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1. INTRODUCTION

The theory of impulsive semidynamical systems describes the evolution of systems
where the continuous development of a process is interrupted by abrupt changes of state.
See [5, 6, 7, 8], [10, 11] and [16] for details of this theory. In the last years, the action
of impulses on differential systems has been intensively investigated. The reader may find
some important results and applications in [1, 2, 3], [9], [12, 13, 14, 15], for instance.

In this paper, we extend the results of uniform attractors present in [4] for impulsive
semidynamical systems. In the first part of this article, we present the basis of the theory
of impulsive semidynamical systems. We present basic definitions and notations and then
we discuss the continuity of a function which describes the times of reaching the impulsive
set. We also present additional useful definitions and results.
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96 E. M. BONOTTO AND J. C. FERREIRA

The second part of the paper concerns the main results. Given an impulsive semidy-
namical system, we start by introducing the concept of the region of uniform attraction of
a set in this system. Then we present conditions for the region of uniform attraction to be
positively invariant and open in the impulsive system, see Proposition 3.1 and Theorem
3.1. For compact sets, we give a characterization for its region of uniform attraction, see
Proposition 3.2. In Theorem 3.3, we establish conditions for a compact uniform attractor
set to be asymptotically stable in the impulsive system. In Theorem 3.4, we give conditions
for an asymptotically stable set to be uniform attractor. Theorem 3.5 establishes condi-
tions for a set to be uniform attractor by using Lyapunov functionals. Finally we present
examples to show how the theory can be employed.

2. IMPULSIVE SEMIDYNAMICAL SYSTEMS

Let X be a metric space and R be the set of non-negative real numbers. The pair
(X, ) is called a semidynamical system, if the function 7 : X x Ry — X is continuous
with 7(z,0) = z and w(n(z,t),s) = w(x,t + s), for all z € X and ¢,s € R;. For every
x € X, we consider the continuous function 7, : Ry — X given by 7, (t) = 7(z,t) and we
call it the motion of x.
Let (X, 7) be a semidynamical system. Given 2 € X, the positive orbit of z is given by
7t(z) = {m(x,t): t e Ry }. Fort > 0 and z € X, we define F(x,t) = {y € X : w(y,t) =z}
and, for A C [0,400) and D C X, we define

F(D,A)=U{F(z,t): x € D and t € A}.

Then a point x € X is called an initial point if F(z,t) =0 for all ¢ > 0.

An impulsive semidynamical system (X, 7; M,I) consists of a semidynamical system,
(X, m), a non-empty closed subset M of X such that for every x € M, there exists e, > 0
such that

F(z,(0,e;))NM =0 and w(z,(0,e;))NM =0,

and a continuous function I : M — X whose action we explain below in the description of
the impulsive trajectory of an impulsive semidynamical system. The set M is called the
impulsive set and the function I is called impulse function. We also define

M*(z) = (n"(z) N M)\ {z}.

Let (X, 7; M, I) be an impulsive semidynamical system. We define a function ¢ : X —
(0, +00], which represents the least strict positive time for which the trajectory of x meets
M, by

b(z) = {s, if m(x,s) € M and w(x,t) ¢ M for 0 <t < s, (2.1)

+o0, if MT(x)=0.
Thus for each x € X, we call w(z, ¢(z)) the impulsive point of x.

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



UNIFORM ATTRACTORS OF DISCONTINUOUS SEMIDYNAMICAL SYSTEMS 97

The impulsive trajectory of x in (X, m; M, I) is an X —valued function 7, defined on the
subset [0, s) of Ry (s may be +00). The description of such trajectory follows inductively
as described in the following lines.

If M*(x) = 0, then 7,(t) = =(z,t), for all ¢ € Ry, and ¢(z) = +oo. However if
M™(z) # 0, it follows from Lemma 2.1 in [5] that there is the smallest positive number s
such that 7(x, sp) = 1 € M and w(z,t) ¢ M, for 0 < t < sg. Then we define 7, on [0, so]
by

+ _
Ty, t = so,

~ m(z,t), 0<t<so
(1) = { (.1)
where 2 = I(z;) and ¢(x) = so. Let us denote x by z.

