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The main theme of this paper is approximation on the sphere by weighted
sums of spherical harmonics. We give necessary and sufficient conditions on
the weights for convergence in both, the continuous and the LP cases. Approx-
imation by spherical convolution is a particular and important case that fits
into our setting.  May, 2005 ICMC-USP

1. INTRODUCTION AND BASIC FACTS

A standard procedure to approximate a function f in an inner product space is to
consider the Fourier series of the function with respect to an orthogonal system. The basic
general results on this topic can be found in many references in the literature, for example,
[2, Chapter VIII].

It is well known that even in the case in which K is a closed interval there always exists
a function f in C(K) for which the corresponding Fourier series does not converge to f
with respect to the uniform norm. Thus, in this and other cases, the common solution is to
consider weighted expansions and to study convergence based on the choice of the weights.
Here is a list of problems that emerges: how to choose the weights in order to guarantee
convergence for every function in the space, to study orders of convergence, how to choose
the weights so that the operators given by the truncated Fourier series inherit properties
of other known operators, etc.

In this paper, we consider some of the problems above in the case when K = S™, the
unit sphere in R™*!. The focus is on convergence but we intend to study the analysis
of convergence orders in a forthcoming paper. For functions defined on S™, orthogonality
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62 V. A. MENEGATTO AND A. C. PIANTELLA

depends upon do,,, the usual surface measure on S™. The surface area of S™ will be
written as o,,. The uniform norm is then given by

[flloc := sup |f(z)l, feC(S™), (L.1)
zeES™

and as usual, we consider the spaces LP(S™) := LP(S™,do,,), 1 < p < 0o, with norm given
by

= (- [ r@ran@) . seism (12)

Unless stated otherwise, the letter X will denote any of the spaces introduced above and
||| x the corresponding norm. Orthogonality is then related to the inner product of L?(S™)

Foghy=— [ fgdom f.geL?(s™). (1.3)

Om Jgsm

We will write P(S™) to denote the space formed by polynomials in m + 1 variables
restricted to S™. The set Hy(S™) of all spherical harmonics of degree k in m + 1 variables
joint with the zero polynomial is a subspace of P(S™). Let {Yg1, Ya2,..., Yan(m,k)} be
an orthonormal basis of H(S™). To every function in any of the spaces above, we can
associate the Fourier series

N (m,k)

fed ke, )Y, (1.4)

k=0 I=1

in which the Fourier coefficient f (k,1) is given by

fe) = [ fViido. (1.5)

The setting introduced above is, up to normalization, the same used in many standard
references on analysis on the sphere. We refer the reader to [1,4,5,7,8,9,10], where the
Addition Formula

N (m,k)
N(m, k) _,, m
> V(@) Yuly) = %PI@ ((z,y), x,yeS™, (1.6)
=1 m
the Funk-Hecke Formula
K((z,y))Yk(y) dom(y) = a' (K)Yi(z), x€S™, (1.7)

S m

and other results can be found. In (1.6) and (1.7), P* is the Legendre polynomial of
degree k associated to the dimension m + 1, K : [-1,1] — C is an integrable function,
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APPROXIMATION BY WEIGHTED SPHERICAL HARMONICS EXPANSIONS 63

Yi € Hi(S™), and
1
A (K) = am,l/ KPP (1)(1 — 12)m=2/2g4. (1.8)
-1

We will deal with approximations of a given function f in X by a sequence {T},(f)}nen, in
which the operators T;, : X — X, n € N:={0,1,...}, are defined by weighted orthogonal
Fourier sums of the form

T.(f) = i Z akl(n)f(k,l)Ykl, feXx, (1.9)

n N(m,k)
g
m ke

0 I=1

the weights ag(n), n,k = 0,1,..., 1 = 1,2,...,N(m, k) being all real. In Section 2, we
deduce some basic properties of the operators T,,, including the computation of their norm
in the cases X = C(S™) and X = L'(S™). In Section 3, we find necessary and sufficient
conditions in order that {7}, },en be an approximate identity in X. Among other things,
this implies that T,,(f) converges to f in the norm of X, for every f € X. In Section
4, restricting ourselves to the case X = C(S™), we introduce the notion of localized
approximate identity and study corresponding approximation properties.

