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1. INTRODUCTION

Involutions have attracted attention of several authors in a variety of contexts. We men-
tion the articles [6] and [10] where the classification of pairs of involutions is considered. It
is worth saying that dynamical systems governed by piecewise smooth vector fields have
found widespread application in recent years, from control theory and nonlinear oscilla-
tions to economics and biology. The motivation of the present work is their appearance
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2 SOLANGE MANCINI, MIRIAM MANOEL AND MARCO ANTONIO TEIXEIRA

in reversible dynamical systems. In particular, for discrete dynamical systems with a re-
versing symmetry and no nontrivial symmetries it is well known that this reversibility is
an involution ¢1. Also, the generating diffeomorphism F' of such a system is of the form
F = 1 0 g, with @9 being also an involution. References on reversibility and related
problems can be found in [4]. One question raised naturally here regards the problem of
local linearization around a fixed point; more specifically, the relation between the lin-
earization of a reversible germ of diffeomorphism and the simultaneous linearization of the
corresponding pair of involutions. Now, the simultaneous linearization of ¢; and s is a
sufficient condition for the linearization of @1 o po. We refer to [6, Subsection 8.2] for a
brief explanation on this topic. In [9] Teixeira proves that pairs of involutions on the plane
are simultaneously linearizable provided the composition is hyperbolic. In this case, the
fixed-point set of this composition reduces to a point. Here we extend this result for a
class in which the composition is normally hyperbolic (Definition 2.3), in whose situation
the fixed-point set can now be a local submanifold with positive dimension. This is one
of the three main results of this work. It is Theorem 2.1 and Section 4 is devoted to its
proof. Inside the class of normally hyperbolics, we also present a characterization of pairs
of involutions for the composition to be hyperbolic (Corollary 3.2).

The problem of simultaneous behavior of diffeomorphisms have leaded to several interest-
ing results in different settings. Among such results, we mention the Bochner-Montgomery
theorem (see [5]) which is a well-known and useful result about linearization of a compact
group of transformations around a fixed point. This theorem is preceded by a related
result by Cartan [1]. It then follows that an s-tuple of involutions generating an Abelian
group is simultaneously linearizable. In particular, any involution is linearizable, and in
Lemma 2.1 we shall explicit a special formula for this linearization. As a consequence, for
one involution the normal forms up to conjugacy are given as follows: it is either I or it is
equivalent to

(X1, oy Tn) = (—T1y oo, =X, Tog 1y oy Ty)s

when the codimension of its fixed-point submanifold equals £ # 0. Now, two involutions
with normally hyperbolic composition generate a non-Abelian group, generally noncom-
pact. In our setting, to establish a linearization result we consider a parametrized foliation
which is determined by the linear part of the composition at the origin. This, in turn,
restricted to each leaf is a hyperbolic linear isomorphism. The conjugacy is guaranteed by
Hartman’s lemma (see for example [7]) and derived from a particular case of a result by
Pugh and Schub given in [8] in the presence of the parameters (Lemma 4.1). Moreover,
some properties are imposed on the involutions. Transversality is assumed throughout and
each involution must respect the foliation in consideration. We then remark that, in our
setting, the subtle point is the derivation of the extension lemma (Lemma 4.2) for the pair
of involutions satisfying the conditions that appear in Hartman’s lemma.

In Section 3 we present the classification of pairs of linear involutions with normally
hyperbolic composition in the special case for which the fixed-point subspaces are in general
position. This classification is performed via linear conjugacy and the normal forms are
exhibited in Theorems 3.2 and 3.3. These are the other two of our main results. In the
deduction process of the normal forms, we have obtained a series of results that shown to
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LINEARIZATION OF PAIRS OF INVOLUTIONS 3

be very useful in the treatment of the nonlinear case, giving to this section a particular
importance besides the classification itself. We have chosen to present the pairs in their
matricial form. This is motivated by the fact that it provides a clear illustration that a pair
of transversal involutions with normally hyperbolic composition can be seen as a suspension
of a corresponding pair of involutions, defined on a vector space of lower dimension, whose
composition is hyperbolic.

2. THE LINEARIZATION THEOREM

DEeFINITION 2.1.  Let ¢ : (R",0) — (R™,0) be a germ of diffeomorphism. We say that
@ is an involution if pop = 1.

LEMMA 2.1. For any involution ¢ on (R",0), the germ of diffeomorphism h = %(I +
dp(0) o ) of (R™,0) is a conjugacy between ¢ and the germ of its linear part dp(0) at 0,
namely dp(0) = hopoh L.

