0 0 0
€5,12 -.5646 -.5646 -.2465
€5,13 -1.5997 | -1.5997 -.7302
€6,10 0 0 0
€6,14 -.5000 -.1558 -.1558
€7,10 0 0 0
er 11 -.8708 -.8708 -.3553
€7,14 -.4320 -.0878 -.0878
€8,10 0 0 0
€8 14 -.3442 0 0
0,14 0 0 0

Table 18: Case Study 4: Linear Error using Absolute Values

With 88% = 0.2780, related to Li", as constraint then 88%7 8§—;° and 85%‘2 related to

Nat, F~ and O?~ respectively, are zero.

With %LPQ — 0.8466, related to Na™, as constraint then 85—;0 and 85—;47 related to F~ and

02~ respectively, are zero. Sometimes also %—27 related to Li™ is also zero.

With %ﬂ = 2.0636, related to KT, as constraint then %ﬂ7 %7 8510 and 85147 related
P p’ Bp Op P

. + _ 2_ . Or1  Ors Ori4 dro  Orig

to Li", Na™, F~ and O°" respectively, are zero, or T o and 750 O B ap and
Oria

op !

With 88% = 2.8707, related to Rb™, as constraint then 88—7;7 %%O and 85;47 related to

Ori14 Oro Oriq

ory  drig or FZ and T

+ 2— :
Na™, F~ and O“" respectively, are zero, or T o and

With 88% = 0.2780 and %Lpg — 0.8466, related to Li™ and Na™, as constraints then 85%

%)

and 5;47 related to F~ and O?~ respectively, are zero

With %—pl — 0.2780 and % — 0.6709, related to Lit and F~, as constraints then %—;
o

5;47 related to Nat and O?~ respectively, are zero

and/or

With %-pl — 0.2780, %—; — 0.8455 and % — 0.6709, related to Lit, Na® and F~, as
constraints then although the system has a solution — T-2 in Table 17 —, it also has

19



a solution with 85;47 related to 0%, as zero.

These results are sumarized in Table 19

o To-1 To-2 To-3a | To-3b | To-4a | To-4b | To-4c | To-5a | To-6b | To-5¢ | To-6
. <%} . . . . <%}
. . <%} <%} . . . . . <%}
& @ @ @

To-Ta | To-Tb | To-Tc To-8

Table 19: Case Study 4: Tests with Zero Solutions

3.5 Case Study 5

The fifth case study considers the same anions and cations than in case 4, incremented by
just one cation NHJ as shown in Table 20.

Thus n., = 10, n, =7 and md = 17 with
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Anions F~ CI© Br- - 0?2 C(ClO; BrO;
or11 Or19 Ori3 Ori14 Or15 drie oriy
op op op op op op op

Cations LiT Na® KT RbT Cs™ Ca?" Sr?’™ Ba?"™ Mg?" NH,
ory ory Ors Ory ors re ory Org rg 9ri0
Op Op Op Op Op Op Op Op Op Op

Table 20: Case 5 — Cations and Anions Considered

17 aTk
marimize 74 = —
k=1 Ip
subject to the restrictions
or; 37”]' 6&] 1€ {1..0}
— 4+ —=<
ar o Sy 1T\ jeqian

all nonnegative making 34 inequalities where the correspondence among the salts being stud-

. OR;; . . .
ied and the 8; notation is shown in Table 21.
LiF LiCl LiBr Lil NaF NaCl NaBr Nal NaClOz NaBrOg
OR1,11 OR1,12 OR1,13 OR1,14 OR2,11 OR2,12 OR2,13 OR2,14 OR2,16 OR2,17
op op op op op op op op op op
KF KCl KBr KI RbF RbC1 RbBr RbI
OR3,11 OR3,12 OR3,13 OR3,14 OR4,11 OR4,12 OR4,13 OR4,14
op op op op op op op op
CsF CsCl CsBr Csl
OR5,11 OR5,12 OR5,13 ORs,14
Op Op Op Op
CaF CaO SrF SrCl SrO BaF BaO MgO
OFRg,11 ORe,15 OR7,11 OR7,12 OR7,15 ORs,11 ORs,15 ORo9,15
op op op op op op op op
NaBrOzF NaBrO3zCl NaBrOsBr NaBrOsl
OR10,11 OR10,12 OR10,13 OR10,14
Sp Sp Sp Sp

Table 21: Case 5 — Correspondence Among Salts

In matrix form Ar <R where A, r, and R are defined as shown in (24).
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[evBlen BN e BE Sl B o llallS el el o R R ol BlerBlas B o Bies Bl e Bl I s Bl an B an B an B an Bl e B an B en Bl an i an Bl an Bl an IS
[evBReniE > oo B alls e Rolle ol o e B Blev i o Bl erBies Bl e IR B s Bl oo B an B an B o Bl e B an B an Bl an i an Bl e IR B @)
O 1T OO O 1O OO OO A DO O 100D OO A OO OO0 4100000 +HO0O
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«