Since sy < 400, the process now continues from :Ef onwards. If M* (xf) = (), then we
define 7, (t) = m(z],t — s0), for s9 < t < 400, and ¢(z]) = +0c0. When M+ (x]) # 0,
it follows again from Lemma 2.1 in [5] that there is the smallest positive number s; such
that m(z],s1) = 22 € M and w(z],t — so) ¢ M, for s < t < so + s;. Then we
m(xl,t—s0), so<t<so+ s
x;, t = S0 + S1,
and gb(xf) = s1, and so on. Notice that 7, is defined on each interval [t,,,t,+1], where

n

define 7, on [sg, so + s1] by T, (t) = where ] = I(x5)

thal = Z s;. Hence 7, is defined on [0, t,41].

i=0
The process above ends after a finite number of steps, whenever M (") = () for some
n. Or it continues infinitely, if M (z7) # 0, n =0,1,2,..., and in this case the function
o0

Ty is defined on the interval [0,T(z)), where T'(x) = Z S;.
i=0

Let (X,7; M,I) be an impulsive semidynamical system. Given z € X, the impulsive
positive orbit of x is defined by the set 7 (x) = {7(z,t) : t € [0,T(x))}.

Analogously to the non-impulsive case, an impulsive semidynamical system satisfies the
following standard properties: 7(z,0) = x for all x € X and 7(7(z,t),s) = 7(z,t + s), for
all z € X and for all ¢,s € [0,T(x)) such that t + s € [0,7(x)). See [6] for a proof of it.

For details about the structure of these types of impulsive semidynamical systems, the
reader may consult [5, 6, 7, 8], [10, 11] and [16].

2.1. Continuity of ¢
The result of this section is borrowed from [10]. It concerns the continuity of the
function ¢ defined in (2.1).
Let (X, 7) be a semidynamical system. Any closed set S C X containing z (z € X) is
called a section or a A-section through z, with A > 0, if there exists a closed set L C X
such that

(a) F(L,A) = 5;
(b) F(L,[0,2X]) is a neighborhood of z;
(c) F(Lyp)NF(Lyv)=0,for 0 < p<v< 2N
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98 E. M. BONOTTO AND J. C. FERREIRA

The set F(L,[0,2X]) is called a tube or a A-tube and the set L is called a bar. Let (X, )
be a semidynamical system. We now present the conditions TC and STC for a tube.

Any tube F(L, [0,2)]) given by a section S through 2 € X such that S € MNF(L,[0,2X])
is called TC-tube on x. We say that a point z € M fulfills the Tube Condition and
we write (TC), if there exists a TC-tube F(L,[0,2A]) through . In particular, if S =
M N F(L,[0,2)]) we have a STC-tube on = and we say that a point x € M fulfills the
Strong Tube Condition (we write (STC)), if there exists a STC-tube F(L, [0,2A]) through
x.

The following theorem concerns the continuity of ¢ which is accomplished outside M for
M satisfying the condition TC. See [10, Theorem 3.8].

THEOREM 2.1. Consider an impulsive semidynamical system (X, 7; M, I). Assume that
no initial point in (X, 7) belongs to the impulsive set M and that each element of M satisfies
the condition (T'C'). Then ¢ is continuous at x if and only if v ¢ M.

2.2. Additional definitions and results
Let us consider a metric space X with metric p. By B(z, §) we mean the open ball
with center at € X and radius 6 > 0. Given A C X, let B(A, §) ={z € X : p(z, A) < 6}
where p(z, A) = inf{p(x, y) : y € A}. Throughout this paper, we use the notation 0A,
int A and A to denote respectively the boundary, interior and closure of A in X.
Let (X, m; M, I) be an impulsive semidynamical system and A C X. We define

iH(A) = | 7 (@) and 7(A 1) = ] F(2,0)

T€A z€A

for each t > 0. If 7+ (A) C A, we say that A is positively T—invariant. And, we say that A
is I—invariant in the impulsive system if I(z) € A for each x € AN M. If for every £ > 0
and every x € A, there is § = d(z,¢) > 0 such that 7(B(z, ), [0,+00)) C B(A,¢), then A
is called 7w-stable. The set A is orbitally w-stable if for every neighborhood U of A, there is
a positively m—invariant neighborhood V of A, V- C U.