2. THE OPERATOR T

In this section we present some basic properties of the operator T),, some of independent
interest, other to be used in the subsequent sections. That includes to decide when T, is
of convolution type and the computation of its norm in some cases.

The orthonormality of the spherical harmonics yields

ar(n) Y, kE<n
T, (Vi) = 2.1
(¥ia) {0, k> n. 21)

The linearity of T;, reveals that

M N(m.k)
To) =Y Y an(n)ruYu, (2.2)
k=0 1=1
whenever
M N(m.k)
q= Z Z Thv Yo, Tk € R. (23)
k=0 v=1
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64 V. A. MENEGATTO AND A. C. PIANTELLA

Writing T, f (z) := (T,,(f))(x) and appealing to (1.5), we deduce that

1@ = =30 3 au) ([ 10 V@) don) Yl
™ k=0 =1 s
1 n N(m,k)
= o] @Y > au)Yu(e) Yuly) dom(y).
mJsm k=0 1=1

Thus, we have proved the following representation formula.

Theorem 2.1 If f € X then

1
Tnflz) = — g Ky (2, y)f(y) dom(y), z€S™, (2.4)
in which
n N(m,k)
Ko(z,y) = ap(n) Y (z) Ya(y), =,y € S™. (2.5)
k=0 =1

Formula (2.5) defines a kernel having an expression very close to that on the left hand
side of the Addition Formula. Since that formula defines a bi-zonal polynomial kernel and
this type of kernel defines spherical convolution operators on X, the goal in the next two
results will thus be to verify when T,, is an operator of convolution type.

Lemma 2.2 The kernel K,, is bi-zonal if and only if ax1(n) = arz(n) = -+ = apn(m,k)(n),
k=0,1,...,n
Proof. If ax1(n) = ara(n) = -+ = apn@mr)(n), ¥ = 0,1,...,n, the Addition Formula

implies that
m, k
Zam BB b)) = L), wy e 5™,

for some function L, that is, K, is bi-zonal. Conversely, fix k£ € {0,1,...,n} and [ in the
set {1,2,...,N(m,k)}. If K,,(z,y) = L,({z,y)) for some function L,,, Formula (1.7) yields

m

Kn(a:,y)Ykl(y) dam(y) = / Ln(<xay>)Ykl(y) da7rb(y) = a';cn(Ln)Ykl(x)a re S,

(2.6)
while the previous theorem and relation (2.1) imply that

- Ky (z,9)Yi(y) dom(y) = agi(n)Yi(x), x€ S™. (2.7)
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APPROXIMATION BY WEIGHTED SPHERICAL HARMONICS EXPANSIONS 65

Thus,
ap' (L) Yi(z) = ap(n)Yi(z), =€ S™ (2.8)
Since Yy # 0, we conclude that a*(L,) = ar(n), I =1,2,...,N(m, k). [ |
Let K : [—1,1] — C be a function such that
1
[1 |K(t)](1 — t3)m=2/24¢t < 0. (2.9)
The spherical convolution defined by K is the operator f € X — Tk (f) € X given by

T(N)@) =~ [ K@) f@) dom(y), «< 5™ (2.10)

Um Sm

Basic properties of this operator along with some information about bi-zonal kernels are
to be found in [4,5,6,10] and references therein. We adopt here the most common notation
for the convolution operator, that is, Tk (f) = K * f.

Theorem 2.3 The operator T, is of convolution type if and only if K,, is bi-zonal.

Proof. If K, (z,y) = L,({z,y)), z,y € S™, for some L,,, then T,,(f) = L, x f, f € X, by
Theorem 2.1. Conversely, if T,,(f) = L, x f, f € X, for some L,, then

[ K)o, = [ L@ dea). wesm feX. (21

that is,

[ (o)~ L)) S ) do() =0, wes™, feX.  (212)

In particular,
/ K (2,y) — Lo((2.9)] Yu(y) dom(y) =0, z€S™, keN, 1=1,2,...,N(m,k).
Since {Yy; : k € IN,l = 1,...,N(m,k)} is a complete orthonormal subset of L?(S™), it
follows that

Ky(z,y) — L,({(z,y)) =0 ae. (2.13)

This leads to K, (z,y) = L,({x,y)), x,y € S™, because K, is polynomial. [ |

Next, we introduce some notation. Given a kernel K : S™ x ™ — C, we will write K%
e KV to denote the functions y € S™ — K(z,y) and © € S™ — K(x,y), respectively. It is
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66 V. A. MENEGATTO AND A. C. PIANTELLA

easily seen that these two functions are in L'(S™) when K is polynomial. In just one step
of the proof of Theorem 2.4 below we use the space L>(S™) as defined in ([3], pdg. 176).

