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In this paper we conclude the analysis started in [3] and continued in [4]
concerning the behavior of the asymptotic dynamics of a dissipative reactions
diffusion equation in a dumbbell domain as the channel shrinks to a line seg-
ment. In [3], we have established an appropriate functional analytic framework
to address this problem and we have shown the continuity of the set of equi-
libria. In [4], we have analyzed the behavior of the limitting problem. In this
paper we show that the attractors are upper semicontinuous and, moreover,
if all equilibria of the limitting problem are hyperbolic, then they are lower
semicontinuous and therfore, continuous. The continuity is obtained in LP and
H' norms.  October, 2008 ICMC-USP

1. INTRODUCTION

We conclude in this paper the analysis started in [3] and continued in [4] concerning
the asymptotic dynamics of a dissipative reaction diffusion equation and its dependence
on the physical domain when the domain undergoes a singular perturbation given by the
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242 J. ARRIETA, A. CARVALHO AND G. LOZADA-CRUZ

dumbbell type perturbation of domain. We refer to the introduction in [3] for a broad
perspective of the problem.
We consider an equation of the type

w—Au+u=f(u) z€f

0 1.1

au_ 0, x € 0N, (1.1)

on
where Q. € RY, N > 2 and € € (0,1], is a typical dumbbell domain consisting of two
disconnected domains, that we will denote by €2, joined by a thin channel, R., which
degenerates to a line segment as the parameter ¢ approaches zero, see Figure 1. We refer
to [3] Section 2, for a complete and rigorous definition of the dumbbell domain that we are
considering. We would like to mention that the channels R, we consider are rather general
and that they are not cylindrical in general.

FIG. 1. Dumbbell domain

The limit “domain” will consist of the open set 2 and the line segment Ry, that without
loss of generality we may assume that Ry = {(z,0,...,0): 0 < 2 < 1}, see Figure 2 of [4].
The limit equation is given by

w—Aw+w=f(w), z€Q, t>0
ow
%—0, z € 0N
(1.2)
1
v — g(ng)w +v=f@), zec(0,1)

v(0) = w(Fy), v(1) = w(Pr)

where w is a function that lives in €2, v lives in the line segment Ry and Py, P; are the
points where the line segment touches the boundary of 2. Observe that the boundary
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conditions of v in (0,1) are given in terms of a continuity condition, so that the whole
function (w,v) is continuous in the junction of © and Ry. The function g is related to
the geometry of the channel R, more exactly, on the way the channel R, collapses to the
segment line Ry, see [3].

In [3] we developed an appropriate functional setting to treat this singular perturbation
problem. We constructed the family of spaces UP, 0 < € < 1, in €2, which is the space

LP(Q).) with the norm
P P 1 P
luellgy = [ Tul” + x= [ = luel”.
Q R

€

We showed that the appropriate limit space should be Uy = LP(Q) & Lb(0,1), that is
(w,v) € U} if we LP(Q), v € LP(0,1) and the norm is given by

1
Il = [ o+ [ gl
Q 0

We studied in [3] the convergence of the set of equilibria in this spaces. In fact, if A, :
D(A.) C UP — U? is given by Ac(u) = —Autufor 0 < e < 1,and Ay : D(Ag) C Uy — U¥
is given by Ag(w,v) = (—Au+u, —%(gvx)x +v) and studied the convergence properties of
A1 to Ayt see Proposition 2.7 of [3]. Moreover, considering the equilibria of (1.1) and
(1.2) as fixed points of the nonlinear maps A-'o F, : UP — UP and of Ay o Fy: U} — U
respectively, for the appropriate nonlinearities, we showed the convergence of the equilibria
see Theorem 2.3 of [3]. Also, in case the equilibrium of the limit problem (1.2) is hyperbolic,
we proved the convergence of the linearizations around the equilibria and the convergence
of the linear unstable manifolds. In [4] we studied in detail the properties of the limit
problem in terms of generation of nonlinear semigroups, existence of attractors and their
characterizations in terms of the unstable manifold of equilibria.

As we mentioned in the introduction of [3], our final objective is to compare the whole
dynamics of problems (1.1) and (1.2), that is, to compare the attractors of both problems
and we proposed an agenda to prove the continuity of the attractors which was based in
a deep and thorough study of the linear part of the problems; that is, on the study of
the convergence properties of the resolvent operators. This agenda was established in the
introduction of [3] and consisted of six items. The first three were covered in [3].

In this paper we conclude the analysis by completing the last three items of the agenda.
We show that the convergence of the resolvent operators A7 to Ay ! we obtain the con-
vergence of the linear semigroups. With the variation of constants formula we show the
convergence of the nonlinear semigroups, from which the upper semicontinuity of the at-
tractors follows easily. This is done in a very similar manner as in [2].

Finally, if all the equilibria are hyperbolic, with the convergence of the equilibria and
of its linear unstable manifolds, we show the convergence of the local nonlinear unstable
manifolds of equilibria. Using the gradient-like structure of the limiting equation we prove
lower semicontinuity (and therefore the continuity) of the attractors.

Next, we describe contents of the paper. In Section 2 we recall the general setting of the
problem and state the main results of this paper; that is, the upper and lower semicontinuity
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244 J. ARRIETA, A. CARVALHO AND G. LOZADA-CRUZ

of the attractors. In Section 3 we obtain the estimates of the linear resolvent operators
associated to the evolution problem. We also obtain certain rates of convergence of the
equilibria of the system. Based in the resolvent estimates obtained in Section 3, we analyze
in Section 4 the convergence of the linear semigroups. In Section 5 we obtain the continuity
of the nonlinear semigroups and the upper semicontinuity of the attractors. In Section 6
and under the assumption that all equilibria of the limit problem is hyperbolic we prove the
continuity properties of the local unstable manifold which is the key to show the continuity
of the attractors. Finally in Section 7 we analyze the continuity properties of the attractors
in other norms.

Acknowledgement. We thank Antonio L. Pereira for several helpful comments on the
estimates of sections 3 and 4.

Special dedication. The question of the continuity of attractors for reaction-diffusion
equations in dumbbell domains, that is addressed in [3, 4] and in the present paper, was
proposed initially by Jack K. Hale and a big amount of the ideas explored in the three
articles came from him. The three authors are specially indebted for his permanent support
and motivation and would like to dedicate this work to him in his 80th anniversary.

2. SETTING OF THE PROBLEM AND MAIN RESULTS

The setting is the same as the one we established initially in [3]. We recall several of the
important points.

In order to compare the asymptotic dynamics of (1.1) and (1.2) we need to introduce an
adequate functional analytic framework for such comparison.

Consider the spaces U? and U] defined in the Introduction, see also [3]. Let 0 < e < 1
and let A, : D(A.) CUP — UP, 1 < p < 0o, be the linear operator defined by

D(Ac) ={u e W?P(Q) : Au € UP, du/dn =0 in 6},

(2.1)
Acu=—Au+u, ue D(A).
Also, for p > %, let Ao : D(Ap) C UJ — U{ be the operator defined by
1,
Aofw,0) = (= At w,—— (gv') +v), (w,) € D(4o), (2.2)

where
D(Ap) ={(w,v) €U}
we D(AR), (gv") € LP(0,1),v(0) =w(Py),v(1) =w(Py)}
where A% is the Laplace operator with homogeneous Neumann boundary conditions in
LP(Q) with D(A) = {u € W2P(Q) : 2% = 0 in 6Q}.

We note that, for p > % we have that D(A%) is continuously embedded in C(€2). This
tells us that the functions in D(A$) have well defined traces at Py and P.
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Recall that we have defined the operator M, : UP — UJ, as follows

Ve (2), z€N

Ve = (Meype)(2) = (2.3)

1
ﬁ qu)(Z,y)dya z € (03 1)7
€ Iz

where T'Z = {y: (z,y) € R.}. It is easy to see, from Fubini-Tonelli Theorem and Holder
inequality, that M, is a well defined bounded linear operator with || M|z vr) = 1.

For the spaces UP and U} defined as above we consider the extension operators E. :
Ul — UP as

_ Jw(z), z€Q
Ee(w,v)(x) = { v(s), (s,y) € Re.

It is very easy to see that ||E.(w,v)|

vr = [[(w, 0)[lug-

The operator A. generates an analytic semigroup {e?<! : t > 0} on UP whereas, from the
results in [4], the operator Ay generates a singular semigroup in U} that we will denote by
{e=Aot 1 ¢ > 0}.

We rewrite (1.1) and (1.2) in the abstract form

Ue + Actte = fe(ue)
{ ue(0) = u§ € UP (2:4)

and
U+ Agu = fo(u)
L™ 25)

With respect to the nonlinearity f, we will assume that

(i) f:R — Risa C? function,

(i1) 1F ()| + |/ (w)] + | (w)] < Cy for all u € R
See Remark 2.2 of [3] to see how to proceed for more general nonlinearities.

Associated to problems (2.4) and (2.5), there are nonlinear semigroups {T¢(t) : t > 0}
in U? and a nonlinear singular semigroup {Tp(t) : ¢ > 0} in UJ, with p > N/2, which have
compact global attractors A C UP and Ay C UJ respectively (see [4]). In general, the
attractors lie in more regular spaces and in particular, from comparison arguments, they

lie in U2 and U§°. We will also denote by & and & the set of equilibria of (1.1) and (1.2),
respectively, that is e, € &, if Acec = fe(ee) and ey € & if Ageg = fo(eo).

