CADERNOS DE MATEMATICA 04, 133-155 May (2003)
ARTIGO NUMERO SMA#82

Spatial Homogeneity in Parabolic Problems With Nonlinear Boundary
Conditions

Alexandre N. Carvalho™

Departamento de Matemdtica, Instituto de Ciéncias Matemdticas e de Computacdo, Universidade de
Sao Paulo - Campus de Sao Carlos, Caiza Postal 668, 13560-970 Sao Carlos SP, Brazil
E-mail: andcarva@icmc.sc.usp.br

Marcos R. T. Primof

Departamento de Matemdtica, Centro de Ciéncias Exatas, Universidade Estadual de Maringd,
87020-900 Maringd PR, Brazil
E-mail: mrtprimo@uem.br

Abstract. In this work we prove that global attractors of systems of
weakly coupled parabolic equations with nonlinear boundary conditions and
large diffusivity are close to attractors of an ordinary differential equation.
The limiting ordinary differential equation is given explicitly in terms of the
reaction, boundary flux, the n- dimensional Lebesgue measure of the domain
and the n — 1- Hausdorff measure of its boundary. The tools are invariant
manifold theory and comparison results.  May, 2003 ICMC-USP

1. INTRODUCTION

Let @ ¢ RY, N € N, be a bounded domain with smooth boundary I' := 9. Consider
the following problem

ut(t,x) = DAu(t,x) + F(u(t,x)) t>0, z€Q,

D%(t’gﬂ) =G(u(t,z)) t>0, =zeT, (1.1)

where u = (u1,ug, - ,u,)", n > 1, % = ((Vuq, i), - (Vun, @) ", @ is the outward
normal vector and D is the matrix
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134 A. N. CARVALHO AND M. R. T. PRIMO

d 0 0 0
0 dy O 0
D=0 0 ds 0 (1.2)
0 0 0 dn | un
with d; > 0,7=1,--- ,n. The nonlinearities

F:(Fla"' ,Fn),G:(Gl,"' ,Gn)RnHRn

are locally Lipschitz functions.

Our aim is to show that, for suitably chosen matrix D, the asymptotic behavior of (1.1)
is essentially the same as the asymptotic behavior of the following system of ordinary
differential equations:

0(t) = F(v(t)) + |T|G(v(t)). (1.3)

More precisely, we show, under some hypothesis on the nonlinearities F' and G, that the
problem (1.1) has a global attractor and that this attractor is contained in a small neigh-
borhood of the global attractor of the ordinary differential equation (1.3), for matrices D
with suitably large diagonal entries. This is saying that for large times the solutions of
(1.1) are almost independent of the space variable. This is what we are calling spatial
homogeneity.

These results are seen in [9] for the case G = 0 and later in [10] for the case G linear. The
results that we obtain here generalize, partially, these results and offer a unified approach
to these kind of problems. See also [5] for related results.

We will obtain the existence of an invariant manifold for the solutions of (1.1). We note
that in the problem treated in [9], the space of constant functions is already an invariant
manifold for (1.1) with G = 0, fact that does not happen when G # 0 (in this case we show
that there is an invariant manifold which is close to the space of constant functions).

This work is organized as follows: In Section 2 we state the needed hypotheses, introduce
some notation and state the main results of this work; in Section 3 we extend some results on
positivity and comparison of solutions obtained in [4] and [6], that can be used for systems
even more general than (1.1); in Section 4 we obtain the global existence of solutions and
the existence of global attractors for (1.1), as well as some uniform bounds relatively to
the matrix D for this attractor; finally in Section 5 we prove the main results.