Theorem 2.4 An upper bound for ||T,||x is sup{||KZ||; : x € S™}.
Proof. First we consider the case X = C(S™). If f € X, Theorem 2.1 implies that
1 x m
10@) € o [ K@) f0)|don(s) < |K e € 5™
m Jsm
Hence,
1T (F)llce < [1flloo sup{llKGlL : 2 € 5™}, f € X, (2.14)
and, consequently,
1Tl cesmy < sup{||Ky|l1 -z € S™}. (2.15)
Next, we consider the case X = LP(S™). If f € X then

T = 5= [ ITuf@)P dov(a)

- L [ K@ @) don®)| dow()
Om Jsm |Om Jgm
1 1 P

< a . [Jm/m |Kn($7y)f(y)|d0m(y):| do’m(x)-

Since (K*)/7f € LP(§™), x € S™ and (K%)'/?" e L¥'(S™), x € S™ (p is the conjugate
exponent of p), Holder’s inequality implies that

g L R A R PR A

Om
1 o 1/p
= IR [ K0P do )
Picking xg € S™ such that
sup{|[ K[l : @ € §™} = || K3 [ly (2.16)

and using Fubini’s Theorem, we obtain

O < o [ IR [ Ko S dony) don (o)

m

Kl [l don ) doa)

IN

el [ ([ IRl dn @) L o)

Om
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APPROXIMATION BY WEIGHTED SPHERICAL HARMONICS EXPANSIONS 67

Thus,
Tl < S [ VRSP don) < KRS 217
whence
ITnllx < sup{|| K]l : 2 € S™}. (2.18)
The proof is complete. |

The upper bound given above coincides with || T, | x in at least two cases.

Theorem 2.5 For X = C(S™) and X = L'(S™), it holds

1Tl x = sup{[[ K]l : = € 5™} (2.19)
Proof. Due to Theorem 2.4, we need to prove that

ITnllx = sup{[| K]l - 2 € S} (2.20)

Using the formula ([3, p. 189])

1l = sup{ fgdam‘ Nglloe = 1}, J e LN (s™), (2.21)

’ 1
Om Jsm
we obtain

izt =sw |2 [ ) T o) Il =1

s {| 5 [ Kulwn ) o) 171 =1

sup {|T f ()] : [[flloo = 1}
SUp {[| T (f)lloo = [ flloc = 1}
HTnHC(Sm)a T E Sma

IA

and, consequently,

sup{|| K|l : z € S™} < ||Tn||c(5m). (2.22)
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68 V. A. MENEGATTO AND A. C. PIANTELLA

To finish the proof, first observe that

L 1 n N(m,k) X -
/anf(y)g(y) dam(y)=(7/ DY an)f(kDYi(y) 9(y) dom(y)
S p=0  1=1
1 n N(m,k)
[ Y ) IED W) | ) donty
M k=0 I=1
~ [ Tug) Tl don(w), 1 L™, geC(s™)

Finally, using the formula ([3, p. 223])

1
Om Jsm

we obtain

sup {[[ T f11 :

= sup (sup{
[Iflla=1

£l =1}

1Tnll L,y (sm)

Om

= sup Tn
({5 1
= sup |[supq|— T,
gllee=1 Om Jgm
= sup{[|Tn(9)ll : [|9lloc = 1}
= ||T’I’L||C(S”L)'

This completes the proof of the theorem.

3. APPROXIMATE IDENTITIES

gl = 1}7

(2.23)

[ D) @ o) <ol = 1})

Ifl=1 <Supﬂo*1m/m 9(y) f(y)do (?/)‘ gl = 1})

o(0) T 1) 1712 = 1})

In this section, keeping the notation in (1.9), we will search for conditions in order that

the following approximation property holds:

i [Ta(f) = fllx =0, fex,

(3.1)

As usual, a sequence {T}, },ew satisfying (3.1) is called an approximate identity in X. We
refer the reader to [6] and some references therein, for nice examples of approximate identi-
ties in X, including examples involving spherical convolution, spherical shifting, etc. Since
spherical convolution operators belong to the class of operators we are dealing with here,
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APPROXIMATION BY WEIGHTED SPHERICAL HARMONICS EXPANSIONS 69
many results in this section may be considered as generalizations of those corresponding
to approximation by spherical convolution.