The following concept of E-convergence has been proved to be very appropriate when
dealing with sequences of functions in different spaces, see [13, 6, 3].

DEeFINITION 2.1. We say that a sequence {ue}se(O,l]v ue € UP, E.—converges to ug € U}

if [Jue — Eeuol|yp =90, We write this as U £, ug.-
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246 J. ARRIETA, A. CARVALHO AND G. LOZADA-CRUZ

This notion of convergence can be extended to sets in the following manner (see [6]).

DEFINITION 2.2. Let A. C UP, € € [0,1] and Ay = A C U}. Denote by dist(-,-) the

€

metric induced by the norm in U?, € € [0, 1], i.e. dist(ue,ve) = ||ue — ve||pr-

1. We say that the family of sets {Ac}ccjo,1) is Ee-upper semicontinuous at € = 0 if

e—0

sup,, ¢ 4, dist(ue, E.A) — 0.
2. We say that the family of sets {Ac}ccpo,1] is Ee-lower semicontinuous at e = 0 if

e—0

sup, ¢ 4 dist(Eeu, Ac) — 0.

REMARK 2.1. In order to show the upper or lower semicontinuity of sets, the following
characterizations are usefull

1. If any sequence {u.} with u. € A has a E.-convergent subsequence with limit be-
longing to A, then {A.} is E.-upper semicontinuous at zero.

2. If A is compact and for any u € A there is a sequence {uc} with u. € A, which
E.-converges to u, then {A.} is E.-lower semicontinuous at zero.

With all this concepts in mind, our main result is the following,

THEOREM 2.1.  The family of attractors {Ac}ec(o,1) is Ec-upper semicontinuous at € = 0
in UP for every 1 < p < 0.

Moreover, if every equilibria of the limit problem is hyperbolic, then the family of attrac-
tors is also Ec.-lower semicontinuous at € = 0 in UP for every 1 < p < oo.

REMARK 2.2.  Observe that once the statement of Theorem 2.1 is shown for a particular
p > 1, then from the boundedness of the attractors in U2 and U§®, it will also be proved
forall 1 <p < oo.

Now consider the spaces U}? = W12(Q) @ WH2(R,) with the norm

1
HUeH?]em = Jlucllfyrz) + 6Ni,l||ue||%v1=2(Re) (2.6)

and Uy? = W2(Q) @ W2(0,1) with the norm

1
I, 0 = ol + [ oloel® + ).

Observe that the spaces U2 do not coincide algebraically with the spaces W12(£,) since
we are allowing the functions of U2 to be discontinuous at 9Q N OR,.
We also prove that
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THEOREM 2.2. The family of attractors {Ac}ecpo1] is Ee- upper semicontinuous at € = 0
in UL2.

Moreover, if every equilibria of the limit problem is hyperbolic, then the family of attrac-
tors is also E.- lower semicontinuous at € =0 in U61’2.

3. RATE OF CONVERGENCE OF EQUILIBRIA AND OF RESOLVENT
OPERATORS

In this section we study the convergence properties of the resolvent operators of the linear
elliptic operators A., 0 < € < 1 as ¢ — 0. We will also need to analyze the convergence
properties of the operators A, + V. where V. are potentials. Moreover, we will be able to
obtain some rates of convergence of the equilibria of the system.

3.1. Rate of convergence of resolvent operators: The case of a fixed potential

Consider a complex potential Vy = (Vq,Vg,) € Ug°. Often, we write Vg for E.Vy €
L>(£). Consider also the operator in £(LP(£2,)) and in £(U}) which is the multiplication
by the potential V. We denote this operator again by Vp, that is, Vp(u.) = (EVp)ue = Voue
and Vp(w,v) = (Vow, Vr,v).

Let us assume that Reo(Ag + Vo) = 6 > 0. It follows from the results in [3] that, for all
suitably small €, Reo (A + Vo) = 6 > 0.

The operator A, + Vj is sectorial and the following estimate holds

IO+ Ac+ Vo) e o)) <

|)\|+1, for A€ 3y, (31)

where X9 = {A € C: |arg(\)| < 7 =0}, 0 < § < § and C is a constant that does not
depend on ¢, although it depends on p and blows up as p — oo. This estimate follows
from the fact that the localization of the numerical range in the complex plane can be done
independently of €, see [12].

We know that, for any 0 < € < 1, the operator A, + Vp is a sectorial operator in U? and
the following result holds

LEMMA 3.1. For any linear bounded operator J : LP(Q¢) — LP(§).) we have

—N+41
3

Il zwry < Il 2eeoy,ur) <€ (BAVIEZIGR)) (3.2)

Proof: The proof of this result follows immediately from the norm estimate

—N+1
I lloz < e 7|1 llzeo)- (3.3)
which follows directly from the definition of the norm in UP. [ ]
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In particular, from Lemma 3.1 and from estimate (3.1), we have that for all A € ¥y

—N41
€

Cvr—,
[A| +1

I+ Ac + Vo) Hlgwry < IO+ Ae + Vo) Hlgpran)vr) < (3.4)

for \ € Xy.
As for the limit problem, from [4], we have the following result.

PropPosITION 3.1. The operator Ag + Vo defined by (2.2) has the following properties

i) D(Ag + Vo) is dense in U},

it) Ao+ Vp is a closed operator,

1i1) Ag + Vo has compact resolvent and

iv) Ap+ Vo : D(Ag + Vo) C UY — UE is such that, p(Ag + Vi) D Eg where 3y = {\ €
C:larg(\)|<m—0},0<0<Z, and forp>q> &,

_ C

[(A+ Ao + Vo) 1||L(U§,U§) < e+ 1 (3.5)
1 C

[(A+ Ao+ Vo) lcse) < B (3.6)

C

—1
A+ Ao+ Vo) llewsevp) < DESE (3.7)
foreach0<a<1—2ﬂq—%(%—%)<1 and A € Xy.

v) If By is the realization of Ag in C(Q)® L (0,1) we have that By is a sectorial operator
in C(Q) @ Lb(0,1) with compact resolvent. Therefore —By generates an analytic semigroup
e Bt in C(Q) & LF(0,1).

The following result is crucial to the remaining results in this section and to the whole
program of the paper.

PROPOSITION 3.2. There is a constant C independent of € such that, for 2 < ¢ < oo and
p>N,

||Ae_1fe - EeAalMefEHHl(Q)EBHl(Rg) < CEN/2 HfEHUf (38)
HAe_lfe - EeAalMEfGHL‘Z(Qe) < C€N/q ||f6||U£- (39>

||A;1fe - Eer_lMefeHw < Cel/que‘

Uf' (310)
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Proof: The first inequality, (3.8) was proved in Proposition A. 8 in [3]. This estimate
is the key estimate for [3] and also for the complete analysis we are performing in the
dumbbell domains.

Observe that in particular, from (3.8), we obtain that

HAe_lfe - EeAalMEfEHLZ(QG) < CEN/z ||fe||U§’ (3~11)
From [3, Lemma A.11], for p > N/2 we have

IAZ! fell L= () < CIISe]

Ur- (3.12)
Also, if p > N/2, ||Ag ' M fell L= @)1= (0,1) < Cl|MecfellLr(@)@rr(0,1) then
|EAG ' Mcfel| 0.y < Cllfellue- (3.13)

which implies that
”Ae_lfe_EEA(;lMefe”LOO(Qe) < CHfEHUf- (3-14)

For q > 2, (3.9) follows interpolating between (3.11) and (3.14).
Estimate (3.10) follows from (3.9) and the norm estimate (3.3). [

To obtain the resolvent convergence of A, + V; we strongly use the previous result and
the following uniform (with respect to €) estimate.

LEMMA 3.2. If Vi is such that (Ag + Vi) is invertible, for p > %, we have

| Ee(Ao + Vo) M|l zury < C (3.15)
and, for each p > %, there is a constant C, independent of €, such that

I1Ec(Ao + Vo) ™" Mell 2 (e (00 < C. (3.16)

Proof: Statement (3.15) follows from [|Ec|[ s vr) = [[Mel|cwr,ury =1 (see [3]) and
from Proposition 3.1.
For (3.16) we proceed as follows. Let f. € LP(2.) and u, = (we,ve) = (Ao + Vo) "M, fe,
then
_Awe + we + VQ(J?)’LUE = .fe7 Qy
ow,
=0, 900
on ’
1
7; (g(ve)s)s + ve + VRO(S)Ue = M.fe, (07 1)

0e(0) = we(FPo), ve(l) = we(Py).
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Since p > %7 we have that
|wellr@) < Cllfellzr@) and |Jwello@) < Cllfellzr(o)-
In particular |we(Po)| + |we(P1)| < C || fellpr(q)- Also
lvellLro,1) < lwe(Po)| + |we(Pr)| + [[Mefell Lo (0,1)
and

N-1
HEGUGHLTJ(RF):6 P ””e”LP(O,l)
b=1 N-1
<e 7 (Jwe(Po)| + [we(P)]) + €7 | Mefell e (0,1
|we(FPo)| + [we(Pr)| + || fell Lo (r.)