2. STATEMENT OF THE RESULTS

In this section we introduce some notation and state the main results of this paper.
Throughout this work, X = L(Q,R") or X = Wh4(Q,R"). To properly state our results
we first need to introduce some notation and basic results.
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SPATIAL HOMOGENEITY IN PARABOLIC PROBLEMS 135

Following [3], consider the operator Ap = diag(A;j,---,A,), where A;, for every i =
1,---,n, is defined as follows: let A; : D(A;) C LY(Q)—L(Q2), with

D(A;) = {¢ € W29(Q); 0¢ 0, em '} := Wf/’q(ﬂ);

"on (2.1)
Aip = —d; \o.

Let (E;)} = D(A4;),i=1,2,--- ,nand E := (E)) := L), 1 < ¢ < oc. Taking [-, ]g as
the complex interpolation functor of exponent 8, A;, i = 1,2,--- ,n has a scale of Banach
spaces £, 0 < « < 1 satisfying

(B2 = [(Ei)s: (Ei)las 1< g<o0.

q @ q
Define, By := (E1)g x (Ea)§ x -+ x (Ey)g, for a € [0,1], 1 < ¢ < oo. We have that, for

1
a> B and 1 < ¢ < oo, the embedding Ey C Eg is compact, B = Wh4(Q,R") and we
obtain from [2] that

B = [WRU(Q,R™), LY(Q,R")] — HZ(Q,R™), (2.2)

where a € (0,1), Wa?(Q,R™) = I, W%(Q) and HZ*(Q,R™) are the Bessel potential
spaces (see [2, 7] for details). We can extend this scale of Banach Spaces to negative
exponents by E,“ := (E)’, for a > 0. The operator Ap can be extended to these spaces
in such a way that its realization, A,_1, in Eg‘_l satisfy Ay _1 : Eg‘—>E§"_1 and is a sectorial
operator, for 0 < a < 1.

We then consider problems of the form

u(t) = —Apu(t) + H(u(t)), t> 0;

w(0) = o, (2.3)

where Ap is the operator defined above and the function H is defined by H := F + Gr,
acting in suitable test functions, ¢, in the following way:

(H(u), ) = (Fa(u), ) + (Gr(u), &) = / (F(u(®)) - $(x))dx + / (Glu(x)) - 6(a))dz.

To obtain the local existence and uniqueness for the problem (1.1), we need to impose some
growth conditions on F' and G in (1.1), these conditions are the same obtained in [3]. Next
we describe the restrictions.

(C1) Suppose that F;,G;, i =1,2,...,n satisfy
\h(u) — h(v)| < clu —v|(JulP~ + o]~ + 1), u,v €R", (2.4)
with exponents p; and p;, i = 1,2, ..., n respectively, such that, with N > 2,

29
N

a

and mgpg:=1+N,

pi <ppi=1+ 1=1,2,

with the second inequality being strict when N = 1.
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136 A. N. CARVALHO AND M. R. T. PRIMO

(C2) Suppose that the following conditions are satisfied

1.¢g> N,

2. ¢ = N and for all n > 0, there is a constant ¢, > 0 such that F; and G;, i =
1,2,...,n satisfy

N N
[A(u) = k()] < eglu— ol (™" 4T w0 e RY, (2.5)

3.1 < g < N, F;and Gy, i = 1,2,...,n satisfy (2.4) with exponents p; and p;,
1 =1,2,...,n respectively, such that,

2q — q ‘
plSpf:l+N7_q and ngpg:1+m7 1=1,2,...,n.

The proof of the following theorem can be found in [3].

THEOREM 2.1. Suppose that F; and G; satisfy the growth conditions (C1), for every i =
1,2,...,n. Then, for all uy € LI(2,R™), there is a unique local solution, u(.;ug), to (1.1),
satisfying w(0;uo) = wo, and depending continuously on ug € L1(Q,R™). Furthermore, this
solutions is classic for every t > 0.

If for i=1,2,...,n, F; and G; satisfy (C2), then for ug € WH4(Q,R"), there is a unique
local solution, u(.;ug), to (1.1), satisfying w(0;ug) = wg, and depending continuously on
up € WH(Q,R™). Furthermore, this solution is classic for t > 0.