Theorem 3.1 If {T,}nen is an approzimate identity in X then the following properties
hold:

(i) There exists a positive constant C' such that | T,(f)|lx < C|fllx,neN, fe X;

(1) limp oo apr(n) =1, ke N, 1 =1,2,...,N(m, k).

Proof. Assume {7}, } e is an approximate identity in X . Since every sequence {T},(f)} nen,
f € X, is bounded, the Uniform Boundedness Principle implies that

IT.(Hlx <Clfllx, feX, neN, (3.2)

for some nonnegative constant C. If C =0 then T;,(f) =0, f € X, n € IN, whence
Ifllx = lim |IT.(f) = fllx =0, feX, (3.3)

a clear contradiction. Thus, C' > 0 and (i) is proved. To prove (i) fix k¥ € N and [ €
{1,2,...,N(m,k)}. Since

T.Yu(y) = ar(n)Yu(y), ye€S™, n>k, (3.4)
it follows that
nlLII;O TnYkl(y) = (nlggo akl(n)> Ykl(y), Yy e S™. (35)

We split the proof in two cases. If X = C'(S™), our assumption on {7}, }en implies that
Since Yy # 0, we can choose yg € S™ such that Y (yo) # 0. Thus, (3.5) and (3.6) lead to
Ykl(yo) = ( lim akl(n)) Ykl(yo)- (37)
n—od
If X =LP(5™), 1< p < o0, asimilar procedure leads to
Ykl(y) = nll_)HQlQ TnY}cl(y) = (HILIIOIO akl(n)) Ykl(y)a (VRS S \ A, (38)

where 0,,(A) = 0. Taking y; € S™ \ A such that Yy (y1) # 0, as we certainly can, we
conclude that

Yii(yr) = (nliﬂgo akz(ﬂ)) Y5 (y1). (3.9)

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



70 V. A. MENEGATTO AND A. C. PIANTELLA

In both cases the conclusion is lim,,_, ag;(n) = 1. [ |
Next, we search for some converse results.

Theorem 3.2 Let f € C(S™) be a function fulfilling the following condition: if ¢ € P(S™)
then there exists a constant C = C(f —q) > 0 such that | T, (f — @) |loo < C(f = f — 4|0,
n e N. Iflim, ,ocar(n) =1,k €N, I =1,2,..., N(m, k) then lim,_,o [|Tn(f)— fllec = 0.

Proof. Let ¢ > 0. We use the Weierstrass Approximation Theorem to select ¢ € P(S™)
such that ||f — ¢|lcc < € and write ¢ in the form

M N(m,k)
g=> Z raYe, t™w€C, k=0,1,....M, 1=1,2,...,N(m,k). (3.10)
k=0 =

Since
M N(m,k)
Tu(q) =) ap(n)riaYp, n>M, (3.11)
k=0 I=1
defining
By i=max{|ri|: k=0,1,...,M,l =1,2,...,N(m, k)} (3.12)
and
By := max{||Yi|le : k=0,1,...,M,l=1,2,...,N(m, k)}, (3.13)
it is clear that
M N(m,k)
Tha(y) —a(y)| = Z Z ari(n) = DriuYu(y)
M N(m,k)
<> Z lakt(n) — H|rg| ([ Vel oo
k=0 I=1
M N(m,k)
<BiByy Y lau(n) -1, yeS", n>M.
k=0 I=1
Consequently,
M N(m,k)
1T(q) = qlloe < 31322 Z a(n) = 1|, n=>M (3.14)

If limy, o api(n) =1, k € N, I = 1,2...,N(m, k), then lim, . || Tn(q) — ¢/l = 0 and
there is an N(e) € IN such that

1T0(q) = glloc <€, 71> Ne). (3.15)
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APPROXIMATION BY WEIGHTED SPHERICAL HARMONICS EXPANSIONS 71

Therefore,

1T (f) = flloo < N Ta(f) = Tal@)lloo + [1T0la) = alloc + llg = fllos
ST (f = @)oo + 2¢
SO =alf —glls + 2¢
<(C(f—q)+2)e, n=Ne),

completing the proof of the theorem.