<
< C|lfellzr .-

where we have used that || Mcfe|[1r0,1) < e | fell L (r.)- The proof is now complete. B

The next two lemmas are resolvent identities which allow us (together with the previ-
ous lemma) to transfer information from the resolvent convergence of A, to the resolvent
convergence of A, + Vj.

LEMMA 3.3. If (Ao + Vo) and (Ac + Vo) are both invertible the following identity holds

(Ae + ‘/0)71 - EE(AO + VO)ilMe

I B B (3.17)
= [T — (A + Vo) Vo (AZY — B AG M)[I — EVo(Ag + Vo)~ M,

Proof: Let us first prove the following expression, which is an expresion as operators
in LP(£,).
(A7 — ELAG'M)(I — EVo(Ag + Vo) ' M) =

-1 —1 1 (318)
= (I + A7 Vo) (Ac + Vo) ™4 = Ec(Ao + Vo) "L My).

Using that Vo(Ag + Vo)™! = I — Ag(Ag + Vo)~! and expanding the left hand side of
(3.18) we have
(A7' = BAAGIM)(I — EVo(Ag+ Vo) ' M) = A7 — ATYE V(A + Vo) ™M,
— B AG'M 4+ EAGN (I — Ag(Ag + Vo) ™M,
= A7t = ATTEVy (Ao + Vo) M. — Ec(Ag + Vo) M.
On the other hand, using that A_7! = (I + AZ'V)(Ac + Vo) ™! and expanding the right
hand side of (3.18), we have
I+ A7'Vo)((Ae + Vo) ™! = Ec(Ag + Vo) ' M)
= A7 B (A + Vo) 'M, — AT EVy(Ag + Vo) M...
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which shows that they both coincide.
Since (I — (Ac + Vo)™ 'WVo)(I + AZ1Vy) = I, the lemma is proved. [

In a very similar way we also have,
LEMMA 3.4. If (Ao + Vo) and (Ac + Vo) are both invertible, the following identity holds

(Ae + Vb)il - EE(AO + %)71M€ -

B 3 ) B (3.19)
[[—B.(Ao+Vo) " WVoMJ(AZ = B. Ay M) - Vo (Ae + Vo) ~Y].

Proof: The proof is similar to the one provided for the previous lemma. [ ]

We are now ready to prove the main results of this section

PRrROPOSITION 3.3. If (Ag+ Vo) is invertible, then for p,q > N and f. € UP, the following
estimate,

H(Ae =+ VO)ilfe - Ee(AO + VO)ilMefeHL‘?(Qe) < CEN/q||fs|

where C' depends on ||(Ao + Vo)™ | cwr.ury and on |[Vol| L, but not on € or fe.

Proof: Let us start pointing out that if (Ag 4+ Vo) is invertible, from [3] we also have
that (Ae 4+ Vo) is invertible for e small enough. Hence (3.20) makes sense.
Adding and subtracting the appropriate term in (3.17) we have:

(Ae + ‘/0)_1 _EE(AO + %)_1M5 - (_(Ae + VO)_1+E€(AO + ‘/E))_lMe)‘/O
o(A7' — EAG'M)(I — VoE(Ag + Vo) ' M,)
+(I—E(Ag + Vo) "M V) (A —E AT M) (I—VoE(Ag + Vo) "1 M,).

Let us first estimate
Oc = (Ac + Vo) ' = Ec(Ag + Vo) "' M.) o V(AT — B AG M) (I — VoE (Ao + Vo)~ M,).
Note that, from inequality (3.10) and (3.9) we have that

JA7Y = E A Mcl| e vy

< CeYP and
|4 = BAG M| ez Lo, < Ce

N/aq_

Since
Vollzzaanyy < ClVollzee(a.) and [[Vollzwzy < ClIVollz<(.),
it follows from (3.15) that

1Ocll ez, rago.) < CeVP(Ac + Vo)™ — Ee(Ao + Vo) ™ M|l cur La(o.))-
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where C' = C(||Vo|£=(q.)) is independent of e. Choosing ¢y such that CellP < 1, for all
€ € [0, €], we have that

[(Ae + Vo)™ = Ec(Ao + Vo) " Mc|l e ooy
< 2([(I = Ec(Ag + Vo) " MVo)ll o)
AT = B AT M) | e pa@opll(I — VoEe(Ao + Vo) ™ Mol £(paca.))-

Now, from (3.15) and (3.16) there is a constant C, independent of ¢, such that

(I = VoEe(Ao + Vo) ™' M)l ey < 14 CllVoll e (a)
(I = Ec(Ao + Vo) "M Vo)l 2oy < 1+ ClVoll=(a.)

Therefore, using (3.9),
[(Ae + Vo)™ = Ec(Ao + Vo) ' Mcl| e paga.yy < C N9,

where the constant C' does depends on ||Vy|| L (q.). This shows the proposition. [

3.2. Rate of convergence of resolvent operators: The case of a varying
potential

We are going to study now the convergence properties of resolvent operators of the form
(Ac + W)™t to (Ag + Wy) ™1, where W, will converge to Wy in a sense to be specified.
We need to perform this study since we want to compare the resolvent operators of the
linearizations around equilibria. Hence, we will have a family of equilibria u} which will
converge to an equilibria of the limitting problem u§ and we will need to consider the
operators A, — f'(u}) and Ay — f'(ug) and analyze the convergence properties of their
resolvent.

Having this in mind, let us consider the following setting for the potentials,

(H) V. € L™(Q), Vo = (Va, Vr,) € U§° be two potentials which satisfy that [V.], |[Vo| <
a for some a > 0 and such that for N < ¢ < co we have

N+1
e 1 ||Ve=EVo|pe,) —0, ase—0 (3.21)

Denote by W, = V. 4a, Wy = Vo+a = (Vo+a, Vg, +a) so that W, and W, are positive and
they also satisfy an estimate like (3.21) substituting V. and Vy by W, and W) respectively.

As we did in Subsection 3.1, let us identify the potentials W, Wy with their corresponding
multiplication operators.

With this notation and writing A, = A. + W,, we have that the operator A. is sectorial
and the following estimate holds

IO+ A) ™ erny) < for e Xy, (3.22)

Al +1°
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where Y9 = {A € C: |arg(\)| < 7 — 0}, 0 < § < § and C is a constant that does not
depend on € (that follows form the fact that the localization of the numerical range in the
complex plane can be done independently of €), however it depends on p and blows up as
p — 00, see [12].

We know that, for any 1 > € > 0, the operator A. is a sectorial operator in U? and the
following result holds

LEMMA 3.5. For all A € ¥y we have that

—N+1
_ _ € »
1A+ A ewey < N+ M)l zzr@n)vry < C|)\| 1 (3.23)
Proof: It follows immediately from (3.22) and from Lemma 3.1. [

The following result follows easily from the properties of resolvent operators. It is crucial

to obtain convergence properties for resolvent operators from the convergence properties
of A7 to Ayt

LEMMA 3.6. As an immediate consequence of (3.5), (3.6) and (3.7), there is a constant
C’suchthat,forallAeEg,p>q>% and0<a<1—ﬂ—%(l—l)<1

2q q p
_ C
[ Ee(A+ Ao) 1Me||L(U§,U5) < W7 (3.24)
C
_1 _
[Ee(A+ Ao)™ " Mell zic@.),0.) < N+ (3.25)
and

IEA 4 Ao) ™ Mcll 2c@.y,vm) < C (3.26)

where C is a constant that does not depend in €.

We have now the following key result, which is analogous to Proposition 3.2 and Propo-
sition 3.3

PRrROPOSITION 3.4. Forp,q > N and f. € UP we have
_ _ N
”Ae 1f6 - EeAO 1M€f6HL‘1(QE) < C(e 7+ HWE - EGWOMGHL‘I(QE)) ”fe”Ué’ (3-27)

with C independent of € and f..

Proof. Let f. € UP and let ue = A7 f. = (Ac + W.)71f.. Consider the auxiliary
function, @, = (Ac + EFWy) "1 f., ie.,
—-A € € We e — Je QE?
{ uau—i— ue + Weu f (3.28)
o =0, 09Q..
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7A~e ~e Wi Ne = Jes Qea
e + e + Wotle =/, (3.29)
e =0, 09Q..
From comparison results, it is easy to see that |G| < @ where
{—Aue tae =fd,
Ou. —
S =0, 09Q..
Applying Lemma A.11 of [3], we have that
el (@) < Cllfellyr  forp > N/2 (3.30)

which implies

el @) < Cllfelluz-

Next, observe that
Ue = (Ae + EEWO)ilfs + (Ae + EEWO)il(EeWO - We)ue

and
ug = (Ag + Wo) ' M. f..
Hence,
e = Beug|l oo,y < [[(Ae + EWo) ™" — Ec(Ao + Wo) ™ M fell oo,
+ [[(Ac+EWo) ' (We—EWo)uel La(a.)
< (e + [We = EWol o)) fe

(%)

where we have used (3.20) and the fact that that there is a constant C', independent of €

and of ¢ € [1, 00], such that [|(Ac + Wo) ™| £(ra(a,)) < C. This shows the lemma. |
As an immediate corollary, we have

COROLLARY 3.1. For p,q > N we have

N

e ATt — E6A51M6||L(U£7Lq(Q€)) —0ase—0. (3.31)

Proof. We just need to apply the previous proposition and hypothesis (H). [ ]