An important remark is that in any of the cases of the Theorem 2.1, the solution satisfies
the variation of constants formula given by

t
u(t; ug) = e~ APtugy + / e~ A0 =3) [ (u(s;uq))ds. (2.6)
0

To show global existence, following the ideas in [4], we need to assume some restrictions
on the sign of the nonlinearities in (1.1). Suppose that there are constants By, Cp € R and
Bi,C1 > 0 such that for u € R,

usz(u) < —Bou? + Bl|ui|, ’

i = 1,2,...,n. Furthermore, with the same reasoning as in [4] and [13], to obtain the
existence of global attractors for (1.1), suppose that the first eigenvalue, A;(D), of the
problem

—DAu+Cou=Au em £,
(2.8)

u _
D8ﬁ+Bou—0 em T,

be positive, where By, Cy are given in (2.7).
Under these conditions we prove the following result:
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SPATIAL HOMOGENEITY IN PARABOLIC PROBLEMS 137

THEOREM 2.2. Under the above conditons,the solutions found in Theorem 2.1 are glob-
ally defined. Furthermore, the problem (1.1) has a global attractor Ax(D), in X =
Li(Q,R") or X = WH4(Q,R"), such that

sup  ||v]|Leryy < Ko,
vEAx (D)

where Ko = Ko(Q,T', A1 (D), Cy, C1, By, B1). If d > 1, where
d:= min{dl,d27~~~ ,dn}, (29)

then Ky can be taken uniform with respect to D given in (1.2).

In order to prove the properties about the global attractors for (1.1), we need to introduce
the limiting ordinary differential equation (1.3). To do this, for every i = 1,2,--- ,n, let
Ai(d;) be the first eigenvalue of the operator A;, defined in (2.1). We know that A;(d;) = 0,
i=1,2,---,n. Consider ¢;(d;), i = 1,2,--- ,n, the corresponding normalized eigenfunc-
tion. In this case, p;(d;) = |Q|’%, i=1,---,n. We can, without loss of generality, suppose
that |Q] =1, then @;(d;) =1, fori=1,2,--- n.

Now, with the above notation, fix ¢ € (1,00) and E* := E¢, a € [-2,2]. Consider the
following decomposition of £ :

E*=UaU, (2.10)
where U = R" and U}l = {9 € E%; (¢, ¢) = 0, € U} with

W, 0) = / (@) () de,

for v € U and ¢ € E®. Observe that if ¢ € U, then ¢ € L*°(Q,R") and, therefore,
the above integral is well defined for ¢ € E®. Also note that U can be viewed as a
n—dimensional subspace of E%, containing only constant functions.

Let u(t, - ), be a solution of (1.1) in X. We can write

u(t,z) =ov(t) +w(t,z), z=€€Q, (2.11)
where v(t) € U = R™ and w(t, -) € UL, t > 0. Integrating (2.11) we obtain that

/Qu(t, z)dr = v(t) + /Q w(t, z)dx = v(t),

since 1 € U. Hence, v(t) = [, u(t,z)dz and w(t,z) = u(t,z) — v(t), for t > 0 and z € Q.
Thus,

4oy = 4 /Q u(t, )dz) = /Q DAu(t, z)dz + /Q Fu(t, 2))ds

/F(v(t) + w(t,x))dx + /G(v(t) +w(t,x))dzr = P(v(t),w(t, -)),
Q r
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138 A. N. CARVALHO AND M. R. T. PRIMO

where, for v € R" and w € Uz

P(v,w) = / Fv+w(x))dz + / G(v + w(x))dz.
Q r
In addition, for ¢ > 0 and = € 2, we have

Zu(t,x) = F(ult,z) - v(t)) = DAu(t,x) + Flu(t, ) — (P(u(t), wlt, -))

= DAw(t,z) + F(u(t,z)) — (P(v(t), w(t, -)).
Also, for z € I and ¢ > 0,

D%w(t,x) = D%u(t,x) = G(v(t) + w(t,x)).