Theorem 3.3. Let f € LP(S™) be a function fulfilling the following condition: if q €
P(S™) then there exists a constant C := C(f —q) > 0 such that ||T,(f — q)|lp < C(f —
DN fllp, » € N. Iflimy, oo arg(n) =1, k e N, I = 1,2,..., N(m, k) then lim,_. [|T.(f) —
fllp =0.

Proof. Let € > 0. Since C(S™) is dense in LP(S™), there exists a function g € C(S™)
such that || f — g||, < €¢/2. The Weierstrass Approximation Theorem provides a polynomial
g such that ||¢ — g]|c < €/2. Hence,

€
1F = ally < If = gllp +1lg —allp < 5+ llg —dlleo < e (3.16)

As in the proof of the previous theorem, if lim, o ar(n) =1,k € N, Il =1,2,..., N(m, k)
then lim,, o ||77(¢) — ¢lloc = 0. Thus, the inequality ||T5,(¢) — ¢l < |Tn(q) — ¢||oo implies
that lim, . [|T(¢) — ¢ll, = 0. Now, there exists N(¢) € IN such that

ITw(a) —allp <€, n=N(e). (3.17)
Therefore,
1T (f) = fllp < N Ta(f) = Ta(@llp + [1T0(a) — allp + llg = fllp
<|NTu(f — @)l + 2¢
<C(f=alf —all, +2¢
<(C(f—q)+2), n>N(e).
This completes the proof. |

Combining the previous two theorems we have the following.

Theorem 3.4 The sequence {T,}new s an approzimate identity in X if and only if the
following conditions hold:
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72 V. A. MENEGATTO AND A. C. PIANTELLA
(i) Given f € X, there exists a constant Cy > 0 such that | T,(f)||x < Crl|fllx, n € N;
(#) limp oo arr(n) =1, ke N, I =1,2,..., N(m, k).

Next, we investigate the possibility of changing Condition (i) by another involving the
kernel K. This is suggested by Theorem 2.1.

Theorem 3.5 Iflim, . ap(n) =1, k€N, 1 =1,2,..., N(m, k) and

sup (sup {||K5||1:x € S™}) < o0 (3.18)
nelN

then {T, }new is an approzimate identity in X.

Proof. If sup{||KZ||; : « € S™} < C,n € NN, for some positive constant C, not depending
on n, then Theorem 2.4 implies that ||T,,||x < C, n € IN. Hence,

Tl _ o IT)x

< —|Tulx <C, neN, fex\{o}, (3.19)
11l x rex  fllx
so that
IT.(Hlx <Clfllx, nelN, [feX (3.20)
The previous theorem closes the proof. |

The converse of this result holds in at least two cases.

Theorem 3.6 Let either X = C(S™) or X = L*(S™). Then {T}, }nen is an approvimate
identity in X if and only if the following properties hold:

(i) b en (SUp{[KCE 1 £ 7 € S™}) < 007

(@) limp oo ar(n) =1, ke N, I =1,...,N(m, k).

Proof. One implication is consequence of the previous theorem. As for the other, assume
{T, }new is an approximate identity in X. Theorem 3.1 yields the existence of a positive
constant C such that

IT.(Nllx <Cllflx, feX, nel (3.21)
Hence,

1Tl = sup 12lx o6 ey (3.22)
fexvioy  Ifllx

Under the conditions in the statement of the theorem, Theorem 2.5 is applicable. Hence,
sup{[|KZ|l1 :x € S™} = |Tullx <C, neN, (3.23)
and, therefore,

sup (sup{|| K51 :x € S™}) < C. (3.24)
nelN
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APPROXIMATION BY WEIGHTED SPHERICAL HARMONICS EXPANSIONS 73

This takes care of Condition (¢). Condition (i¢) follows directly from Theorem 3.1. |

If K, is positive, that is, K, (x,y) > 0, x,y € S™, then we can sharpen Theorem 3.6 as
follows.