Now consider a compact subset K of the complex plane which is contained in the resolvent
set of the operator Ag. Let ¢(K) be a positive constant such that

sup [[(A 4+ o) ™l wr vpy < e(K).
AEK
Also, let Yo :={z € C : |arg(z)| < m — 0}, for 0 < 0 < 7/2.
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PROPOSITION 3.5. For p,q > N, there exists a constant C = C(K,0), a number ¢; > 0
and a function n(e) — 0 as € — 0 such that for each A € K UXy and 0 < € < ¢y we have

_Na _ _ a
€T [A+A) T = Ec(A+A0) T Ml cur, Laga.y) SCn(e) L+ A", (3.32)

whereO<a<1—%<1

Proof: Observe first that the spectrum of the operators A. and Ag are subsets of
[1,+00). Hence, if A € Xy both (A+A¢)~! and (A+Ag) ™! make perfect sense for 0 < € < €.
Moreover, by the compact convergence of A7! — Ag 1. the convergence of W, — W,
and since H(A—I—Ao)’lHﬁ(U&Ug) = (A +W +A0)71”L(U(§’,U”) < ¢(K) for each A € K which
is a compact set in C, we have that (A + A + V,) and (A + A + Vi) are invertible for
0<e<e and XA € Ag and [|[(A+ Ae)_1||£(U§7U§) < ¢(K), for some constant ¢(K) and for

all A € K. If this is not the case, then we could get a sequence of ¢, — 0 and \,, — Ae K
such that ||(A, + Aen)*1||L(U5,U5) — +o00. But this is in contradiction with the compact
convergence of (A, + A, )71 to (A + Ag)~!, see Lemma 4.7 of [3].

Hence, with this argument and with (3.22) and (3.24) we obtain

INA+A) ooy <C, for A€ KU, (3.33)
[EAN 4 Ao) ™ M|l r pry S C(L+ A7), for A€ KUYy, (3.34)
with 0 < o < 1 — & < 1. Applying Lemma 3.3 with A¢ and ) instead of Ay and Vj,

2p
applying the appropriate norms, we have

A+ A = Ec(A+ M) " Mcll cu pagay)
<+ A+ A) oo AT - EeAglMeHuug,mmE))

1[I = B+ Mo) ™ M|l cory (3.35)

< C(l + |)‘|1_Q)HA5_1 - EeAalMeH

LUP,LI(Qe))

<CET (14 A )n(e)

where 7(e) = e |AZY — EEA51M€H£(U§>7LQ(QE)) — 0 as € — 0 by Corollary 3.1. This
proves the proposition. ]

REMARK 3.1. The results of Proposition 3.5 also hold for the operator A, instead of
A, that is with W, = Wy = 0.

COROLLARY 3.2. In the conditions of Proposition 3.5, we have the following estimates,
IO+ A0 = B+ Ao) " Ml ey < C (LA n(e),  (3.36)
1A+ A) e wsy < CA+AT) (3.37)
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Proof: To prove (3.36) we apply ¢ @ || - ez, Loy < I lewerve) to (3.32). To
prove (3.37) we just use (3.36) and (3.24), to obtain

C

—— <O+ N,
g S+

I+ A) ™ e way < CQ+IAT)n(e)

as we wanted to show. [ |

These results play a fundamental role on the convergence of the linear semigroups for
it will ensure the uniform convergence of the integrals defining them and will allow us to
pass to the limit.

3.3. Rate of convergence of hyperbolic equilibria and of its linearizations

In this Subsection we will obtain certain rates of convergence of hyperbolic equilibria
which, besides being interesting by themselves, they show that if we consider the potentials
Ve = —f(uf), Vo = —f'(uf) then hypothesis (H) from Subsection 3.2 is satisfied, with
a = sup{|f’(s)| : s € R}. This in turn will imply that if we define A, = A — f'(uf) + a
and Ag = Ag — f'(uf) + a, then we can apply all the results from Subsection 3.2 to this
case.

PROPOSITION 3.6. Let uf be a hyperbolic equilibrium for (1.2) and (from the results in
[3]) let u¥ be the sequence of hyperbolic equilibria for (1.1) satisfying that u’ E-converges
to uyy. Then, for ¢ > N, we have

N
q

l[ue = Eeuglra(o) < Ce (3.38)
and

_N—l % «
€ 7 |luf — Feug

vr — 0, ase—0. (3.39)

Proof Let u§ = (w§,v$) be a hyperbolic equilibrium point for (1.2) and u; an equilib-

rium point for (1.1) with [[uf — Eeuf||yr = 0. For Vo(x) = — f'(uf(x)), we write
ul = (A + Vo) TH(f(uf) + Voup) and ug = (Ao + Vo) ™1 (f(ug) + Voug).
Hence, taking norms in L(Q)), we get

uf — Bl Log) = |(Ae + Vo)~ (F(u?) + Vour) — Ee(Ag + Vo)~ (f(ud) + Vous) | Lace)
<A+ Vo)™ = Be(Ag + Vo) " 'M.) (f(ul) + Vou?) |l Lace)
o 1Ee(Ao -+ Vo) ™ Mo [ (up) = Vour = Ec(f(u5) + VoM Ectg)| 2o e
< C M f(ug) + Voul | Laa.y
[ Be(Ao + Vo) T M[f(uf) = Bef (u§) = Vo(us = Bl zaey
< C M4 || E(Ag + Vo) ™ Meze| Lo(ey-
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where z. = f(u}) — f(uf) + Vo (uf —uf) and we have used Proposition 3.3, the boundedness
of f’ and that u* is also bounded in the sup norm uniformly in e.
We have

fug (@) = fug () + f'(Beug(2)) (uf (z) — Eeug(x))]
/(2 () = [ (Beug ()] (uf (z) — Beug ()]

where x*(z) = 0(x)ul(xz) + (1 — 0(z))Ecuf(z) and 0 < O(z) < 1, = € Q..
Using that | f/(-)| < C we have,

lzellLr @) < Cllug = Eeugllr), V1< 7 < +o0.

Also,

Ls(Q) ”ue - Eeu()HLt(Q), - = 3 + -

zellLr (@) < 17O (@) = '/ (Beug ()]

But

1" (xE () = ' (Beug (@)l L= o)
1/ (xE () = ' (Beug (@)l ()

N //\ //\

C
Clix: (x)) — Eeus(2)[| (o)
Cllug — EeUSHLl(Q)-

Hence, using interpolation
/(2 @) = [ (Bewg(2)) | Loy < Cllul — Eeugl|15g-
So
el < Cllut — Beug| e I — Eauglecey < Cllut — By |55,
But if we define w, = E.(Ag + B) "' M.z, we know from (3.16) that

|lwellLaa) < C|l2e||Lr (o) for somer < q.

1 1 1 1 1 1
Hence we can choose — = -+ - (t=¢,— =—-—->0). So
r s q s r o q

1

— * * 1+%_’
1Ee(Ao + B) ™' Mezell Lae) < Cllzellzr(e) < Cllug = ugll o) *

Hence

4+1-

1
luf = ugllzogy < CeM + Cllud = ugll o) *
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Since we know that [|u} — ugl/Lao) — 0 (since ||uf — ugllypr — 0 as € — 0) then
|uf — ullpa) < C€N/4, which shows the first statement of the lemma. For the second
one, we just realize that

N— N—1

)=o),

-

g — gl Loy + 1 = ugllzacry < OV + Cole

That is,

e Jlur = ugl| Lae,) — Oase — 0.
]

COROLLARY 3.3. In the conditions of Proposition 3.6, if we denote by V. = —f'(u¥),
Vo = —f'(u) and a = sup{|f'(s)|; s € R}, then hypothesis (H) from Subsection 3.2 is
satisfied. Hence, all the results of that Subsection can be applyed to the case where the
potentials are given by Ve = —f'(u}) and Vo = —f'(uf).

Proof: Just observe that
Ve = EVollzaay = I (uf) = Ecf'(ug)llLa(a.)
N-—-1

<Nz @ lluf = EcugllLaa,) = oe )

which shows the result. [ ]

4. CONVERGENCE OF LINEAR SEMIGROUPS

In this section we analyze the convergence properties of the linear semigroups generated
by the operators A, + V¢, Ag + V where the potentials V¢, Vj satisfy hypothesis (H) from
Subsection 3.2. Later on we will be interested in applying the results from this section to
the semigroups generated by A, Ag and also by A, — f'(uZ) and Ag — f'(ug), where u,
u? are hyperbolic equilibria of the perturbed and limit problem respectively.

We will keep the notation from previous sections and we will denote by W, = V. +a > 0,
Wy = Vo + a = 0, (see hypothesis (H)) and the operators A, = A. + W, Ag = Ag + Wh.

As we have already seen in [4], the operators —Ag, —(A4p + Vp) and —Ag do not gen-
erate strongly continuous semigroups in UJ. Nonetheless they generate certain singular
semigroups as we briefly recall.

Let ¥ = {A € C: |arg(\)| < 7—0},0 < < T and let T' be the boundary of ¥y oriented
such that the imaginary part grows as A runs in I'. Notice that the semigroups generated
by —Ag and by —(A4g + Vp) are related by a multiplicative factor of the form e%.