Given a map-germ f : (R™,0) — (R",0), let 7(f) denote the fixed-point set of f,
F(f) = {z € (R",0): f(z) =z}

Using Lemma 2.1, for any involution ¢ on (R™ 0) we have that F(p) =
h=(F(dp(0))); hence, F(¢p) is locally diffeomorphic to the linear subspace F(dp(0)) of
R"™. Therefore, F(yp) is a submanifold in (R"™,0) such that ToF(¢) = F(de(0)), where
ToF(¢) denotes the tangent space to F(yp) at 0.

DEFINITION 2.2.  Two pairs (@1, p2) and (11, 1) of involutions on (R™,0) are said to
be (C°—equivalent) equivalent if there exists a germ of (homeomorphism) diffeomorphism
h of (R™,0) such that ¢; = ho ;o h™! fori=1,2.

Note that in the situation of Definition 2.2 the map-germ h satisfies
h(F(pi)) = F(hi), i =1,2.
Also, h is a conjugacy between @1 o o and 11 0 s :

Yot = ho(piopa)oh™.

As mentioned in the introduction, in this work we deal with the linearization problem
for a class of pairs of involutions whose composition is normally hyperbolic, according to
the following definition:

DEFINITION 2.3. Let f: (R",0) — (R™,0) be a germ of diffcomorphism, f # I.
Suppose that F(f) is a submanifold in (R™,0) and that dim F(f) = k. We say that f is
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4 SOLANGE MANCINI, MIRIAM MANOEL AND MARCO ANTONIO TEIXEIRA

normally hyperbolic if the spectrum of df (0) has, counting multiplicity, n — k elements out
of the unit circle S' c C.

Let us observe that if F(f) = {0} then the definition above reduces to the concept of
a hyperbolic germ of diffeomorphism. Corollary 3.2 characterizes the hyperbolic compo-
sition of involutions inside the class of normally hyperbolic germs of diffeomorphisms. If
dim F(f) = k > 0, then 1 is an eigenvalue of df(0) with same geometric and algebraic
multiplicities, equal to k; in addition, we get ToF(f) = F(df (0)). It then follows that df (0)
is a linear normally hyperbolic isomorphism provided f is.

We shall also require transversality of the two involutions, which we define next:
DEFINITION 2.4.  Given two involutions ¢1, 2 : (R™,0) — (R™,0), we say that ¢; and

9 are transversal if F(p1) and F(p2) are in general position at 0, i.e.,

R™ = Ty F(p1) + ToF(p2)- 1)

Under transversality of the involutions 1 and ¢ we remark that, up to equivalence, it
is no loss of generality to assume that the pair (1, p2) satisfies

]:(901) = }-(d@i(o))’ 1=1,2 (2)

in (R™,0). In fact, being 1 and @9 transversal, we can take a germ of diffeomorphism h
of (R™,0) such that h(F(y1)) and h(F(p2)) are linear submanifolds, that is, h linearizes
simultaneously the submanifolds F(¢1) and F(p2). If we now consider the pair of involu-
tions (¢1,2), where 9); = how;oh™1, i = 1,2, then we have that (¢1,15) is equivalent to

(1, p2) and
F(i) = F(dii(0)), i =1,2
in (R™,0).
Yet for the description of the structure of the class of pairs of involutions for which
our linearization theorem applies, we consider L : R — R" a linear normally hyperbolic
isomorphism and take the decomposition

R"=FE°® E" ¢ F(L), (3)

where E*° and E" are respectively the stable and unstable subspaces of L. Let
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LINEARIZATION OF PAIRS OF INVOLUTIONS 5
be the hyperbolic bundle automorphism covering the identity I, whose fibers are all equal
to B @ E“.

We are now in position to state the theorem:

THEOREM 2.1. Let (p1,¢92) be a pair of transversal involutions on (R™,0) such that
F(pi) = F(dpi(0)), i = 1,2, @1 0 s is normally hyperbolic and locally each @; respects
the fiber bundle in (4) for L = d(p1 0 ©2)(0). Then, this pair is C°-equivalent to (L1, Lo),
where L; = dp;(0), i=1,2.

Section 4 is devoted to the proof of the theorem above. Therein we shall also remark
about the grounds which the last hypothesis relies on.

3. CLASSIFICATION OF PAIRS (¢1,92) OF TRANSVERSAL LINEAR
INVOLUTIONS WITH ¢; o0 2 NORMALLY HYPERBOLIC

3.1. Preliminaries

We start with two general results concerning the composition of two linear involutions
that are essencial to all that follows. For L : R® — R" linear, we denote by A(L) the
antipodal subspace of L in R™ given by

A(L) = {z e R" : L(z) = —z}.
In the special case of a linear involution ¢ on R™, we have the composition
R" = F(p) @ Alp). (5)
PROPOSITION 3.1. Let @1, @2 be linear involutions on R™. The following equalities hold:
(a) Flerop2) = Flp1) NF(p2) ® Alp1) N Alp2),
(b) Alprop2) = Flp1) NA(p2) & A1) N F(p2).