Theorem 3.7 Let either X = C(S™) or X = LY(S™). Assume that every K, is positive.
Then {T, }nen is an approzimate identity in X if and only if lim, o agi(n) =1, k € IN,
1=1,2,...,N(m,k).

Proof. It is sufficient to prove that (i¢) implies () in Theorem 3.6. The positivity of K,
and the orthonormality of the spherical harmonics yields

" 1
”KnHl = Kn(xay) dam(y)
S’"L
n N(m,k)
= / Z akl(n)Yiu(z) Y (y) dom (y)
ZZ Z Clkl Ykl m . YOI( )Ykl( )dom(y)
= a01(n), zeS™ nelN.
Hence,
sup ||K7|l1 = ao1(n), n €.

xesSm
Since lim,, o ag1(n) = 1, it follows

lim Sup |2 = hm ap1(n) = 1.

n—oo e
Therefore, there exists a positive constant C' such that

Su]% (sup{|| K}||1 :z € S"}) < C
ne

Thus, the result follows from the previous theorem. |
These are elementary consequences of the above results.

Theorem 3.8 Let cither X = C(S™) or X = LY(S™). If lim, . ar(n) = 1, k € IV,
l=1,...,N(m,k), then the following assertions are equivalent:
(1) limy—oo |T0(f) — fllx =0, f € X;
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74 V. A. MENEGATTO AND A. C. PIANTELLA

(#3) There exists a C > 0 such that | T, (f)llx < C|fllx, fe X, neN;
(i) sup, e (sup{[|Kzll1 -z € §™}) < o0.

Theorem 3.9 The sequence {T,}nen is an approzimate identity in C(S™) if and only if
it is an approvimate identity in L*(S™).

If {T,}nen is an approximate identity in C'(S™) then it is an approximate identity in
LP(S™), 1 < p < oo. Thus, it is quite obvious that the case X = C(S™) is the most
important among all.

We close the section, giving a method to construct approximate identities. It is based on
a corresponding property of spherical convolution.

Theorem 3.10 Let {S,}nenw be another sequence having a representation as in (1.9).
If both {T,}new and {Sp}nenw are approxzimate identities in X then {T,, o Sp}lnenw is an
approximate identity in X .

Proof. Let {T,,}new be as in (1.9) and represent {5, }nen in the form

1 n N(m,) X
— 33" wimfi.0)Yy, FEX, (3.25)

i=0 j=1

with ¢;;(n) €e R, ¢ =0,1,..., j=1,2,...,N(m,i). Using (2.4) we have that

1
1 n N(m,k) n N(m,i) .
- / > V) a3 X e (a3 0) dom (v
m J O™ i=0 j=1
n N(m,k: n N(m,k) A 1
== > aulmeyF)Yiul)s [ Vi) V@ dom(v)
M k=0 1=1 i=0 j=1 m J.Sm
T N(m,k)
- api(n)eij(n) f(k,)Yu(z), zeS™ feX.

If {T,, }new and {S, }nen are approximate identities in X, Theorem 3.1 implies that

lim ag(n) = lim ¢(n)=1, keN, [=1,2,...,N(m,k). (3.26)
Hence,
lim ap(n)cgi(n) =1, kelN, [=1,2,...,N(m,k). (3.27)

That same theorem produces constants C7,Cs > 0 such that
IT.(Pllx < Cillfllx and  [[Sa(f)llx < Collfllx, neN, feX. (3.28)

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



APPROXIMATION BY WEIGHTED SPHERICAL HARMONICS EXPANSIONS 75

Thus,
[Ta(Snfllx < CillSn(H)llx < CiCellfllx, neN, feX. (3:29)

Now, Theorem 3.4 guarantees that {7, oS, }new is an approximate identity in X. [ |

An important consequence of Theorem 3.10 is this: if {7}, },,cmv is an approximate identity
in X and k € IN then {T*},cn is an approximate identity in X.