Proceeding as in [4] we define

1 _
Mot — [ M (N4 Ag) N, >0, 4.1
N = o [Ty (41)

Then, e~ ot satisfies the semigroup properties but strong continuity fails at t = 0 for
data which are not sufficiently smooth. Nonetheless, several of the properties of analytic
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semigroup will still hold for sufficiently regular data. We say that {e~%°f : ¢+ > 0} is the
semigroup generated by —Ay and do not make any allusion to continuity. We refer to [4]
for a detailed study of the semigroup generated by —Ag.

In what follows we recall some simple properties of the semigroup {e~"°¢ : ¢ > 0} that
we will employed later in this paper.

The next result investigates the singularity of {E.e 0*M, : ¢t > 0} at t = 0 in L(UP).
Its proof is a consequence of Proposition 3.5 and (4.1).

LemMMA 4.1. For anyp > ¢ > & and for 0 < a < l—ﬂ—l(é—%) < 1, there is a
constant C, independent of €, such that

[Bee™ " Mu|gr < Ct* Hullya, t>0, ueUY, (4.2)

and

|Ece " Meu|pr < Cllullye, t>0, ueU®. (4.3)

From Lemma 3.5 it follows that, —A. generates an analytic semigroup {e‘Aft > O}
in UP given by
1 _
P — / M A+A)THdN, >0, (4.4)
271 T

where I' C p(—A,) is the boundary of ¥y} oriented such that the imaginary part grows as
A runs in I'. Note that T is independent of e. It follows from (3.22), (3.23) and (4.4) that
the following estimates hold

le= 2 wllpy < Ce fwlpp, >0, weU?, (4.5)
le™ wl ) < Cllwlir,y, ¢ >0, we LP(9), (4.6)

and
le ™ wllgr < Cllulluz, ¢ >0, we U™, (4.7)

for some constant C' > 0 that does not depend on e, that is, the linear semigroup e’ is

bounded, uniformly in €, in L£(L?(€2)) into itself.

We analyze now the convergence properties of the semigroups. To accomplish this task
we will use extensively the resolvent estimates of the previous section applied to the integral
expression of the semigroup.

ProrosITION 4.1. For p,q > N large enough, we have
He(AEJrVE)t _ Eee(AoJrVo)tMe”E(Uf’Ug) < C Pty -p(e), t>0. (4.8)
Where 8 € R, v < 1 and the function p(e) — 0 as ¢ — 0.
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Proof: Observe first that e (ActVolt _ F e~ (AotVO)t N — eat(e=Act _ B e—Not ),

so that it is sufficient to prove an estimate of the type (4.8) for the difference e=<t —
E.e Motpr.
Hence,
1
et _ B e Mot = 7 /((/\ + AT = E.(A 4 Ag) "M )eMd. (4.9)
)
r
Applying Proposition 3.5, we have
-l 7A5t—E 7A0tM < g 141A 1—o\| At d\l -
€ 7 |e € llzwr,Lagay) < o (I [e™] n(e)

r
<Ot (o).

which implies
le™ " — Bce ™ M| cup wsy < Ct= 37 - n(e).

On the other hand, by comparison (maximum principle) we have

le™ " — Bee ™ M || goey < [le™ 2 poe) + | Bee™ M M| gy < C.

which implies, using that || - [z < [ - [[ree,
le™ " — Eee™ ' Mc|| £y sy < C.
Interpolation shows that (see [7, Theorem 6.27])
le=Ae — EeefAOtMEHK(UgyUg) < Ot79C=) 0 (e),

where p < p < 0o and 0 < 6 < 1. Taking 6 small we can get (2 — a) < 1.
That is

e — EeeiAOtMGH[:(Uf,U;‘) <Ct 7 (e, v< 1.
Hence, if we define p(e) = n(€)?, we have

[le(ActVerr — Eee(AOJrV")tMeHL(U?,US) = e™|leht — Bce ™M M| popr
< Ce™7 - ple)
which shows the result with p(e) = n(e)? and 8 = a. [ ]

Let us consider now a real number b with the property that there exists a § > 0, small,
such that [b — 6,0 + 8] N o(—(Ag + Vo)) = 0. That is, the spectrum of the operator
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—(Ap + Vo), which is all real, is divided in two parts, 03“ which is above b+ ¢ and it is
a finite set and o which is below b — § and it is an infinite set (a sequence that goes to
—00). From the continuity properties of the spectrum, (see [3]) we have that for e small
enough [b—8,b+ 8] No(—(Ac+ V.)) = 0 and the spectra of —(A + V.), which is also real,
is divided in two parts o, above b+ d and o_, below b — §. Moreover, we can choose a
fixed closed curve I'” C {z € C: Re(2) > b+ §} which encloses o for all 0 < € < ¢ for
some €y small. Moreover, we denote by I',;” = {z € C : arg(z — (b — §)) = 7 — 6} for some
0<0<m/2.

We decompose U? using the projection

T 2mi

QF =Q(o)) = ! / (A + Ac+ Vo)~ HdA. (4.10)
ry

PROPOSITION 4.2. For p,q > N large enough, we have that there are constants C > 0,
v < 1, independent of € and a function p(e), with p(e) — 0 as € — 0, such that fort >0

le™AFVIUT — Qo)) = Ece™ oI — Qo)) Me|| cwp vy < C ™t - ple) (4.11)

| Be™ (Aot (1 — Qo)) Mdll e vy < C et (4.12)
lle=AFVIUT — Qo)) cwr vay < C et (4.13)
Proof: We have

e AtV (T — Qo)) = 2% /()\ + Ag + Vo(z)) "t MdA.
r,

Plugging norms and using estimate (3.5) we get

1 |6>\t‘
—(Ao+Volt (7 _ + =
e~ - QU Dl < |57 | T
Ly
and elementary integration shows
[e“o YT — Qo )l e vy < Celt ™ (4.14)

which shows (4.12) with v = a.
In a similar way,

e WAV — Qo) — Bee™ WU — Q(of ) M. =

1
= /((A b A+ V@)t = B+ Ao + Vo(a) " M,)eMdA.
ry
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So

[le”AHVIUT = Qo)) — Ece™ oYU — Qo)) Mellrr sy <

1
o /Ie“III(AJrAeJrVe(:v))‘l—EE(A+A0+%(w))‘1Me)Hc<U:,Ug>dA
r,
1
< —/\e’\t|(1+|)\\1_°‘)d)\~77(e)d)\
27
r,

< %ebttf(Zfa) . 77(6),

where we have applied Proposition 3.5. Therefore,

le= AV IUT-Q(0f )~ Eee™ N (I-Q (o)) Mell w02y < C et~ n(e). (4.15)

This estimate does not show yet the proposition since the exponent 2 — a > 1. We will
do an interpolation argument to conclude with the correct estimate. For this, let us see
now that Q(o) : UP — UP satisfies [|Q(0 )| zr,ury < C independent of e. To see this,
just observe that

Qoh) = L / A+ A+ V) ta.
ry

T 2mi

Applying now the estimate of Propostion 3.5, we obtain that
A+ Ae + Vo) Ml ewr vry < C

for A € I';) and with C independent of €. From this last expresion and using the bounded-
ness of T';” we get [|Q(o )| zwr,ury < C, forall 0 <e < 1.

Moreover, for the limit semigroup and for 0 < ¢ < 1, we obtain from (4.14)
[Ece™ Aot YUT — Qo)) Mc|| e way < Ot
Hence for 0 < ¢t < 1, we get that
le™AHYIT — QoD cwe wey < e AtV | zwr ey (L + QN cwe ury)
and
le= AVl — Bem(AotVOM || £ e oy + | Bee™ AoVl M| £ e oy < C(¢77 70T,
where we are using the bounds given by Proposition 4.1.
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Hence, for 0 <t <1
e ANV T Qo)) — Bee AT —Q(o ) Mc|| (vp oy <CET, (4.16)

where ¥ = max{v,1 — a}.
Interpolating (4.15) and (4.16) we obtain, for 0 < ¢ < 1,

le™AHYIT — Qo)) — Bee™ AoVOUT — Qo)) M| cr s

_ _ 4.17
< (C«t—(2—a) .n(e))e(C«t—ﬂ/)l—é < Ct—(2—a)9—(1—9)’y,’7(€)97 ( )
where we have used that e’ < C for 0 < ¢ < 1. Choosing 8 > 0 small enough so that
(2—a)f+ (1 —6)y < 1, we obtain the estimate for 0 < ¢ < 1.

Now for ¢ > 1, from (4.15) we get

le= AV — Qo)) — Bee™ MotV 0(L — Q(o)) Mel| v vy < Ce™(e).

Putting together both estimates, we prove (4.11). To prove (4.13) we just use (4.11) and
(4.12). This concludes the proof of the proposition. [ |
We also have

COROLLARY 4.1. For the case V. = Vo =0 and with b € (—1,0) a fixzed number, we have
that Q(cr) =0 for € small enough and we have

||€7A€t — EeefA(’tMGHE(Ug’Ug) <Cebt. p(e).