Proof. Given x € R"™, having in mind the composition (5) for ¢;, i = 1,2, let y; =
(x + ¢i(z))/2 be the projection of z on F(y;) parallelly to A(p;). Since

x € F(p10p2) & p1(z) = pa(x),
we conclude that

zE€F(prope) &y = Yo,
which shows part (a) of the proposition. The proof of part (b) is analogous, observing that

r € A(p10p2) & @1(z) = —pa(x).
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6 SOLANGE MANCINI, MIRIAM MANOEL AND MARCO ANTONIO TEIXEIRA

COROLLARY 3.1. (of part (b) of Proposition 3.1) Let o1, @2 be linear involutions on R™.
If A1 0 @2) = {0}, then dim F(p1) = dim F(p2).

Proof. By hypothesis, F(p1) N A(p2) = {0}. So dim F(p1) + (n — dim F(p2)) =
dim(F(¢1) + A(p2)) < n, which implies that dim F(p;) < dim F(p2). We can now inter-

change ¢ and @2 to get dim F(p2) < dim F(¢p1). |

The following definition is the corresponding to Definition 2.2 for pairs of linear involu-
tions when the equivalence is realized by a linear isomorphism:

DEFINITION 3.1.  Let (¢1,p2) and (11,%2) be two pairs of linear involutions on R™.
We say that (¢1, @2) and (t1,1)2) are linearly equivalent if there exists a linear isomorphim
h:R™ — R" such that 1; = hop;oh™!, fori =1,2.

In the condition of the definition above, we have, in addition to h(F(y¢;)) = F(1;), that
A very useful result, with an immediate proof, is the following:
PROPOSITION 3.2. Two pairs (p1,p2) and (¥1,19) of linear involutions on R™ are lin-

early equivalent if, and only if, so are (—p1, —p2) and (=11, —1ba).

For two linear involutions (; and 5 on R"™, the transversality condition reduces to

R" = F(p1) + F(p2)- (6)

Remark 3. 1. Considering the composition ¢; o 2 normally hyperbolic, note that
if transversality fails for ¢; and 2 but A(p1) and A(ps) are in general position, then
it is still possible to obtain the normal form of the pair (¢1,p2) applying the results to
(—p1, —p2). This is a consequence of Proposition 3.2 and of the fact that

Fl=pi) = Algpi), i=1,2.

In certain dimensions, this provides the complete classification of pairs of linear involutions
with normally hyperbolic composition. These are precisely the cases for which the normal
hyperbolicity of ¢ o po implies that either F (1) and F(p2) or A(p1) and A(psz) are in
general position.

We end this subsection with two propositions. The first proposition gives normal forms
of pairs of transversal involutions and the other characterizes their equivalence classes.
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LINEARIZATION OF PAIRS OF INVOLUTIONS 7

PROPOSITION 3.3. Let o1, @2 be transversal linear involutions on R™. Let r = dim F (1)
and s = dim F(p2). Then (p1,p2) is linearly equivalent to a pair of involutions (11, 12)
such that F (1) is given by x1 = ... = Zp—p = 0 and F(2) bY Tp—pi1 = ... = Top—r_s =
0. Therefore, 11 and ¥y have matrices of the types

_Infr 0 Infr Bl
0 0
1/]1 = A2 Infs ’ ¢2 = 0 _Infs . (7)
AB 0 Ir+s—n 0 B3 Ir+s—n
Proof. Tt is a direct consequence of the transversality condition that (o1, ¢2) is linearly
equivalent to a pair (¢1,12) such that F (i) is given by z1 = ... = z,,—, = 0 and F(¢)2)
is given by xp—py1 = ... = Zop_r—s = 0. Then ¢ and 1, have matrices of the types
A1 0 I, | By
0 0
¢1 = A2 In—s y wQ = 0 By
A3 0 Ir+sfn 0 BS Ir+57n

Being 91 and 5 involutions, we have that

(a) A% = In—r (b) A2 + A2A1 = 0, A3 + A3A1 =0
(C) B% = In—s (d) Bl + BlBQ = O, Bg + 3332 =0.

We show now that (b) above implies that F(A;) = {0}, which, together with (a), gives

Ay = —I,_,. Then, let (z1,...,2,—) € F(A1). So

1/)1(1'1, ceey Ip—py 07 ) 0) = (xh ceey Ip—py AQ(Ila s 7xn—r)a A3(:C17 o 7In—r))-
From (b) we get that As(x1,...,2,—) = 0and Az(z1,...,2n—) = 0. Hence, (z1,...,2p—p,0,...
F (1), which implies that ; = ... = x,—, = 0. Therefore, F(A;) = {0} .