Therefore, using the decomposition (2.10), we can write every solution of (1.1) as a
solution of the problem

dy(t) = P(u(t),w(t, ), t>0,

Cag;w(t,x) = DAw(t,z) + Qv(t),w(t,z)), t>0, x€Q, (2.12)
DI = G(o(t) + w(t,z)) t>0, z€T,

with P: U + UL —U and Q : U + UL —L4(2,R"™), defined, for v € R® and w € U}, by

P(v,w) :/F(v—i—w(m))dm—i—/G(v—i—w(x))dx,

Q r (2.13)
(Qv,w))(z) = (Fa(v+ w))(z) — P(v,w), x € Q.

With all of this we can prove the main result of this work:

THEOREM 2.3. Let Ay be the global attractor for the ODE (1.3) and V. C R™ be a
neighborhood of Ay such that w(V') C Ag. Then, for all neighborhood, W, of Ay such that
W CV, there exists a dg > 0 and a function oq :W—>Uj, d > dy, such that o4(v)—0, as
d— o0, uniformly for v e W, d as in (2.9). The set

Mi={u=v+o0q4(v),ve W}

is an exponentially attracting invariant manifold for (1.1). Furthermore, the flow on this
manifold is given by

u(t, ) = v(t) + oa(v(t))(x),
where $o(t) = P(u(t), 0a(u(t))).
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SPATIAL HOMOGENEITY IN PARABOLIC PROBLEMS 139

3. COMPARISON AND POSITIVITY RESULTS

In this section we extend the results of [4] on comparison and positivity of solutions to
problems including (1.1). These results will be useful to show global well posedness and
asymptotic properties of solutions to (1.1). The abstract comparison results in this section
can be found in [4].

DEFINITION 3.1.  An ordered Banach space is a par (X, <), where X is a Banach space
and < is an order relation in X such that

o r < yimplies z + 2z <y+ z, for all z,y,z € X
e <y implies Ax < Ay for A € RT and z,y € X;
e The ”positive cone” C' = {x € X;0 < z} is closed in X.

DEFINITION 3.2. Let (X,<) be an ordered Banach space. We say that the map
T : X—X is increasing T(x) < T(y), whenever z < y, x,y € X and we say that it is
positive if 0 < T'(z), whenever 0 < z € X.

DEFINITION 3.3. A sectorial operator A in an ordered Banach space (X, <) has positive
resolvent in X, if there is Ag € R such that (A 4+ \)~! is an increasing map in X, for all
A > Ag.

Let (X, <) be an ordered Banach space and A : D(A) C X—X be a sectorial operator.
Consider Ay € R such that Re(o(A + X)) > 0. Additionally, suppose that A has positive
resolvent.

We consider now problems of the form
up + Au = f(u)7 t > 1o,

{ u(to) =ug € X, (3.1)

where A and X satisfy the above conditions. Suppose that we have constructed, as in
Section 2, a scale of interpolation spaces, which we denote by X%, o > 0, with X° = X
and X! = D(A). In each X®, consider the order induced by X, and suppose that the scale
X% «a >0 is an ordered scale of spaces in the sense of the definition below.

DEFINITION 3.4. A scale of Banach spaces X%, a > 0 is an Ordered Scale of Spaces if
the inclusions X® < X? a > 3 are positive, the a-realization of A in X, A, : Xt X2,
a > 0, have positive resolvent and the positive cone of X is dense in the positive cone of
XP foralla > 3> 0.

Assume that the nonlinearity f in (3.1), is subcritical in a certain space X17¢ & > 0, that
is, there exists v > 0 with 0 < 1 4+ ¢ — v < 1 such that f : X'7*— X" is locally Lipschitz.
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140 A. N. CARVALHO AND M. R. T. PRIMO

Furthermore, suppose that the problem (3.1) is locally well posed in X!. Therefore, we
have the following result whose proof can be found in [4].