REMARK 4.1. Observe that we can consider the case where Vo = —f/(ug), Ve = —f/(u})
with uf and v} hyperbolic equilibria satisfying u* converging to ug (see [3]). In this case,
we can always apply Proposition 4.2 with b < 0, a number dividing the spectrum among
the stable part, that is with negative real part, and the unstable spectrum, that is with

positive real part.
Let us conclude the section with the following useful unifom estimates of the semigroup
on the linear unstable manifold

PROPOSITION 4.3. There are constants C > 1 and 3 > 0 such that

le™AHVIQE| £ o pry < CePt, £ <0 (4.18)

Proof: Observe that

e*<A<+Ve>tQj:/ M+ Ac+ Vo)l
T+
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Using (3.37) and noticing that the curve I't is bounded, we have
e 4G ey < €| [ M| < o
which shows the result. u

5. CONTINITY OF NONLINEAR SEMIGROUPS AND UPPER
SEMICONTINUITY OF ATTRACTORS

Now that we have obtained in the previous section the continuity of linear semigroups we
proceed to obtain the continuity of nonlinear semigroups using the Variation of Constants
Formula. After we obtain the continuity of nonlinear semigroups we will proceed to obtain
the upper semicontinuity of the family of attractors {A. : € € [0,1]}.

To this end we will follow the ideas in [1] that relate the continuity of the linear semi-
groups with the continuity of the nonlinear semigroups for dissipative parabolic equations
by using the variation of constants formula. This in turn will imply the upper semiconti-
nuity of the attractors and the stationary states.

For € € [0,1], let {T.(t) : ¢ > 0} be the semigroups defined in UP by the variation of
constants formula

t
T (t,ue) = e Aty +/ e_Af(t_s)fe(Te(s,ue))ds. (1)
0

We will show the following result

PROPOSITION 5.1.  There exists a 0 < v < 1 and a function c(e) with c(e) %0 such
that, for each T > 0 we have

ITe(t, ue) — ETo(t, Meue)|lyr < M(7)c(e)t™, t € (0,7], ue € A, (2)

€ € (0,€e9]. Moreover, the family of attractors {A. : € € [0, €]} is upper semicontinuous at
e =0 1in U?P, in the sense that

€

sup [ inf {||ue — E€u0||Up}} —0, ase—0 (3)
U €A uo€Ao ¢

Also, if E. denotes the set of stationary states (2.4), € € [0,¢€g], then {&. : € € [0,€]} is
upper semicontinuous at € = 0 in UP; that is,

sup | inf {Jluf = Eculluz}| =0, ase—0 )
0

u*€€, ug€

Proof: To prove this result we follow [1, 6]. Notice that the nonlinear semigroups T (¢)
are given by (1). Hence, estimating Te(t,u.) — E.Tp(t, Mcu.) and with some elementary
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computations we obtain

HTE(t,ue) — ETo(t, Mc“é)HUE” < ”e_AEtue - Eée_AOtMEUEHUf

t
+/ | (e‘A‘t — Ege_AOtMe) fe(Te(s,ue))|lyr ds
0
t
+/0 HEeeiAOt(Méfe(Te(saue)) - fO(TO(SaMeUE)))”Uf ds,

€ € [0, ¢o]. Note that
t
/0 | Eee™ 89 (M, fu(Tu(5,u0)) — fo(To(5, Meue))) s ds
t
= A ||E667A0t(M€fe(Te(57ue)) - MeEEfO(TO(SaMEUe)))”Uf ds

=/0 |Bee™ " Me(fe(Te(s, ue)) — fe(BeTo(s, Meue)))|lur ds

where we have used that M. F. = I and that f.(F.u) = E.fo(u). Applying now Corollary
4.1 and Lemma 4.1 we have, for 0 <t < 7,

||T€(t,u6) - EETO(t»MEUe)HUé’ < Cebtt_’yp(f)”ue‘lUf
t
+Cple) [ (¢8I ST 5,0 o
0
t
+ C/ (t— s)”‘*1||T€(s,ue) — E.Ty(s, Mcue) || pr
0

But since we have uniform bounds in L™ (€.) of all the attractors, the first two terms in
the above inequality can be bounded by Cp(e)t~7. The result now follows applying the
singular Gronwall’s lemma (see [10]).

To show the uppersemicontinuity of the attractors A., we notice first that by the uniform
L (€,) bounds of the attractors we have

U MA

0<e<gep

is a bounded set in U§°. Hence, by the attractivity properties of Ay, for a fixed n > 0 there
exists a time 7 > 0 such that

distuy (To(r)(Mepe), Ao )= inf [ To(r) (Mep) =¢llug <n,¥pe €A, €10,
PEA 0
which implies that
distyr (EeTO(T)(MEgoE), EEAO) <0, Yoo € Ae, €€ [0, €.
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Applying now the convergence of the nonlinear semigroups (2) with ¢ = 7, we have that
there exists a e such that for 0 < € < €1, we have

Te(7, pe) = ETo(1, Mepe) lyr <1, Ve €A, 0<e< @
which implies
disty» (Ts(ﬂ @E),EeAO) <n, VoA, 0<e<e
The invariance of the attractor under the flow given by T¢, implies that
dist» <<,067 EG.AO) <n, Vo.€eA, 0<e<¢

which implies (3).

The upper semicontinuity of the equilibria was already obtained in [3]. ]
REMARK 5.1. Observe that Proposition 5.1 proves the upper semicontinuity part of
Theorem 2.1.

6. CONTINUITY OF LOCAL UNSTABLE MANIFOLDS AND OF
ATTRACTORS

We already know that, if all equilibrium points of (2.5), which is the abstract version of
(1.2) are hyperbolic then they are all isolated and there is only a finite number of them,
say & = {ep, -+ ,em}. In this case, we also know that there is an ey > 0 such that the
set of equilibria of (2.4), which is the abstract version of (1.1), & = {el,---,e™} for all

0 <e< e and el £, el for 1 < i < m (see Theorem 2.3 of [3]). Moreover, we also know
that the linear unstable manifolds associated to e$ converge to the linear unstable manifold

of €5, see Theorem 2.5 of [3]. For each e/ € &, € € [0,1], we define its unstable manifold

W (el) = {n. € UP there is a backward solution wu.(t,7.)
through 7, such that u.(t,n.) — e/ as t — —oo}.

and its d-local unstable manifold as
Wit(el) = W(el) N B(el,6) = {u € W*(el); ||u— €llly» < 6}

These definitions are standard and we refer to [8] for further properties of local unstable
manifolds.

In this section we show that the local unstable manifolds of e/, for j = 1,...,m fixed,
behaves continuously with € in UP.

PROPOSITION 6.1. Assume that ey € &y is hyperbolic; that is, 0 ¢ o(Ag + f'(eo)I). By
[3, Theorem 5.8 and Example 5.9], there are 6 > 0 and €y such that, there is a unique
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ee € E with ||ec — Eceollyr < 6, for all 0 < € < €g. Then, there is 6 > 0 such that

distyr (Wi (ee), EW(eo)) + distyr (B Wi (eo), Wi(ee)) 30
that is,

sup inf  |Jue — Ecugllyr +  sup inf |lue — Eeuol|yr %0
u €W (e, ) uoEW;' (uo) ug EWH (ug) we €W (ec)

Before proving this result, let us see how we can proceed to give a proof of our main
result, Theorem 2.1.

Proof of Theorem 2.1: The upper-semicontinuity has already been proved in Proposition
5.1 from Section 5. Observe that to obtain the upper-semicontinuity of the attractors, we
have used the continuity of the nonlinear semigroups, but no gradient structure of the flows
have been used.

To obtain the lower-semicontinuity, we need to show that for each ¢y € Ay we have a
sequence of ¢, € A., with the property that |¢. — Ecpol/y» — 0 as € — 0. To accomplish
this, we follow similar arguments as the one developed in [8], [9] or [2].

We are assuming that each equilibrium of the limiting problem & is hperbolic. This
implies that we have a finite number of them and that the flow Ty(¢) has a gradient
structure, see [4] and in particular, given ¢g € Ag it will lie in the unstable manifold of
some ey € &. This implies that there exist an element ¢g € W;'(eo) and a 7 > 0 such that
To(T, o) = o, where § > 0 is the one from Proposition 6.1. Using the continuity of the
local unstable manifolds obtained in Proposition 6.1, we have that there exists a sequence
of elements ¢ € Wy'(ec) such that || — Ecpol/y» — 0. But, from the invariance of the
attactor A, under the flow T¢, we have ¢, = T, (7, ’d)e) € A.. Moreover,

Ur = HTe(Ta ¢e) - EeTO(Ta ¢0)||Uf
< HTG(T’ ¢e) - EeTO(T’ M6¢€)HUEP + HEeTO(T7 Ms¢e) - EST()(T, ¢0)HU§
< M(7)777e(e) + || To (7, Mege) — To(T, do)le

HSOS - E6<P0|

where we are using (2) and the fact that || Ee| zz ey = 1.

The continuity of the map T'(r,-) : Uy — UY, the fact that [|¢g — Mcgellyr — 0 as € — 0
and that c(e) — 0, shows that ||pc — Ee@ol/yr — 0 as € — 0. This concludes the proof of
Theorem 2.1. [ |

Proof of Proposition 6.1: Let {e.} with e. € &, € € [0,1], such |lec — Eceq||yr 0.
Rewriting (2.4) for we = u, — e, to deal with the neighborhood of e, we arrive at

w + Acw — fe/(ee)w = fw+ec) — flee) — fel(eﬁ)w' (6.1)

Let us denote by Vo = —f'(eg), Vi = —f’(ec). Using the hiperbolicity of ey, e. we
consider b < 0 and define o, Q(c¥) as in (4.10), see Remark 4.1.