Analogously, using (¢) and (d) we get By = —I,,—5. |
The next proposition generalizes [6, Proposition 5.1], for pairs of linear involutions.

PROPOSITION 3.4. Let (¢1,%2) and (¥1,4) be pairs of transversal linear involutions on
R"™ with matrices as in (7):

*Infr 0 Infr Bl
0 0
wl = A2 I, s ¢2 0 —In_s
A3 0 Ir+s—n 0 B3 Ir+s—n
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8 SOLANGE MANCINI, MIRIAM MANOEL AND MARCO ANTONIO TEIXEIRA

and
*In—r 0 In—r Bi
0 0
¢/1 = A/Q I, ) % = 0 —1I s
Aé 0 Ir+s—n 0 Bé Ir-l—s—n

Then (11,12) and (Y1, 1)) are linearly equivalent if, and only if, there exists an invertible
matric

(Oél)n—r 0
0
H = 0 (a2)nfs
d 0 ﬂrﬁLsfn

such that

Abay = az A,
Biag = a1 By,
A/3a1 = —25 + ’)/AQ + ﬂAg

Béag = 631 — 2’}/ + 633

Proof. By a direct computation one shows that a linear isomorphism h : R" —
R" satisfies ¢) = ho; o h™!, i =1,2, if, and only if, h has matrix H as above. |

3.2. The classification

Let (41, 92) be a pair of linear involutions on R™, n > 2, such that ¢1 o @9 is a nor-
mally hyperbolic isomorphism. As mentioned in the introduction, it is direct from the
normal hyperbolicity of the composition that the group A = [p1, 2], generated by ¢ and
2, i1s non-Abelian, since, otherwise, @1 o w3 would be also an involution. In particular,
w1, 2 # I,—1I, hence

(NH1) 1 <dimF(p;) <n—1, i=1,2.
In addition, we also have that
(NH2) dim F(p1 0 p2) < n — 2;

(NH3) A(p; 0 p2) = {0}.
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By Corollary 3.1, (NH3) implies that dim F(p;) = dim F(¢2).

The next two lemmas are concerned with the classification of pairs of transversal linear

involutions on R™, n > 2, under the condition (NH3).

LEMMA 3.1. Let 1,2 be transversal linear involutions on R™ such that A(py o ps) =
{0}. Let r = dimF(p1) = dimF(p2). Then (v1,p2) is linearly equivalent to a pair
(11,12) such that ¥y and 1 have matrices of the following forms:

_In—r 0 In—r In—r
0 0
1/)1 - A2 Infr 5 '(/)2 - 0 *Infr (8)
0 B3 ]2'r7n

AS 0 ]2r7n
with As invertible.

Proof.  From Proposition 3.3, (¢1,@2) is linearly equivalent to a pair (11, 2) such that

1;1 and 15 have matrices of the forms

—I,—| O In | By
. . 0 3 0
wl - A2 Infr 5 ¢2 - 0 _Infr (9)
AS 0 127‘777, 0 BS I2r7n

Since A(p1 o pp) = {0}, then also A(¢); 0 10s) = {0} and, therefore, Ay and B; are

invertible.
Let h: R® — R™ be the linear isomorphism with matrix
Bt o
0
H = 0 [Lh_r
0 0 I2r7n

Considering the involutions 1, = ho ¢k~ and 1y = hoh™1, by transitivity (¢1,p2) is

linearly equivalent to (11,9), with 11 and 19 of the form 8. |
The next lemma, fundamental for the desired classification, is an immediate consequence

of Proposition 3.4.
Consider the pairs of transversal linear involutions (11,12) and (Y, v}),

LEMMA 3.2.
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10 SOLANGE MANCINI, MIRIAM MANOEL AND MARCO ANTONIO TEIXEIRA

—I,—| O In_v| In_r
0 0
= A In_y , Yy = 0 I,_,
A3 0 Igr_n O BS IZr—n
and
—I._.| 0 Ln_v| I
0 0
/(//1 = A/Q I’ﬂ—T 9 ¢é = 0 _In—r
Ag O 127«_” O Bé 127“—77,

Then the two pairs are linearly equivalent if, and only if, there exist invertible matrices
a€M(n—r)and 8 € M(2r —n) and matrices §,v € M((2r —n) x (n — 1)) such that

AIQ = OfAQOl71

ba = —20 + yAy + BAs (10)

Bla=§—2v+ 3Bs.

We are now in position to characterize the orbits of pairs (¢1,p2) of transversal linear
involutions such that the composition @1 o ¢s is normally hyperbolic. We first treat the
case when the composition is hyperbolic, and this is done in Subsection 3.3. We shall see
that for the other possibilities the forms are just suspensions of this case. Before we go into
that, we state necessary and sufficient conditions for that, among the normally hyperbolics,
the composition of the two involutions to be hyperbolic:

THEOREM 3.1. Let @1 and @2 be linear involutions on R™ with 1 o py normally hyper-
bolic. Then @1 o wo is hyperbolic if, and only if, n is even, @1 and po are transversal and
dim F(p1) = dim F(p2) = n/2.