4. LOCALIZED APPROXIMATE IDENTITIES

In this section we let X = C(S™) and investigate approximation at one fixed point.
The term localized refers to this and nothing else. To motivate the main definition in this
section, let {T},} be as in (1.9) and assume that {7}, }, e is an approximate identity in X.
Since

lim T,f(y) = f(y), yeS™ feC(S™), (4.1)

n—oo

we have that

Fly) = tim —>" " ap(n)f(k,D)Yu(y)

k=0 1=1
1 n N(m,k)

= Jim = [ OSTY au)Yul) V@) (o) do ()
Om Sm =0 =1

n N(m,k)
. ]- Yy X~ 7.\ m

:nILH;OT/ Z () Yi(z) | f(x)dop(x), yeS™, [felX,

mST \ k=0 I=1

in which ¢},(n) := ap(n) Y (y).
The definition can now be introduced. Let y € S™ and let {S¥},ew be a sequence of
operators on X that depends on y. The sequence is called an approzimate identity in y if

lim —— [ Su@)f(z)dow(z) = f(y), f e C(S™). (1.2)

n—oo Oy, Jgm

Theorem 4.1 If {T,,}new is an approzimate identity in X then the sequence {TY}nen
given by

g (n)Yi(z), x=eS™, (4.3)
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in which ¢},(n) = a(n)Yu(y), k = 0,1,..., 1 = 1,2,...,N(m,k), is an approzimate
identity in y.

In what follows we will seek for conditions in order that a general sequence {T¥},cn as
in (4.3), but with arbitrary coefficients c,(n), be an approximate identity in y. We begin
computing the norm of the operator generated by (4.3).

Theorem 4.2 Let LY denote the linear functional on X given by

1
L) = o [ T @) don(a), feCS™). (14)
m m
Then LY, is continuous and ||LY||c(smy = [|TY]|1-

Proof. This is standard but we include a sketch of the proof for the sake of completeness
and because the same arguments are present in the proof of the next result. If f € C(S™),
then

[Lo ()] =

1 Y
— | T@) @)

Om

L[ @ @)ldom()

Om Jsmm

[fllooITH 1, f € C(S™),

IN

IN

and, consequently,
L3 llc(smy = sup{| L f1 + | flloe < 1} < 1T

On the other hand, since F := {z € 8™ : T¥(x) = 0} is closed, given an € > 0, there exists
an open set O, C S™ such that FF C O, and

/ ITY ()| dom () < €. (4.5)

e

Since S™ is a normal space, we can find a continuous function g, : S™ — [0, 1] such that
ge(x) = 0, z € F and g.(z) = 1, © € O.. Now, it is promptly seen that the function h.
defined by h(z) = g.sign Ty (x), z € S™ is continuous and ||hc|loo < 1. In addition,

n) = - [ R@a @ T don@) 2 o [ @) o) 2 1T e

Om Om
(4.6)
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Thus, ||LY||c(smy > ||| — €. This completes the proof. |

The existence of localized approximate identities follows from the results in the previous
sections along with the comments we have made at the beginning of this section. Theorem
4.3 provides an independent proof of this same result.

Theorem 4.3 Given y € S™, there always exists an approximate identity in y.

Proof. Let y € S™ and let OY be the set formed by the elements of S™ which are within
1/n of y. Since OY is open in R™T!, Urysonh’s Lemma implies that we can find a sequence
{9¥}new C C(S™) such that g¥(z) >0, z € S™, g¥%(z) = 0 para z € S™ \ OY and

/ 9 do, = 1. (4.7)

On the other hand, the Weierstrass Approximation Theorem allows us to find a family
{q¥}new of polynomials in m + 1 variables such that

1
g7 = ailloo < —, neNN. (4.8)

Let f € C(S™) and fix € > 0. From the continuity of f, we can find an ng = no(e) € N
such that

lf(y) = flz)| <e, z€O,. (4.9)
In addition, we can choose ny > ng such that
|fy) = f(@)| <€, x€0f, (4.10)

and || f]leo < €nyq. Since

<

10~ [ )@ dono

| 11w~ F@)gi@) dow @)

+

[ 191@) - @) (@) dorn(z)

< [ 11w - F@lgi@) do (@)
+ [ lake) = @) @) dor (o),
we deduce that

100~ [ @) don @)

< [ V)~ S@1a0) o) + gt~ a2l
on
11

n

< /O 61(2) dor () +
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The ¢¥ being representable in the form
q2(z) = cl,(n) Yig(z), xeS™, (4.11)

for some M,,, the result follows. |
The main result of this section is as follows.