€
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Decomposing (6.1) with the aid of projection Q(c) and denoting by A, the restriction
of A + V¢ to the kernel of Q(c), by B, the restriction of A, + V, to the range of Q(c)
and making S- v = Qo )w, z = (I — Q(oF))w we rewrite (6.1) as

b+ Bev = Q(07)F(Sev, 2) := G(Sev, 2) (6.2)

i+ Acz=I—-Q(0}))F.(Sw,z) := H(Sew, 2), '
where F,(0,0) = 0 and F/(0,0) = 0. Proceeding as in Example 5.9 in [3] we have that,
given p > 0 there is a § > 0 such that

[1Ee(Sev, 2)[lve < p,

IE(Suv.2) — Fu(5.5, %) lus < pllo — 3] (6:3)

Rn + ||Z — §| UEP).

for all (v, z) € Bs(0,0) and for all € € (0,1]. Since we are interested on the behavior of the
solutions near (0,0) we cut F, outside B;(0,0) in such a way that it satisfies (6.3) globally.

Proceeding as in [2, 6] we can show that for a suitably small p > 0, there is an unstable
manifold for e,

S ={(v,2) : z=%%(v), veR"}

€

where X% : R” — Ker(Q.) is bounded and Lipschitz continuous. Furthermore

* * e—0
sup 1X¢(v) = EXg(v)|lyr —0.
veER™

Let sketch the proof of existence of the unstable manifold as a graph and prove its
continuity. Let 2. : R™ — Ker(Q.) such that

Il == sup 1Ze()llor < D, [[Ee(v) = Ze(@)|lvr < Lllv — olgn- (6.4)

If v (t) = ¥(t, 7,1, 3) denotes the solution of

dv,
dt

+ B, = F(Seve, Ze(ve)), fort <7, v(r) =n,

We seek for a fixed point X} of

<I>(Ee)(77):/T AT (1= Qo) FelSeve(s), Be(ve(s))ds, e€[0,1]. (6.5)

— 00

in the class of Lipschitz maps X, : R” — Ker(Q.) which are globally bounded with bound
D and globally Lipschitz with Lipschitz constant L.
Note that, from (4.13),

T

[@(S)mlor = [ pC(r =57 s, (6:5)

— 00
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and for suitably chosen p we have that [|®(%.)[| < D
Next, suppose that ¥ and ¥, are functions satisfying (6.4), 1, 7 € R™ and denote

ve(t) = ¥(t, 7,1, %), De(t) = ¥(t, 7,7, E,). Then,

ve(t) — Be(t) = e P (n — i)

/ e (S 1}57 ( 6)) _Fe(Sﬁﬁﬂie(ﬂe))]ds

and
loe(t) — Be(B)llge < Ce™D ]l — il
e / )| QFu(Sever Ze(ve)) — QeFul(Setier Se(d) |l ds
t

< e ln = ij|[gn

+ pC/ e bt=s) (||26(v6) — 2 (e)
¢

<0y — ﬁl

» + |lve — ’DE”Rn) ds

R’!L
0 [ M (120000 = 8.0 lp + 0+ Dl = ) d
< Ce’ Iy = 7f||gn

400 [ (W Dlfoc = 5l + 112 = el ) ds
t

< e ln = ij|[gn

+pC(1+ L)/ =)y, — 5, |[gnds + pC|[| e — i€|||U€,,/ SbE=9) g
t t
Let ¢(t) = e * =) ||uc(t) — U.(t)|[gn. Then,
8(0) < Clly il +9C | T Ids||E. ~ Eellop +Cp(1+1) [ ols)ds
t t

By Gronwall’s inequality
|ve(t) — e (t)|rn < [Clln — 7l|zne® )
+ ,DC/ eb(t—s)ds‘”z]E _ 25|HU£]67'0C(1+L)('577)
t

< [Clln = 7illgn + pCb|[Se — S| ||yp]ePCAFTRE=T),
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Thus,

19 (2e) () — @ (Ze) () |z

< C/ (T - 5)7A/67b(T78)||Fe(Sevea Ee(ve)) - FE(SEﬁE7 i36(66))||L2(Qe)ds

<oC [ (r= )7 (I5(00) = Sel@lor + llve = Tlen ) ds
—0o0

<pC [ (=97 [k Do = bl + [IE - ] .

Using the estimates for ||ve — Oc||rn We obtain

19(2e) () — 2(S) ()l
< pOT(1 —7) [b—“w

pC2(1+ L)T(1 — ) )
(b—pC(1+ L))~ 1+ 17— 7illrn

pC(1+ L)
b(b—pC (1 + L)'=

}|&—im

Let

Is(p) = pCT(1 — ) [b—1+7+ pC(1+ L) }

b(b—pC (14 L))1—~
and

_pC*(1+ L)I(1—~)
b == et oy

It is easy to see that, given 6 < 1, there exists a py such that, for p < po, In(p) < 6 and
I,(p) < L and

12(Se) () — @E) @)z < Llln —1'llzn + O[IZe = e[| (6.7)

The inequalities (6.6) and (6.7) imply that G is a contraction map from the class of
functions that satisfy (6.4) into itself. Therefore, it has a unique fixed point X} = ®(X})
in this class. The invariance and the fact that the graph is the whole unstable manifold
follows in a usual manner.

It remains to prove the continuity of the unstable manifolds. This is accomplished in the
following manner. If 0 < € < ¢ is such that the unstable manifold is given by the graph of
3%, 0 < e < ¢, we want to show that

sup |3 (1) — BeXo(n)[lor = [[[%e — EXgl-
neRrn
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It follows from Proposition 4.2 that

HZ:(T]E) - Eezg(n)l

< / ||e*A5(T*S)H€(SEvE,E:(ve))—Eee*AO(T*S)HO(SOvO,Eg(vo))HUgds

vé

<C[ I ) E(S B 00))  F(Ee(Sovo. Z(w0) usds

. (6.8)
+Cpl) [ PTINES v Zi 0 gy ds
< pCb~'p(e) + pCH T (1 =) [|[E7 — B
+pC(l+ L)/ e=H=) (7 _ )7 |[ur — v ds.
Thus, it is enough to estimate ||v — vg||gn. Note that
[[ve — vollrn < / He_Be(t_s) - e_Bo(t_S)” [ Fe(Seve, 22 (ve))|[rnds
¢
+/ le™ P | Fe(Seve, B2 (ve) = Fo(Sovo, £5(v0)) [lznds
t
< pPMO~Ho(1) + |12 = Z5l[l] + pC (1 + L)/ ") [[ve — vo|pnds.
t
Therefore
lve = wollrn < pCH™" [o(1) + [[|F = g |[] e PO+
which shows that
* * e—0
sup [|%¢(n) — Xg(n)llur — 0.
nern
This proves the result. u

7. CONTINUITY OF ATTRACTORS IN OTHER NORMS

In this section we study the continuity of attractors in other norms and very specially
in the norm of the space U}2, see (2.6). This continuity is obtained as a consequence of
the regularization properties of the nonlinear semigroups. As a matter of fact, in many
instances the attractors A., Ag live in better spaces X, and X respectively for which the
linear map FE. : Xyo — X, is well defined as well. We would like to give conditions that,
once the continuity of the attractors in U? is obtained, will guarantee the continuity results
for the attractors in these better spaces. In fact, the following result holds

ProPOSITION 7.1. If there exists a T > 0 fized such that for each sequence of €, — 0,
e, € Ae, and ¢o € Ay with [|¢e, — Ee, dollyr — 0 implies that

||Ten (Ta ¢En) - EenTO (Ta ¢)O)|

x. —0 (7.1)

en
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then, the upper semicontinuity of the attractors in UP implies the upper semicontinuity in
X and the lower semicontinuity of the attractors in UP implies the lower semicontinuity
of the attractors in X..

Proof: Assume we have a family of ¢, € A.. From the invariance of the attractors under
the semigroup 7, we have that there exist ¢. € A, with Tc(7, ¢¢) = @e.

If the attractors are E.-upper semicontinuous in UP, we have that for each sequence
€, — 0, there will exist a subsequence, that we still denote by €, and an element ¢y € Ag
such that |¢e, — Ec, ¢ollyr — 0 as ¢, — 0. With (7.1) we get that if we define ¢y =
To(7, ¢o), we have ||¢e, — E:ngaoHX% — 0, which shows the E.-upper semicontinuity in X..

Assume now that the attractors are F.-lower semicontinuous in UP. If ¢y € Ay and if
we define ¢y € Ao with To(7, do) = @0, then there will exist a sequence of ¢. € A, with
|pe — Ecollyr — 0 as € — 0. Using (7.1) again, we get that ||p. — Ecpollx. — 0 which
shows the E.-lower semicontinuty in X.. [ |

With this result we can provide now a proof of Theorem 2.2.

Proof of Theorem 2.2: We will apply Proposition 7.1, proving first that

||T€n (7—7 ¢€n) - Efn TO(T7 ¢0)|‘U€17’12 - O

for some 7 > 0 fixed, sequences ¢, — 0, ¢, € A, and ¢g € Ay with ||¢., —E., do|
Observe first that

||T5n(T’ Pe,, ) _EEHTO(ﬂ ¢0) ||U51;L2 < ||T€n(T’ Pe,, ) _EEHTO(Ta Mo, ) ”Ugl;f
+ HEeTO(Tu Me¢en> - EenTO(Tu QbO)HU;f

ur — 0.