Proof. First we notice that normal hyperbolicity of ¢ o ¢ implies that ¢, and ¢q are
transversal if, and only if, dim (F(p1)NF(p2)) = 2r—n, where r = dim F(¢1) = dimF (2).
If 1 0 g is hyperbolic, then F(p1 0 p2) = {0}. So by Proposition 3.1

Flp1) N F(p2) = Alpr) N Alp2) = {0}

Hence,

n > dim(]:(gol) + .7:(<,02)) = dim F (1) + dim F(pa) = 2r.
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LINEARIZATION OF PAIRS OF INVOLUTIONS 11

Now, replacing F(¢;) by A(p;), and recalling that dim A(y;) = n —r, i = 1,2, we get
n < 2r. Therefore, n = 2r.

For the converse, let n > 2 be an even integer number and ¢; and 9 transversal with
dim F(p1) = dim F(p2) = n/2 = r. From Lemma 3.1 the pair (1, ¢2) is linearly equivalent
to a pair (¢1, ¢2) such that ¢ and ¢o have matrices

~I,] 0 L] I, .
¢1 - A—‘Ir 9 ¢2 - W 9 ( )

with A invertible. From Lemma 3.2, the pair (¢1, ¢2) is linearly equivalent to a pair (¢, ¢5)

of the same type
) -1, ‘ 0 ) I. ‘ I,
1 = A’—\IT ;o ¢y = W

(A’ invertible) if, and only if, A and A’ are similar. So the matrix A can be considered in
its canonical Jordan form.
Now we observe that

dim F(p1 0 p2) = dimker(A —41I,.)
and that the characteristic polynomial of (1 o @9 is given by
Porogps (A) = det(N21, — A(A — 2I,.) + I,.). (12)

Yet from the normal hyperbolicity of @105, we cannot encounter 4 as an eigenvalue of A.
Otherwise, the algebraic multiplicity of 4 in the characteristic polynomial of A would con-
tribute with twice this number in the algebraic multiplicity of 1 in p,, oy, , Which can be eas-
ily seen by taking A in its Jordan form. This would imply that the algebraic and geometric
multiplicities of 1 in @1 0 o would be distinct, which contradicts the normal hyperbolicity.
But 4 not being an eigenvalue of A is equivalent to F(¢10p2) = {0}, which gives hyperbolic-

ity. 1
The theorem above, concerned with pairs of linear involutions, generalizes to nonlinear
pairs:

COROLLARY 3.2. Let @1 and po be involutions on (R™,0) with @1 o pa normally hyper-
bolic. Then 1 o g is hyperbolic if, and only if, n is even, w1 and @y are transversal and
dim F(p1) = dim F(p2) = n/2.

Proof. The proof follows directly from the previous theorem applied to the involutions
dp1(0) and dps(0), recalling that ToF(g) = F(dg(0)) when g is an involution or g is nor-

mally hyperbolic. |

3.3. The hyperbolic case
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12 SOLANGE MANCINI, MIRIAM MANOEL AND MARCO ANTONIO TEIXEIRA

Let 1 and @2 be linear involutions on R™ such that ¢; o @9 is hyperbolic. By Theo-
rem 3.1, n is even, @1 and @9 are transversal and dim F(¢1) = dim F(p2) = n/2 (= 7).
Also, (p1,¢2) is linearly equivalent to a pair (¢1,¢2) as in (11), with A invertible. As
already observed in the proof of Theorem 3.1, the pair (¢1,¢2) is linearly equivalent to
a pair (¢}, ¢5) of the same type if, and only if, the corresponding matrices A and A’ are
similar. Therefore, in the hyperbolic case, the classification of pairs envolves the classifi-
cation of r X r invertible matrices by similarity. The study shall then proceed considering
the matrices A in their Jordan form with an analysis of which of them lead to hyperbolic
compositions.

Hence, it remains to investigate the spectrum of A such that (12) does not have roots
on S!' ¢ C. But this is a simple calculation and all the discussion above can now be
summarized in the following theorem:

THEOREM 3.2. Let 1 and @2 be linear involutions on R™ such that o1 0ps is hyperbolic
and r = dim F(p1) = dim F(p2) = n/2. Then, the pair (p1,p2) is linearly equivalent to a

pair (¢1, ¢2),
—I.]0 I | I, 3
P11 = A—\Ir , 02 = m (13)

for some invertible matriz A such that its possible real eigenvalues £ satisfy & < 0 or & > 4,
with no restrictions on occurrence of non-real eigenvalues.