The limit set, the prolongational limit set and the prolongation set of A C X in
(X, 7 M, 1) is given by L*(A) = () |J 7(4.7), 75 (4) = (| UFBAe).7): 7> 1}

t>0T1>t e>0t>0
and Dt (A) = m U{%(B(A, €),t) : t > 0}, respectively. Moreover, these sets may be rep-
e>0

resented by

LT (A) = {y € X : there exist sequences {}n>1 C A and {t,}n>1 C Ry
such that t, "= 400 and #(zn, ) "y},

j+(A) = {y € X : there are sequences {z,}n,>1 C X and {t,},>1 C Ry such that
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UNIFORM ATTRACTORS OF DISCONTINUOUS SEMIDYNAMICAL SYSTEMS 99

p(xn, A) nohee 0, tn "2 1 50 and T(Tn,tn) mare y}

and

D*(A) = {y € X : there exist sequences {zy, }n>1 C X and {t, }n>1 C Ry such that

p(Tn, A) 210 and T(Tn,tn) [marc Yy}

If A= {z} weset LT(z) = LT({z}), J"(z) = J*({z}) and D*(z) = D*({z}).

For a compact set K C X, we consider D*(K) = U{D*(z) : € K}. See Proposition
3.2 in [8].

In [5], it is defined the region of attraction of a set A C X with respect to 7 by

Pt(A) = {z € X : for every neighborhood U of A, there is T € Ry
such that 7(x, [T, +00)) C U}

and the region of weak attraction of A with respect to 7 by

]3‘7; (4) = {x € X : for every neighborhood U of A, there is a sequence
{tn} C Ry, t, "3 400 such that 7(xz,t,) € U}.

Ifx e IBVJ{,(A) or & € PT(A), then we say that z is T-weakly attracted or T—attracted to A
respectively. A subset A C X is called a weak T-attractor, if P;rv (A) is a neighborhood of

A, and it is called a T—attractor, if P(A) is a neighborhood of A. A set A C X is called
asymptotically T-stable, if it is both a weak T-attractor and orbitally 7-stable.

3. THE MAIN RESULTS

Throughout this paper we shall consider an impulsive semidynamical system
(X,m; M,I), where (X,p) is a metric space. Moreover, we shall assume the following
additional hypotheses:

(H1) The conditions of Theorem 2.1 are satisfied. Hence, ¢ is continuous on X \ M.

(H2) MNI(M)=0.

(H3) For each = € X, the motion 7(x,t) is defined for every ¢ > 0, that is, [0, +00)
denotes the maximal interval of definition of 7.

DEFINITION 3.1.  Let (X,7; M, I) be an impulsive semidynamical system and A be a
subset of X. The set

ﬁ+(A) = {x € X : for every neighborhood U of A, there is a neighborhood V of

u

and a T > 0 such that 7(V,t) C U for all t > T},
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100 E. M. BONOTTO AND J. C. FERREIRA

is called the region of uniform attraction of the set A with respect to 7. If x € ]S;F(A)7 we
say that x is uniformly T-attracted to A.

It is easy to see that the following condition holds for all subset A of X,
Pi(A) c PT(A) C P}, (A).

Given a semidynamical system (X, 7), it is proved in [4] that a region of uniform attrac-
tion is positively invariant if 7 admits the following property:

m(G,t) is an open subset of X,

for all open subset G of X and for all ¢ > 0. In the impulsive case, 7(G,t) may not be an
open set even if G is open. In this way, we need to impose some condition to the impulsive
system in order to show that the region of uniform attraction is positively 7-invariant.
Next, we define a special condition for an impulsive semidynamical system in order to
obtain invariance of the region of uniform attraction.