THEOREM 3.1. Let A and X be as above and suppose that the nonlinearities f,g and h
satisfy the conditions described above for f.

(i)Suppose that for all r > 0 there exists a constant 5 = B(r) > 0 such that f(-)+ BI is
positive when restricted to the ball of radius r in X'+, If 0 < ug € X! then, the solution,
u( -5 uo, f), of (3.1) is positive for as long as it exists.

(i1)Suppose that for all r > O there is a constant 8 = B(r) > 0 such that f(-) + BI is
increasing in the ball or radius v of X7, If ug,u1 € X1, with ug < uy then u(-;uo, f) <
u( s uq, f) for as long as both solutions exist.

(iii)Suppose that f and g satisfy f(-) < g(+). Then, for all ug € X!,

U(,U(),f) SU(,Uo,g)

for as long as both solutions exist.

(iv)Suppose that f and g are such that for all v > 0, there is a constant = [B(r) > 0
and an increasing function, h, such that

fC)+BI<h(-)<g(-)+pI

in the ball of radius r in X'*e. If ug,u; € X' with ug < uy, then

u( -5 uo, f) <ul-3uo,9)

for as long as both solutions ezist.

Now the idea is to apply this result to the problem (1.1). In fact, we will obtain results on
comparison and positivity for problems a little more general then (1.1). First, we define an
order, <, in L1(Q,R"), ne N, 1 < g <oo. Let f = (f1,f2,,fn), 9= (91,92, " ,gn) €
L1(Q,R™), we will say that f < gif f; <g;,i=1,2,--- ,n, where < is the usual order in
L1(Q). Clearly (L9(£2,R™), <) is an ordered Banach space.

The next two results are adapted from [8], and will be used to show that the linear
operators associated to problems like (1.1) have positive resolvent in LI(2,R™), in the
sense of Definition 3.3.

LEMMA 3.1. Let H be a Hilbert space and f € H. If there exists f € H such that

IFIl < 1£1 and (F. f) = [(f, )],

where (-,-) denotes the inner product in H, then f = f.
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SPATIAL HOMOGENEITY IN PARABOLIC PROBLEMS 141

THEOREM 3.2. Let (H,<) be an ordered Hilbert space, C its positive cone and A :
D(A) ¢ H—H be a positive self adjoint operator; that is, {Au,u) > 0, for all u € D(A).
Suppose that there exists a dense subset D C H such that:

1.(A+a) D C D, for all a > 0;

2.for each d € D, we can define |d| € DN C such that ||d|| = || |d|||. Furthermore, if
d € D, then d € C if and only if d = |d|;

3.for alld € D and g € C, (|d|,g9,) > |{d, 9)/;

4.if u € D(AY?), then |u| € D(AY?) and (AY?|u|, AY?|u|) < (AY/?u, AY?y).

Then, A has positive resolvent in H.

Proof. Consider in D(A%) the inner product given by

(f.9)1 = (A% f,A%g) +alf. g),

for f,g € D(A%) and for all @ > 0. Let X2 be the Hilbert space defined by Xz =

1
(D(A), ). 1

Let g € D be such that g € C and ¢ = (A + a)~!g. Then, since Az is self adjoint, we
have that

(lel.e)1 = ((A+a)le], (A+a) g) > [(c.9)]-
Additionally,
1 1
el = (A= lel, Az[e]) + lell* < [lelli-
Using Lemma 3.1 with f = ¢ and f = ||, we conclude that if g € DN C, then

(A+a)lgl =l =c=(A+a)g

and, therefore (A + a)~1g € C.
Now, the density of D in H and the continuity of (A + «)~!, implies that for all g € C,
(A+ a)~lg € C. This shows that A has positive resolvent in H. |