We end this subsection presenting the explicit classification relatively to Theorem 3.2
for n = 2,4.

e The case n = 2. Here dim F(p1) = dim F(p2) = 1 and tr(p; o p2) > 2 or < —2. The
normal form for the pair (@1, p2) is give by (¢1, ¢2),

-1 0 1 1
$1 = <2+tr(<plo<pg)l>’ $2 = (O —1>'

We remark that this normal form can also be obtained directly from the classification that
appears in [6, Theorem 6.2], as follows. First, the group Afe1, ¢2] generated by ¢; and
(2 is non-Abelian. Also, since A(yp1 0 ¢2) = {0}, then F(p1) N A(p2) = {0}, which is the
same as Im(pg — I) # F(p1), for Im(pg — I) = A(p2).

e The case n = 4. Here dim F(¢1) = dim F(p2) = 2. The normal form of the pair is
presented by taking the order-2 matrix A in (13) in its Jordan form, which can be obtained
via the original pair (¢1, p2) as follows. First, we observe that the characteristic polynomial
of A is given by

pa(A) = A — (tr(1 0 2) + 4)X + det(p1 0 2 + Iy).

Now, if A has a real eigenvalue £ with algebraic multiplicity 2, in order to decide between
the two possible Jordan forms of A, we use the fact that for both cases the characteristic
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LINEARIZATION OF PAIRS OF INVOLUTIONS 13

polynomial of the composition ¢; o ¢ is

Pyiop, (/\) = q2(>‘)’

with ¢g(A) = A2 — (¢ — 2)A + 1. The geometric multiplicity of ¢ is 2 if ¢ is the minimal
polynomial of 1 0 9, and 1 otherwise.

3.4. The general case
Let 1,2 be transversal involutions on R™, n > 2, with ¢; o @3 normally hyperbolic
and r = dim F(p1) = dim F(p2). The transversality and the normal hyperbolicity imply
that n/2 < r <n — 1. Moreover, from Lemma 3.1, (1, ¢2) is linearly equivalent to a pair
(11,19) such that 11 and ¥ have matrices

L 0 In_v| Ly
0 0
1/)1 = Ay I, y ’(/)2 = 0 —L_,
AS 0 127"771 0 B3 I2r7n

for a certain invertible matrix A,. Let us put

. Ln—r| In—r
h=\— 2= |—]
A2 ‘Infr 0 ‘ _Infr
We then have that
dim F(¢1 o ¢2) = dimker(As — 41,,_,),
2r —n < dim F(p1 0 2) < dim F(¢1 0 ¢2) + (2r — n)
and that the characteristic polynomial of p; o @5 is given by
Ppiops ()‘) = (>‘ - 1)2T_np¢10¢2 ()‘)
=A=12""det(N21,_, — MN(As — 2L, ) + I,_,).

Now, the discussion of the preceding subsection allows us to conclude that, since 1 o @2
is normally hyperbolic, 4 is not eigenvalue of As. Furthermore, 4 not being an eigenvalue
of A is the same as saying that dim F (¢ o ¢2) = 0, which gives

dim F(p1 0 @2) = 2r —n. (14)

Let us remark that with the pre-normal form (1,12) of the pair (1, ¢2) in hand, we
have a characterization for normal hyperbolicity condition. More precisely, the fact that
1 0 9 is normally hyperbolic is equivalent to ¢1 o ¢ being hyperbolic.
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14 SOLANGE MANCINI, MIRIAM MANOEL AND MARCO ANTONIO TEIXEIRA

It is then natural to ask whether A3 and B3 can be taken to be the zero matrices in the
pre-normal form. Our next aim is to show that in fact they can; therefore, as mentioned
previously, considering the decomposition R™ = R2("~") x R?"~" the forms t; and 15 in
the present case are just suspensions of the forms ¢; and ¢, in R*"~"),

We now turn to Lemma 3.2. In view of the relations (10), we proceed as follows. For
a € M(n —r) a fixed invertible matrix, let

Lo : M((2r—n)x(n—r))xM((2r—n)x(n—r)) = M((2r—n)x(n—r))xM((2r—n)x(n—r))
be the linear operator defined by
La(5,7) = ((-20+yA2)a™", (8 —2y)a™").

For each 8 € M(2r — n) invertible, let v,g denote the pair of matrices in M ((2r —n) x
(n —r)) given by

Vog = (BAga_l, BBga_l).

Hence, (1,%2) and (3],%) are linearly equivalent if, and only if, Ay, = adsa™! and
(A3, B3) € Im(7,,, o Ly) for some a € M(n — r) invertible and for some g € M (2r — n)
also invertible, where 7,_, is the translation in the vqg-direction on M((2r —n) x (n —
r)) X M((2r —n) x (n—r)).