DEFINITION 3.2. A point z € X satisfies the condition C in (X, m; M, I) when every
neighborhood of = contains an open set O C X \ M such that z € O and 7(O,t) is open

k
for all £ # Y ¢(z]) with k=0,1,2,....
j=0
By the definition above, it is clear that points in M do not satisfy the condition C.

Given a set A C X, we establish in our first result a sufficient condition for the positive
7—invariance of the set P} (A)\ M, see the next proposition.

PrOPOSITION 3.1. Let (X, m; M, I) be an impulsive semidynamical system and A be a
subset of X. Suppose every point in X \ M satisfies the condition C. Then P} (A)\ M is
positively T-invariant.

Proof. Let z € Pf(A)\ M and s > 0. Given a neighborhood U of A, there are a
neighborhood V of z and T > 0 such that 7(V, [T, +00)) C U.

k
If s # ng)(zj) for all k£ > 0, it follows by the condition C of the point x that there is
i=0

an open set O C V \ M which contains x such that 7(0O, s) is open. Then
(O, [T, +0)) C ©(V,[T,400)) C U.

Let T = max{0,7 — s}. Hence, 7(z,s) € 7(0,s) and 7(7(0,s), [T, +0)) C U. Since
I(M)N M = 0 we have 7(x,s) ¢ M, then 7(z,s) € PF(A)\ M.
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k
On the other side, if s = ng)(xi) for some k > 0, then there is 0 < € < ¢($;+1) such
i=0

¢
that s + ¢ # Z¢(w;") for all £ > 0. By the previous case, there is an open set W which
i=0
contains 7(x, s + €) and 77 > 0 such that

#(W, [T1, +00)) C U.

Since m(x,s) ¢ M, because x ¢ M and I(M)N M = (), there is an open set Z which
contains 7(x, s) such that Z N M =0 and 7(Z,e) C W. Hence,

7(Z, e+ T, +o00)) CU
and it also shows that 7(z, s) € PF(A)\ M.
Therefore, P} (A)\ M is positively 7—invariant. |
The next definition presents the concept of a uniform attractor for a subset A in (X, 7; M, I).

DEFINITION 3.3.  Let (X, m; M, I) be an impulsive semidynamical system. We say that
a subset A C X is a uniform m-attractor if Pt (A) is a neighborhood of A.

THEOREM 3.1. Let (X, m; M, I) be an impulsive semidynamical system and A be a subset
of X. Suppose A is a uniform T-attractor. Then

a)PF(A)\ M is an open set in X;
b)Pr(A) is positively T-invariant.

Proof. a) Let z € P} (A)\M. Since A is a uniform 7-attractor, there are a neighborhood
V of z and T > 0 such that

7(V, [T, 4+00)) C int P, (A).

We may assume without loss of generality that V N M = 0.
Now, we are going to show that V' C P (A)\ M. In fact, let w € V and U be an

arbitrary neighborhood of A. Since 7(w,T) € intﬁj(A), there are an open set W and
s > 0 such that

F(w,T) € W C intPF(A) and 7(W,][s,400)) C U.

k
We have two cases to consider: when T # Z(b(w;“) for all k = 0,1,2,..., and when
§=0

k
T = Z¢(wj+) for some k=0,1,2,....
j=0
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102 E. M. BONOTTO AND J. C. FERREIRA

Case 1: Suppose that T # Z d(w;) for all k =0,1,2,.... Since w ¢ M, it follows from
7=0
the continuity of 7 and I that there is an open set O of X which contains w such that

7(O,T) C W.
Hence, (O, [T + s,+00)) CU and w € ﬁj{(A) \ M.
k
Case 2: Suppose that T' = Z ¢(w7) for some k > 0. Then there is 5 > 0, 8 < d)(wk_H)
7=0

such that 7(w,T 4+ ) € W\ M. Thus we may obtain an open set U of X such that w € U
and

(U, T+ p) CW.

Hence, 7(U, [T+ f + s, +00)) C U and w € P} (A)\ M.
Therefore, z € V C P (A)\ M and P} (A)\ M is open.

b) Let 2 € P} (A). Then there is T > 0 such that
7(x, [T, 4+00)) C intP; (A).