For n > 1 and 1 < ¢ < o0, consider the operator B defined by

B:D(B) C LY(Q,R")—LI(Q,R"),

with
R\ — 2 ny . a(rb _ .
P(B)*{QﬁEW’Q(QvR )7D%** n¢® em F}, (3.2)
B¢ =—DNA¢ + co,
for ¢ € D(B), where K, := {kij}nxn, hereafter called coupling matrix, is a symmetric
matrix of order n, such that for all u € R™,
Kyu-u>0, (3.3)
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142 A. N. CARVALHO AND M. R. T. PRIMO

Kplul - Ju] < Kpu - u, (3.4)
where [(ug, -+ ,un)| = (Jutl, -+, |un]), -7 is the usual inner product in R™, D is an n x n
matrix given by (1.2), with d; > 0 for i = 1,2,--- ,n and ¢ > 0 is a constant taken such
that the first eigenvalue, uq(K), associated to the operator B be positive. We have the
following result:

PROPOSITION 3.1. The operator B defined in (3.2) is a sectorial operator and has positive
resolvent in LI(2,R™), for alln > 1.

Proof.  Firstly, we will use Theorem 3.2 to show that B has positive resolvent in
L2(Q,R"). }
After integrating by parts we have that, for all ¢ € D(B),

(B, &) 12y = /Q Vo) + /8 Kt 6+ el

hence (3.3) shows that B is an positive operator. The symmetry of the matrix K, and a
computation similar to the above show that

(Bo,¥)r2(rn) = (6, BY) 2(,zm),

for every ¥, ¢ € A(B) But 0 is in the resolvent set of B, then we conclude that B is self
adjoint.

Now, we consider the set D, in the Theorem 3.2, as L?(Q2,R") itself. Therefore the
condition t 1 of Theorem 3.2 is clearly satisfied. Let f = (f1,- -, fn) be a function in
L2(Q,R") and consider |f| = (|fi], -+, |fnl), where for each i = 1,2,---,n, |fi|(z) =
|fi(z)], * € Q. With the definition of order in L%*(Q,R"), given above, the condition 2
follows immediately. The condition 3 is easily verified. It remains to verify the condition
4. But, for every ¢ € D(B), integrating by parts and using (3.4), we have

(Bl |0]) r2(,rn) < (Bo, 8) 12z,

since D(B) is dense in D(Bl/ %) and using that B is closed operator, a density argument
shows the condition 4. }
Hence, Theorem 3.2 implies that (B + «)~! is increasing for all a > 0, in L*(Q,R").

Now, for ¢ > 2, we have that LI(Q2,R™) A L?(Q,R"), B has positive resolvent in
L?(Q,R") and the positive cone of L4(2, R") is contained in the positive cone of L%(£2, R™).
Thus, simple computations show that B has positive resolvent in L?(€,R"), ¢ > 2.

Finally, if 1 < ¢ < 2, since the positive cone of L?(Q,R") is densely embedded in the
positive cone of L7(€2, R™), B has positive resolvent in L?(Q, R™) and (B + «)~! is contin-
uous in L4(€, R™), a density argument shows that B has positive resolvent in L4(Q,R™).
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SPATIAL HOMOGENEITY IN PARABOLIC PROBLEMS 143

As in Section 1, we can construct a scale of Banach spaces, X¢¥, a € [-1,1], 1 < ¢ < o0,

for the operator B defined in (3.2), the Proposition 3.1, the Theorem 2.7.2 in [2] and the
fact that uq (k) is positive show the following result:

THEOREM 3.3. For all1l < ¢ < oo and « € [0,1], X' 1s an ordered Banach space with
the order induced by Li(Q2,R™). The space X, % is an ordered Banach space with the dual
order; that is, 0 < w in X if and only if 0 < (u, @) for all ¢ in the positive cone of € Xg-

For v > 3, the embedding X — Xqﬁ is positive and the positive cone of X[ is dense in
the positive cone of Xqﬂ.

Furthermore, Bo_1 : X;“—>Xg‘_1 18 a sectorial operator with positive resolvent.