Table 22 shows the results obtained by different tests T under the restrictions given by

equation (24) where
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R! = (.9514 2.7083 3.7982 5.6859 1.5224 3.7000 4.6279 6.8671
42676 3.6196 2.7363 5.4634 6.7088 9.0133 3.5420 6.9525
8.7410 11.4645 4.2308 5.3178 6.6542 9.0256 .8915 .7206
1.1981 3.3128 .9592 1.5703 1.2436 .4255 6.79417 6.24216
7.54768 8.35223))

The Z column correspond to the Z value defined by equation (23) and the e column is defined
by equation (25).

e= Z(eij)z for { ;66{{1111?}7} (25)

]

B_pi T-la T-1b T-2a T-2b T-3
da% ©.2780 ©.2780 ©.2780 ©.2780 ©.2780
88% ©.8466 ©.8466 ©.8466 ©.8466 ©.8466
88% ©2.0636 | ©2.0636 2.0654 2.0654 2.0654
88% ©2.8707 | ©2.8707 2.8711 2.8711 2.8711
88% 3.4030 3.4030 2.8875 3.1340 3.1340
88% .2206 .2206 .2206 .2206 .2206
88% 5272 5272 5272 5272 5272
%;;3 .8994 .8994 .8994 .8994 .8994
%;f .0813 4255 .0813 .0813 .0813
% 4.3274 4.3274 3.8119 2.9443 2.9443
% ©.6709 @©.6709 ©.6709 ©.6709 ©.6709
% ©1.9148 [ ©1.9148 2.4303 2.1838 | ©1.9148
% $2.6866 | $2.6866 3.5202 3.5202 3.5202
% ©4.0229 [ ©4.0229 4.5404 5.4079 5.4079
8{;% .3442 ) .3442 3442 .3442
8{;% 3.4210 3.4210 3.4210 3.4210 3.4210
8(.;—]197 2.7730 2.7730 2.7730 2.7730 2.7730

Z 31.3512 31.3512 | 32.1890 | 32.1890 31.9199

e 8.1538 8.1858 6.6687 6.2176 6.5004

Table 22: Case Study 5 Tests using Absolute Values of %—Zj

Related with the results shown in Table 22 it should be observed that

e Test T-2, where 88—;17 %LPQ and 85% have been fixed, also have a solution with 85% =0

and e = 7.0219 which is greater than the error found in T-2a and T-2b.

e ‘lTest T-3, where 83%7 88%7 85;1 and 85% have been fixed, also have a solution with
85% = 0 and e = 7.6788 which is greater than the error found in T-3.

This test has the same solution as test T-2b, exept for the value of 85—;27 having a smaller
value for Z and a greater value for e.
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Table 23 shows, for each one of the equations, the linear error as defined by equation (26).

fo O o ORy . [ie{110) (26)
Y op 0 op Op je{11.17}
e Tla | T-1b T2a | T2b T3
¢111 | -.0025 | -0025 | -.0025 | -.0025 | -.0025
e112 | -.5155 | -.5155 0| -.2465 | -5155
e113 | -.8336 | -.8336 0 0 0
e114 | -1.3850 | -1.3850 | -.8675 0 0
211 | --0049 | -.0049 | -.0049 | -.0049 | -.0049
ea1n | -.9386 | -.0386 | -.4231 | -.6696 | -.9386
eo13 | -1.0947 | -1.0947 | -.2611 | -.2611 | -.2611
214 | -1.9976 | -1.0076 | -1.4801 | -.6126 | -.6126
€216 0 0 0 0 0
€217 0 0 0 0 0
es11 | -.0018 | -.0018 0 0 0
€31 | -1.4850 | -1.4850 | -.9677 | -1.2142 | -1.4832

€3,13 -1.9586 | -1.9586 | -1.1232 | -1.1232 | -1.1232
€3,14 -2.9268 | -2.9268 | -2.4075 | -1.5400 | -1.5400
€4,11 -.0004 -.0004 0 0 0
€4,12 -2.1670 | -2.1670 | -1.6511 | -1.8976 | -2.1666
€4,13 -3.1837 | -3.1837 | -2.3497 | -2.3497 | -2.3497
€4,14 -4.5709 | -4.5709 | -4.0530 | -3.1855 | -3.1855