We need to prove that 7(z, (0,T)) C P (A). Indeed, let s € (0,T) and U be an arbitrary

neighborhood of A. Since #(z,T) € int P (A), there are a neighborhood W of 7(z, T) and
k

r > 0 such that 7(W, [r,+00)) C U. We have two cases to consider: when T # Z(i)(xj)
§=0

for all k =0,1,2,..., and when T' = qu ) for some k=0,1,2,.
7=0

Case 1: Suppose that T' # Zgb ) for all k =0,1,2,.... Since 7(x,s) ¢ M because
7=0
s>0and I(M)NM = (, it follows that there is an open set O in X such that 7(z,s) € O
and

7(O0, T —s) C W.
Hence, 7(O, [T 4 r — s,400)) C U and 7(z, s) € P (A).

Case 2: Suppose that T' = Z ¢(a7) for some k > 0. Then thereisa § >0, 8 < ng(x,H_l)
7=0
such that 7(x,T + ) € W \ M. Thus there is an open set W’ such that 7(z,T + ) €
W' C W. Then there is an open set & which contains 7(z, s) such that

TUT+B—s)CcW CW.
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Hence, 7(U, [T + B+ 1 — s, +00)) C U and 7(z,s) € P (A).
In conclusion, 71 (z) C Pt (A) and the result is proved. |

If A'is a compact subset of X, we can give a characterization for the region of uniform
m—attraction P, (A). See the next result.

PROPOSITION 3.2. Let (X, m; M, I) be an impulsive semidynamical system and A be a
compact subset of X. Suppose X is locally compact. Then

PHA) ={zeX: Jt(x)#0 and J"(z) C A}.

Proof. First, let us show the inclusion PHA)c{zeX: Jt(x)#0 and J+(z) C A}.
In fact, let y € P} (A) and U be a neighborhood of A such that U is compact. Then there
are a neighborhood V of y and T' > 0 such that

7(V,[T,+0)) C U. (3.1)
Let {tn}n>1 C R4 be a sequence such that ¢, [mar NN By (3.1), there is ng € N such
that
Ty, tn) €U

for all n > ng. By the compactness of U, we may assume without loss of generality, that
there is a € U such that
n—-+o0o

T(y, tn) —

Thus a € L*(y) and it shows that L (y) # 0. Since Lt (y) C JT(y), it follows that
JT(y) # 0. Now, we note that

T (y) C 7V, [T, +c0)) C U.
Since U can be taken arbitrary, we have
Jt(y) c N{U : Uis a neighborhood of A} = 4 = A.
Hence y € {z € X : Jt(z) #0 and J*(z) C A}.

Now, let us show the other inclusion. Let 2 € X such that J*(z) # 0 and J*(z) C A.
Let U be an arbitrary neighborhood of A. Since

Jt@) = N UFEB@,e,7): 7> 1},

e>0¢>0

there are €9 > 0 and tg > 0 such that

UFEB(@,€0),7): 7>t} CU.
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Therefore, 7(B(z, €), [to, +00)) C U. Then z € P (A) and the proof is complete. |

The next result shows some properties of the sets j*(a:) and ]NDJF(x), x € X. The reader
may consult [8] for a proof.

THEOREM 3.2. Let (X, m; M,I) be an impulsive semidynamical system. Suppose X is
locally compact. The following properties hold:
i)t (x) C D*(x) for all x € X;
iW)DT (x) = Tt (z YU Jt(x) for allz € X \ M;
mz) +( (x ))C () for all z € M;
w)D*(x) = 7 (z) Urt (I(z)) UJ T () for all z € M.

8

The next result establishes conditions for a compact uniform 7-attractor set to be asymp-
totically 7-stable.

THEOREM 3.3. Let (X,m; M, I) be an impulsive semidynamical system and A be a com-
pact subset of X. Suppose X is locally compact. If A is positively T-invariant, I—invariant
and uniform m-attractor then A is w-stable. And, consequently, A is asymptotically T-stable.