€n

(7.2)

and for a fixed 7 > 0,
||EET0(7-7 M€¢€n) - EEnTO(Tv ¢0)||U617=L2 < HTO(Tv M€¢€n,) - TO(Ta ¢0)||Ué*2 -0

since Ty(r,-) : UY — U, * is continuous, see [4] .
To estimate the first term of the second line of (7.2) we use the Variation of Constants
Formula (1) for € € [0,1] and with simple computations we obtain

ITe(t, 6) — ETo(t, M) l|yp2 < lle™ g — Ece™ 0 Mgl
t
+/ eng(tfs) o Evee*Ao(t*S)]\[E fe T. 5’(;55 1,2ds
i ) F(Lel5.00) (7.3)
t
+/ HEee_AO(t_s)Me(fe<Te(57¢e)) - fe(EeTO(S’M€¢€>))”U51’2 ds,
0

€ € [0, €0]. But note that A. C C(Q.) for 0 < € < ¢, Ag C C(Q) @ C([0,1]) and that we
have uniform bounds in these spaces.
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If we are able to obtain the following two estimates:
le=4" — Ece™ ™ M|, cymcr)or?) < Ctv(e), t> 0. (7.4)
for some 0 <y < 1 and with v(e) — 0 as e — 0, and
le™ " g a2y < CEF, >0, (7.5)

for some 0 < 8 < 1, then using (7.4) and (7.5) in (7.3) and using the convergence of the
nonlinear semigroup in Uy we obtain that [|Te(t, ¢c) — EcTo(t, Mcge)|yrz — 0 as € — 0.
The proof of (7.5) is in [4] Remark 3.2.
Hence we just need to show (7.4). To obtain this estimate we need some extra resolvent
estimates, similar to the ones obtained in Section 3.1. To that end we introduce the
continuous extension operator

EC: c(@@c(0,1) — ()
(we,v:)  — Ec(ws,vs)—{f”f’ z €0 (7.6)

Ve, @ € R,
where, for x = (s,y) € R,

0(z) =ve(s) + he(s) (we (0, y) —ve(0)) 4 he(1 — ) (we (1, y) —ve(1)) (7.7)
and the function hs(s) = h(%), where h : RT — [0, 1] is a C* function such that

1, f 1/4
ey = [10 or s 0.1/4),
0, fors>3/4

and |h/(s)] < C. B
Observe that with this definition E€(we,v.) is always a continuous function in Q. if
(we,ve) € C(Q) ® C(0,1). Moreover, if (w,v.) € Uy then, ES(w,,v.) € H(Q).
We also need the following lemmas whose proofs will be provided later.

LEMMA 7.1. Let A € p(A:) N p(Ayp), then the following holds
A+ A) P —E(N+A) M
= (I = MA: + 07 (AZ! = ESAG MO(T = AE(Ao + A) 7' M)
+ (T = AMAc+ 071 (BS = E) (Ao +2) 1M,

LEMMA 7.2. There is a constant C > 0 such that for each A € ¥y we have

¥
L+A=" (7.8)
|Ac(A + X)) (EE — E)(Ao+N) "Ml £ canoero), o @@ HL (R.)) < Ce™>.

C —
I(EBE = E) (Ao + N Ml conacr.), m @om ry) < C
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LEMMA 7.3. There is a constant C > 0, independent of €, such that

(7’) HEG(I - )\(AO + A)il)MEfEHC(Q)GBC(RG) <C ||f€||C(Q)@C(RE)7
() 17 = AAe + 20 | ragny < C el

LEMMA 7.4. There ezists a constant C > 0 such that for all A\ € Xy and all f. €
C(Q) ®C(Re), then

N
2

[(Ac +A) 7" = Ee(Ao + )M Ce (7.9)

C(QBC(R.),H (QBH (Re)) <

Clearly, from Lemma 7.4 and the expression of the differences of the semigroups in terms
of the integral of the difference of the resolvents as in (4.9), we have that there is a constant
C > 0 such that

le=" — Bee™ "M 1 y < GNP (7.10)

Q)OC(Re),HL(Q)BH (R,

On the other hand,

et — Eee_AOtMEHﬁ(Lx(Qg)le(Q)EB_IZZO(:T)) (7.11)

<le” <ct’

At

||[:(L2(Q€),H1(Qe)) +le LU, HY(Q)®H(0,1))
for some g with 1/2 < 8 < 1, see [4], Remark 3.2. . Interpolating (7.10) and (7.11), we
have that that, for any n < 1,

||€_A5t — FEee < CeN/2=(n+(=m)B) (7.12)

—Aopt
’ M€H,C(L‘X’(QE),Hl(Q)@Hl(RE))

Choosing &2 < 1) < 1 so that nN/2 > (N —1)/2, the result follows with v = n+(1—n)8 <
1. This shows estimate (7.4) and the theorem is proved. [

REMARK 7.1. We may also obtain the convergence of the attractors in some other
norms. As a matter of fact if K is a compact subset of Q\ Py, P; we can easily obtain uniform
bounds of all the attractors for instance in C*"(K). This estimates may be obtained with
an appropriate cut-off function and using standard regularity properties of the nonlinear
semigroups (we are far away from the channel R.). Hence, since we have obtained already
the continuity (lower or upper) of the attractor in LP(K), with the compact embedding of

CH1(K) in C1" (K) we also get the continuity (lower or upper) in C17 (K).
We provide now the proofs of the different lemmas we have stated above.

Proof of Lemma 7.1: This proof is similar as Lemma 3.3. [ ]
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Proof of Lemma 7.2: Let f. € C(Q) ® C(R.) and define
K. = (ES = E)(Ag+ N 'Mf. = % — =,

where Z. = Ec(Ag + N\)"IMf. e 2. = E.(Ag + \) "M f..
Observe that (Ag + A\) "M f. = (w.,v.) where

—Aw, + Mw,: = f-, zeN
e — ), z €90
1 (7.13)
_g(gvés)s—"_)\UE:Mfen CES (0,1)

0e(0) = we(0),ve(1) = we(1),
De(s,y) = ve(s) + he(s) (we(0, y) 0e(0)) + he(1 = 5) (we(1, ) —ve(1)), for all (s,y) € Re

and z:(s,y) = v-(s), V(s,y) €
Also, since K, =0 in Q, we have | K| i @ m (r.) = ”KEH%P(RE)' Moreover,

1>
2 2 2
1K, <2 / [ 1he(o) (0. = 02(0) sy

1
12 / Ihe(L = )2 |we(L,y) — vo(1)]? dsdy
1—¢ F;
2
<o el

Now note that h.(s) = e th/(z/e), hL(1 —s) = —e~'h/((1 — s)/e). Hence, with similar
estimates as above,

IVE s, < /|h' I [ foe(0.) = 0.(0) dsdy

2 [ o |/\w€1y vV dsdy
1—¢

+2/|h |/|Vw50y|dsdy

+2/ |he(1—s)? / |Vywe (1, y)|? dsdy
1—¢

< CceV stHcl(ﬁ) ,

€
where we have used that / / rdsdy = O(e").
0 E
The following estimates hold (see [11]), for some C > 0,

c
[wellem < mﬂfsﬂc(ﬁ) (7.14)
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C
[wellery < mﬂfsﬂc(ﬁy

Using (7.15) we have that

oN/2

1Kl i g,y < Cm 1felle@) -
which shows the first inequality of (7.8).
On the other hand we also have that

1 elN/2

1
[A(Ae + M) K| g, < Wm Kl L2 g,) <€ \UEES] 1 felle

and
(I = A(Ae + A)"NES = E) (Ao + N "M fell i @om r.)

< HKSHHI(Q)GBHl(RE) + HA(AE + )‘)_IKEHHl(Qs)

/2

< CW [ felle e -

The proof is complete.

Proof of Lemma 7.3: It follows from the definition of E. and M, that
1Bell £z @)@ 2o (0,1), L (0.)) = 1
and HMs|‘£(Loo(gs)7Loo(Q)@Loc(071)) < 1. Hence,
1EeAo(Ao + X)) Ml £z (), (0.)) < CllAo(Ao + X7l £z=(0)01=0,1))
Let g € C(Q) @ L>(0,1), be such that
(Ao +N)7"g = (w,v).

or equivalently

—Aw, + e = 9, em 2
1 % = 07 em Of)
75(9”83)5 + AUE = Mg, em (O, 1)

Ua(o) = wa(0)7 Us(l) = we(l)
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proceeding as in the proof of Proposition 3.1 (iv), we have that

C

c
Iolle) < 77 (19l + o) -

Since Ag(Ag+ A"t =1 — A4y + A)~, then

[40(Ao + 279l ey e 0,1) = 19 = Ao + 1) gl 0,1

<ldlle@ar=1) T Cll9lc@er=o1
<

C ||9||c(ﬁ)eaL°°(0,1) :

Applying this to (7.18), we have that

[EeAo(Ao +X) T M| 1 poe oy oy < (7.21)
where C is independent of A and e.
Part (i7) is immediate from the fact that A, is positive and self-adjoint. [

Proof of Lemma 7.4: The proof follows from Lemma 7.1, Lemma 7.2, Lemma 7.3 and

statement (3.8) from Proposition 3.2. [
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