Returning to our purposes, since 4 is not an eigenvalue of Ay, we have that L, is an
isomorphism. So

oLy) = Im(Ly) = M((2r—n)x (n—1r)) x M((2r —n) x (n—71))
for any .

Then (¢1,19) and (¢¥],1}) are linearly equivalent if, and only if, (¢1,d2) and (¢, ¢5)
are linearly equivalent, where

¢ . _In—r‘ 0 ¢ . In—r‘ In—r
b A2 ‘In—r , : 0 ‘*In—r
, S , Ln—v| In—r
L T A R T I b

Hence, according to the above, we can in fact take A3 = B3 = 0 in our initial form.
Therefore, we have established the following classification result:

and

THEOREM 3.3. Let 1,y be transversal linear involutions on R™, n > 2, with p1 o @9
normally hyperbolic and let r = dim F(p1) = dim F(p2). Then n/2 < r < n —1 and the
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pair (p1,p2) is linearly equivalent to a pair (1,12) such that ¥y and Y9 have matrices

_In—r 0 In—r In—r
0 0
wl = A Iy, s ’(/}2 = 0 —In_y s
0 0 |Iop—p 0 0 |Iop—n

with the submatrices

_Inf'r‘ ‘ 0 Inf'r ‘ Infr
o= |————|, ¢2 = S EErE—
A | Iy 0 |—In-y
in the conditions of Theorem 3.2.

We now apply Theorem 3.3 to present the explicit classification of pairs in certain specific
dimensions:

en>3andr=n-1

We first notice that in these dimensions the transversality is an implicit property from the
normal hyperbolicity. We have that tr(¢1 o w2) > n or < n — 4, and the normal form for
the pair (¢1, @2) is given by the pair (11, s),

with a =4 —n 4+ tr(pg o p2).
en>3andr=1

Here, the transversality fails for ¢; and . However, with Remark 3.1 in mind, we

observe that the pair (—¢71, —p2) is under the conditions of the case above and, therefore,

the normal form of the pair (¢1,p2) is given by (—t1, —tbs) with ¢ and 5 as in (15).
en>bandr=n-—2

For such dimensions, transversality may not occur. Hence, we assume this condition to
apply Theorem 3.3. Therefore, the normal form of transversal pairs is given by (¢, 12),

—13] 0 L Iy
0 0
1/)1 = A 12 ; 1/12 = 0 _]2 ; (16)
0 O 171,—4 O O In—4
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16 SOLANGE MANCINI, MIRIAM MANOEL AND MARCO ANTONIO TEIXEIRA

where A is a Jordan matrix that can be taken in terms of the original pair (1, @2) in the
way that has been done in the end of subsection 3.3 for dimension 4, with appropriate
adaptations for the dimensions considered here.

Remark 3. 2. For linear involutions ¢; and s such as in the beginning of this section,
we conclude from equality (14) that

F(p10p2) = F(p1) N F(p2), (17)

since the intersection also has dimension 2r — n. This is precisely what Proposition 3.1(a)
reduces to under transversality and normal hyperbolicity.

Moreover, this result generalizes provided ¢; and ¢y are transversal involutions on
(R™,0) with normally hyperbolic composition. In fact, we can assume

F(pi) = F(dpi(0), i=1,2

in (R™,0). Hence, locally we have

F(p1) N F(p2) = F(d(p1 0 92)(0)) = ToF (1 0 p2),

where the first equality is obtained from (17). So F(¢1) N F(yp2) is a submanifold of
F(p1 0 p2) of same dimension and, therefore, F(p1 0 v2) = F(p1) N F(p2) in (R™,0).

4. THE PROOF OF THE LINEARIZATION THEOREM

In this section we prove Theorem 2.1. We start with a remark about the grounds for the
last hypothesis of this theorem. When ¢, and ¢, are linear, this assumption is already a
consequence of the normal hyperbolicity of the composition ¢ o po. In fact, in this case,
either of them takes the stable subspace E*(p1 0 ¢2) of ¢1 0 @9 to the unstable subspace
E*(p1 0 pq), and vice-versa, so leaving the sum E*(¢1 0 p3) ® E*(p1 0 ) invariant. Also,
from (17), we have

Flprop2) = F(p1) N Flpa) € Flpi). i=1,2.

Before we go into the proof itself, we need two lemmas.