Proof. By Ura’s Theorem we need to show that D (A) = A, see Theorem 4.1 in [11].
Since A C D' (A), we need to prove the other inclusion. Let x € DT (A). Then there is
a € A such that € DT (a). Since A is positively 7-invariant and closed, it follows that

7+(a) C A. (3.2)
Since A is a uniform m-attractor we have A C ]Sf[(A) Thus, by Proposition 3.2, we get
J+( ) C A. (3.3)

We have two cases to consider: when a € M and when a ¢ M.
Case 1: a ¢ M.
It follows from item 4i) of Theorem 3.2, (3.2) and (3.3) that

Dt(a) =7t (a)UJ"(a) C A.

Case 2: a € M.

Since A is I-invariant, closed and I(M) N M = () we have I(a) € A\ M and then
7t (I(a)) C A. Thus, by this last inclusion, Theorem 3.2 item iv), (3.2) and (3.3), we
obtain

D*(a) =7t (a) UT+(I(a))UJ"(a) C A.
In both cases, we show that DF(a) C A. Hence, # € A. Therefore DT (A) = A and A is
m-stable. |

Next, we present an auxiliary result. The proof can be found in [8], Lemma 3.13.
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LEMMA 3.1. Let (X, m; M, I) be an impulsive semidynamical system. Let x ¢ M and
y € LT (x). Then J*(x) C Jt(y).

THEOREM 3.4. Let (X, m; M, I) be an impulsive semidynamical system and A be a com-
pact subset of X such that ANM = (). Suppose X is locally compact. If A is asymptotically
m-stable then A is a uniform w-attractor.

Proof. Since A is asymptotically 7-stable we have A is a 7-attractor, see Theorem 3.1
in [5]. Thus P (A) is a neighborhood of A, that is, there exists an open set V such that
ACV cPr(A)and VN M =0.

We claim that PT(A)\ M C P} (A). Indeed, let € PT(A)\ M and let U be a
neighborhood of A such that U is compact. Then there is 7 > 0 such that

7(x, [r,+00)) C U.

Hence L (z) # () (because U is compact) and consequenlty J T (z) # 0.
Let a € L (z). Since z ¢ M, it follows from Lemma 3.1 and from the stability of A the
following inclusions
Jt(z) c Jt(a) c D*(a) C A.

Then, by Proposition 3.2, we have = € P (A) and then PT(A)\ M C P (A).
Thus, ACV C PT(A)\ M C P} (A). Therefore A is uniform T—attractor. |

By Theorem 3.14 in [7] and Theorem 3.4 above, we have the following result.

THEOREM 3.5. Let (X,m; M,I) be an impulsive semidynamical system, X be locally
compact and A C X be a compact set such that AN M = 0. If there exists a functional
¥ : X — Ry with the following properties:

a)ip is continuous in X \ (M \ A);

b)for every € > 0, there is a § > 0 such that (x) < & wherever p(z, A) < §;

c)for every e > 0, there is a 6 > 0 such that ¢ (x) > 0 whenever p(x, A) > e and x ¢ M;
Ap(m(x,t)) <YP(z) if e € X\ M and 0 <t < ¢(x), and Yp(I(z)) < Y(x) if x € M;
e)there is a 6 > 0 such that if v € B(A,0) \ A, then ¢(7(x,t)) = 0 as t — 4o0.

Then A is uniform T—attractor.

Next, we analyse the equilibrium state of an autonomous system subject to variable
impulses.

ExaMPLE 3.1. Consider the semidynamical system (R™, 7) given by the system

o = f(a),
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where f : R™ — R" is of class C! and f(0) = 0. Suppose there are constants ci,...,c, €
Ry \ {0} such that Y"1, c;z; fi(x) < 0 for all z € R™ \ {0}. Now, consider the associated
impulsive semidynamical system (R™,m;M,I) where M C R™ is an impulsive set and

the impulse function I satisfies the condition ||I(z)|| < alz| for all x € M, where
2,
o =—"""__ We assume that 0 ¢ M.
max ¢;
1<i<n
Let A = {0}. Let us show that A is uniform 7—attractor. In fact, define the function