Theorem 4.4 Let y € S™. The sequence {TY }new s an approzimate identity in y if and
only if the following conditions hold:

(1) There exists a positive constant C such that | TY|1 < C, n € N;

(4d) limy, oo ¢y (n) = Yiu(y), k€ N, 1 =1,2,...,N(m, k).

Proof. Assume {TY},cn is an approximate identity in y. Since lim, o LL(f) = f(y),
f € C(5™), it follows that each sequence {L¥(f)}nen is bounded. Hence, for every f €
C(S™), we can find a constant C'y > 0 such that

sup{|L¥%(f)| : n € N} < Cy. (4.12)
The Uniform Boundedness Principle implies that
1TH N = IL3lcsm) <€, neN, (4.13)
for some C > 0. It is an easy matter to verify that C is in fact positive. Since
n N(m,k)

LAY) = =30 3 cumFu (k)
=1

g
mor—o0 1=
uw N(m,k)

I;) ; cu(n) (;ﬂ / . Yw(x)Ykl(x)dam(x))

=0bf,(n), nz=p

then

lim ¢, (n) = lim LY (Y)=Yuw(y), pneN, v=12... N(m,p). (4.14)

N2
n— oo n— oo

Conversely, assume that (i) and (4¢) hold. Let f € C(S™) and fix € > 0. By the Weierstrass
Approximation Theorem we can find a polynomial ¢ in m+1 variables so that ||g— f]|c < €.
Writing ¢ in the form

i

M N(m,u)
a=> > Y (4.15)
pn=0

v=1
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and observing that LY (q) = Zk 0 ZN(m k) ¢}, (n)ry;, n > M, Condition (i) implies that

M N(m,k) M N(m,k)
Jim Li(g)=lim > > cimra =" > raYuly) =q). (4.16)
k=0 I=1 k=0 I=1
Choosing N (e) so that
IL3(q) —a(y)| <€, n=N(e), (4.17)

we can use Condition (i) to reach

ILy () = f)l < [Ly(f) — L@ + |Lh(a) — a()] + la(y) — f(v)]
<|LE(f =@+ e+ lg— fllo
< [LEIICf = @)oo + 2¢
=TI I(f — @)lloo + 2¢
<(C+2), n>N(e.

This completes the proof. |

We close the paper stating a theorem that includes a positiveness hypothesis on the
operators.

Theorem 4.5 Let y € S™ and assume that every TY is positive. Then {TY}nen is an ap-
prozimate identity in y if and only if lim, o c},(n) = Yiu(y), ke N, 1 =1,2,...,N(m, k).

Proof. Left to the reader. [ |

REFERENCES
1. Axler, S.; Bourdon, P.; Ramey, W., Harmonic function theory, Springer-Verlag, New York, 1992.

2. Davis, P. J. Interpolation and approximation. Republication, with minor corrections, of the 1963 orig-
inal, with a new preface and bibliography. Dover Publications, Inc., New York, 1975.

3. Folland, G. B., Real analysis. Modern techniques and their applications. Second edition. Pure and
Applied Mathematics (New York). A Wiley-Interscience Publication. John Wiley & Sons, Inc., New
York, 1999.

4. Freeden, W.; Gervens, T.; Schreiner, M., Constructive approximation on the sphere. With applications
to geomathematics. Numerical Mathematics and Scientific Computation. The Clarendon Press, Oxford
University Press, New York, 1998.

5. Groemer, H., Geometric applications of Fourier series and spherical harmonics. Encyclopedia of Math-
ematics and its Applications, 61. Cambridge University Press, Cambridge, 1996.

6. Menegatto, V. A., Approzimation by spherical convolution, Numer. Funct. Anal. Optim. 18 (1997), no
9-10, 995-1012.

7. Morimoto, M., Analytic functionals on the sphere, Providence, R.I., American Mathematical Society,
1998.

8. Miller, C., Spherical harmonics, Lecture Notes in Mathematics, Vol. 17, Springer-Verlag, Berlin, 1966.

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



80 V. A. MENEGATTO AND A. C. PIANTELLA

9. Miiller, C., Analysis of spherical symmetries in euclidean spaces, Applied Mathematical Sciences, Vol.
29, Springer-Verlag, New York, 1998.

10. Reimer, M., Constructive theory of multivariate functions. With an application to tomography. Bibli-
ographisches Institut, Mannheim, 1990.

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