Let CP(R™) denote the space of bounded continuous mappings R” — R™. The first
lemma is a particular case of the assertion that appears in [8, Theorem 2.1], for the hyper-
bolic bundle automorphism (4):

LEMMA 4.1. Let L : R® — R"™ be a linear normally hyperbolic isomorphism. There
ezists € > 0 such that if g € Cp(R™) has Lipschitz constant bounded by €, L+ g covers the
identity I : F(L) — F(L) and F(L + g) 2 F(L), then there is a unique homeomorphim
h:R™ = R" also covering I : F(L) — F(L), of the form h = I+n, withn € Cp(R™) and
Ny =0, which is a conjugacy between L + g and L.
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LEMMA 4.2. Let (p1,p2) be a pair of involutions on (R™,0) under the assumptions of
Theorem 2.1. Given € > 0, there exist involutory extensions @1,p2 : R — R"™ of @1, @2
in such a way that 1 0 2 = d(p1 0 p2)(0) + g, where g € CP(R™) has Lipschitz constant
bounded by €, ¢1 0 Qo covers the identity I : F(d(p1 o v2)(0)) — F(d(p1 o v2)(0)) and
F(@10@2) 2 Fd(p1 0 92)(0)).

Proof. The extension process for each involution ¢;, i = 1,2, is the same. In a neigh-
bourhood V; of the origin we take the C'° coordinate system h; defined by h; = I + k;,
where k; = 1(dg;(0) o ¢; — I). We then have that dk;(0) = 0 and, by Lemma 2.1,
p; = h;l o dp;(0) o h;. For any §; > 0, the neighbourhood V; can be considered in such a
way that k; has Lipschitz constant equal to J;.

Since locally each ¢; respects the fiber bundle in (4) for L = d(¢1 o ¢2)(0) and dy;(0)
has also this property, it follows that the image of k; is a subset of £° @& E*. Moreover, k;
vanishes on F(y;), for F(p;) = F(dp;(0)) by hypothesis. We now consider B[0,7;] C V;
be the closed ball with center at the origin and ratio r; > 0 and define K; : R® — R"™ by

ki(x), lz]| <7
Ki(x) =
ki(rigay),  Mall > ri

K is a bounded C°?—extension of k;, which is zero on F(d;(0)) and have Lipschitz constant
equal to 26;. Taking §; < 1/2, we have that K; is a contraction, so H; = [ + K; is a
homeomorphism on R™ by the perturbation of the identity theorem. Its inverse is written
as Hi_1 = I+ K;, with K; = —K; o Hi_l, and so K; € C’g(R"). Furthermore, K; is
Lipschitzian with Lipschitz constant 2§;/(1 — 24;).

Next we define

@i = H; " odp;(0) o H;,

which is obviously of the form @; = dy;(0) + g;, with dg;(0) = 0, and satisfies @; o @; = I.
In addition, we can compute g; to get

gi = dip;i(0) o K; + K; 0 dip;(0) o H,. (18)

Hence, g; € CP (R™).
Now, 41 0 g2 = d(p1 0 ¢2)(0) + g, where
g =dp1(0) 0 g2 + g1 0 2.

It then follows that g is bounded and, based on (18), for a given € we choose ¢; and s so
that g is Lipschitzian with Lipschitz constant bounded by e.

Yet, it is easy to see that each @;, i = 1,2, covers the identity I : F(d(p1 0 ¢2)(0)) —
F(d(p1 0 92)(0)), so does @1 o @a. Finally, since

F(2:) = Hi(F(dp;(0)) = F(dpi(0)),
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18 SOLANGE MANCINI, MIRIAM MANOEL AND MARCO ANTONIO TEIXEIRA

then

F(@10@2) 2 F(p1) N F(p2) = F(d(1(0)) N F(d(p2(0)) = F(d(p1 0 2)(0)).
|

Proof of Theorem 2.1. Let € > 0 be as in Lemma 4.1 for L = L o Ly. Given this €, we
can take involutory extensions ¢; and @5 of @1 and @9 as in the proof of Lemma 4.2.

The composition @1 o go = Ly 0 Ly + g is in the hypothesis of Lemma 4.1. Hence, there
exists a unique homeomorphism h : R™ — R"™ covering the identity I : F(Ly o Ly) —
F(Ly o Ly), of the form h = I +n, with n € CP(R") and n|#(r,01,) = 0, which is a
conjugacy between ¢ o @3 and L o Lo, i.e.,

hO((ﬂlo(ﬁg)Oh_l =L10L2. (19)
The last step is to show that h realizes the desired C%-equivalence. From (19) we have
Li(hogrogaoh ™)oL =Lyo Ly, (20)

then,
(Lioho@y)o(gaop)o(Liohod) ™t = LyoLy.

Hence, the homeomorphism L, o ho ¢ is a conjugacy between 3 0 @1 and Lo o Ly and,
therefore, between 7 o o and Ly o Ls. But Lj o h o satisfies the same other conditions
of h described above. By uniqueness, this implies that

h=1Liohog,

that is,
Li=hog oh !
In the same way

L2:h0g520h71.
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