€5,11 -.1569 -.1569 -.6724 -.4259 -.4259
€512 0 0 0 0 -.2690
€5,13 -.5646 -.5646 -.2465 0 0
€5,14 -1.5997 | -1.5997 | -1.5977 -.4837 -.4837
€6,11 0 0 0 0 0
€6,15 -.1558 -.5000 -.1558 -.1558 -.1558
er,11 0 0 0 0 0
€7,12 -.8708 -.8708 -.3553 -.6018 -.8708
e7,17 -.0878 -.4320 -.0878 -.0878 | -.08780
€811 0 0 0 0 0
€8,15 0 -.3442 0 0 0
€9,15 0 0 0 0 0
€10,11 -1.7959 | -1.7959 | -2.3114 | -3.1789 | -3.1789
€10,12 0 0 0 | -1.1140 | -1.3830
€10,13 -.5337 -.6337 -.2156 | -1.0831 | -1.0831
€10,14 -.0020 -.0020 0 0 0

Table 23: Case Study 5: Linear Error using Absolute Values

Several other thests have been carried out such as

e With no constraint, i.e. not fixing any value of 2%, then 2L 22 910 4ng 2714 related
) p ? op dp’ Op Op

to LiT, Na®, F~ and O% respectively are zero.

e With 88% = 0.2780, related to Li", as constraint then %%7 85—;0 and 85;47 related to

Na®, F~ and O? respectively, are zero.

e With %Lpg — 0.8466, related to Na™, as constraint then 85—;0 and 85—;47 related to F~ and
ory

O?~ respectively, are zero. Sometimes also T related to LiT, is zero.

e With %ﬂ = 2.0636, related to KT, as constraint then %ﬂ7 %7 8510 and 85147 related
P p’ Bp Op P

i+ + T 2— ; ory  9ry Or1a dra  drig
to Li™, Na™, F~ and O“" respectively, are zero, or TR and 5o OF T2y and
85;47 are zero.
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e With 88% = 2.8707, related to Rb™, as constraint then %—?7 85;0 and 85;47 related to
o)

Ori4 Oray 714
5o O T2 and 7y are zero.

+ — 2 : ory Or
Na™, F~ and O“~ respectively, are zero, or 8—;7 8—;0

and

e With 88% = 0.2780 and %Lpg — 0.8466, related to Li™ and Na™, as constraints then 85%

Or14

TR related to F~ and O?~ respectively, are zero

and

e With g1 = 0.2780 and 252 = 0.6709, related to Li* and F~, as constraints then 2

Ori14
op !

and/or related to Nat and O?~ respectively, are zero

e With &1 —0.2780, 52 — 0.8455 and 22 — 0.6709, related to Li", Na® and F~, as
constraints then although the system has a solution — T-2 in Table 17 —, it also has

a solution with 85;47 related to O?~, as zero.

These results are sumarized in Table 24

%—Tpi To-1 To-2 | To-3a | To-3b Tod-a | Tod-b | Todc | To-5a | To-5b Tob-c | To-6 To-7 | To-8

% . <%} . . . . <%} <%} <%}
Bra

B [} [} & & [} [} [} [} [} & [} &)
2]
S @ @ @

Table 24: Case Study 5: Tests with Zero Solutions

4 Conclusions

On the basis of the error study and taking into account those tests that reproduce adequately

values of some preestablished %Zj a great number of times, values of %Zj are now compared

with those obtained with a previous method [9]. There is an excellent agreement between
the values, the discrepancy never exceeds 10%.
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5 Appendix - Experimental Data

The following values of %—]; for different salts at Low Temperature have been obtained from
the experimental values of the compressibility of each salt.

Salt e Salt e
L L
LiF 0.9514 || KF 2.7363
LiCl 2.7083 ||| KCl 5.4634
LiBr 3.7982 ||| KBr 6.7088
Lil 5.6859 ||| KI 9.0133
RbF 3.5420 ||| CsF 4.2308
RbC1 6.9525 ||| CsC1 | 5.3178
RbBr 8.7410 ||| CsBr | 6.6542
RbI 11.4645 |[| CsI 9.0256
NaF 1.5224 ||| NHAF | 6.79417
NaCl 3.7000 ||| NH4C1 | 6.24216
NaBr 4.6279 ||| NH4Br | 7.54768
Nal 6.8671 ||| NH4I | 8.35223

NaCLO3 4.2676
NaBrO3 3.6196

CaF 0.8915
CaO 0.7206
SrF 1.1981
SrCl 3.3128
SrO 0.9592
BaF 1.5703
BaO 1.2436
MgO 0.4255

Table 25: Absolute Values of 88—]; at Low Temperatures

The following values of 85% and 85—}; for different anions and cations at Low Temperature
have been used.

Anion dg;r Cation dg;

Li 0.2780 F 0.6709
K 2.0636 Cl 1.9148
Rb 2.8707 Br 2.6866
Na 0.8466 I 4.0229

Table 26: Absolute Values of % and 85—}; at Low Temperatures
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