ﬂ)Rn—)R_A,_by

¢(z) = 1/’(251, s 7xn) = chzzz
1=1

Since < min ci> lz]|? < ¢¥(x) < max c,;) |lz||?, x € R™, it is easy to verify that the
1<i<n 1<i<n

conditions a), b) and ¢) of Theorem 3.5 hold. Let us show that items d) and e) hold.
First, we prove that item d) of Theorem 3.5 holds. In fact, let zy € R™ \ M and
x(t) = z(t; 0, 29) be the solution of system

x’ = f(z)
{ z(0) = xo. )

Now, consider the semidynamical system 7(zg,t) = x(t). Then
n

W (w(x0, 1) =2 cias(t) fi(x(t) <0
i=1

for all ¢ > 0 (if ©p # 0 the inequality is strict). By integration from 0 to t we get
Y(m(zo,t)) < 1p(zo) for all ¢ > 0. By the property of I we have

< ; 2 < ; 2= in ¢ 2 <
o) < (s e ) 1M < (max o) alel? = (min o) ol < (o)
for all x € M.
Now, let us show that item e) of Theorem 3.5 holds. By Theorem 3.12 in [7], the set A

is uniformly 7-stable (because 1 satisfies the conditions a),b),c) and d) of Theorem 3.5).
Then, given € > 0 such that B(A,¢) N M = ) there is 6 > 0 such that

#(B(A,9),[0,+00)) C B (A, %) :

where 7 is the impulsive semidynamical system associated to the continuous semidynamical
system 7 of system z’ = f(z). Since B(A,€) N M = (), we have

7(B(A,8),0,+00)) = #(B(A,6),[0,+00)) C B (A, %) . (5)
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Let o € B(A,d) \ A. By equation (5), we have 7(xo,t) = m(zo,t) for all ¢ > 0. Since
' (m(zg,t)) < 0 for all t > 0, it follows that the limit . li? P(m(zo,t)) exists. Suppose by
—+o0

contradiction that

lim (m(xg,t)) =€ > 0. (6)

t——+oo

Now, we choose a sequence {t,}n>1 C Ry such that ¢, "2 450, Then

W (zo, b)) 25T 0.

Since {7 (z0,tn)}n>1 C B(A, §), which is compact, we may assume without loss of gener-
ality that

n—-+oo

m(zo,tn) — Y.

Then ¥(m(zo, tn)) "=5° 1h(y) and we conclude that y € 1»~1(¢) N B(A, €). Also, since

D(m (0, tn +1)) "7 Y(n(y, 1))

for each t > 0, we have 7(y, [0,400)) C ¥~ (¢). Then 7(y,[0,¢(y))) C ¢~ *(¢) but this
contradicts the fact that ¥(7(y,t)) < ¥(y) for all ¢ > 0 (because ¢'(7(y,t)) < 0 for all
t > 0). Therefore

~ t [ee]
V(T (w0, 1)) = Y(m (w0, 1)) 50 0.
Therefore, by Theorem 3.5, the equilibrium is a uniform 7w—attractor. By Theorem 3.14
in [7] the equilibrium is asymptotically 7—stable.

ExaMPLE 3.2. Consider the impulsive differential system

/ _ 3

r=—-ay+yz—x
Yy =z — Baz— vy’
2 = Oxy — 23
I:M = R?,

where «, 3,7v,0 > 0, Ba > 1 and the impulsive set M and the impulse function I sat-

-1
isfy hypotheses (H1) and (H2) of Section 3. Let A\; = min{l,a,(aﬂ)}, Ay =

0
-1 A
max 1,a,(aéo>} and A = )\—1 Suppose |[I(w)|| < VA|wl|| for all w € M and
2
(0,0,0) ¢ M. Then the equilibrium (0,0, 0) is uniform T—attractor and asymptotically

m—stable. In fact, since

(B —1)

7 2(0zy — 2%) <0,

a(—ay+yz — 2°) + ay(z — Brz —vy®) +
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for all (z,y,2) € R*\ {(0,0,0)}, the result follows by Example 3.1.
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