With all of this, we are prepared to obtain the results on comparison and positivity for
solutions of the following semilinear parabolic problem, with boundary coupling;:
ut(t,x) = DAu(t,xz) + F(u(t,z)) t>0, ze€Q, 2 s

D%(t,x) =—Kyu(t,z) + G(u(t,z)) t>0, ze€Tl, (3:5)

where u,k,Q.T" and D and F = (F,F,---,F,) : R*>R" G = (G1,Gs,--- ,G,) :
R™—R™ are as before.

For smooth initial data, an immediate consequence of the abstract results in this section
we have the next result on comparison and positivity of solutions to (1.1). Since the
solutions of (1.1) depend continuously on the initial data in W14(Q,R") or in L7(2, R"™),
we obtain the next proposition.

PROPOSITION 3.2. Let B be the operator defined in (3.2). Suppose that fori=1,---  n,
F;,G; : R"=R are locally Lipschitz functions satisfying the conditions (C1) and (C2)
defined in Section 2.

(i)Suppose that F;(0,---,0),G;(0,---,0) > 0, ¢ = 1,2,---,n. If 0 =< ug then, 0 =<
u(t; up), for as long as they exist.

(#)If ugp = uy then u(t;ug) < u(t;u1), for as long as they exist.

(iii)Suppose that for all u € R™, Fi(u) < F;(u) and Gi(u) < Gi(u), fori=1,2,--- n.
If ug < wy then u(t;uo, Fo,Go) =X u(t;ur, F,G), for as long as they exist, where Fy =
(Fg, -, F}) and Gy = (G, -+ ,GB), F and G are as before.

Where “<X” denotes the order defined above for the space where the initial data u;, i = 0,1
belongs; that is, LY(Q,R™) or Wh4(Q,R"™).

4. GLOBAL EXISTENCE AND EXISTENCE OF GLOBAL ATTRACTORS

In this section we will show that the local solutions to the problem (1.1) found in Theorem
2.1 are globally defined, to that end, we use the comparison and positivity results given
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in Proposition 3.2. We also obtain the existence of global attractors for (1.1), as well as a
L (2, RY) bounds for the attractors, uniformly with respect to the matrix D.
Now consider the problem

{ ug(t,z) = DAu(t,z) + F(u(t,z)) t>0, zec, 1)

DIL(t,2) = G(u(t,z)) t>0, z €T,

where u, k,Q, T, D are as before and F = (Fy,---,F,),G = (Gy,---,G,) : R"—R"
satisfies the previously imposed conditions.

Taking K, = 0, in the definition of B, the Proposition 3.2 ensures comparison and
positivity results for the solutions to (4.1), and with the same reasoning used as in [4], we
obtain the following result:

THEOREM 4.1. Suppose that for i = 1,2,--- n F;,G; satisfy the growth conditions
(C1), or (C2) and (2.7). Then

(i)For each ug € X, (X = L1(,R"?) or X = WH4(Q,R")), the solutions found for (4.1),
are globally defined.

(i3 )Suppose, in addition, that the first eigenvalue, A1 (D), of (2.8) be positive. Then, the
problem (4.1) has a global attractor Ax (D) in X such that

Ax (D) C X(¢) :={¢p € L (Q,R") : |ui(z)| < pi(x), i=1,2,--- ,n x € Q},
where ¢ is the solution to the elliptic problem:

—DA¢ + C()¢ = Cl m Q,

. 42
D%+BO¢=31 in T, (4.2)

where Cy,C1, By and By are given in (2.7). Furthermore, for 2a < 1+ %, and r > q,
Ax (D) C E%, is compact in this space and attracts bounded subsets of X, in the norm of
E'()L

The next result ensures an estimate to the attractor Ax (D) of (4.1), uniform with respect
to the matrix D, if d; > 1,4 =1,2,--- ,n. The idea is to use (ii) of Theorem 4.1. We start
with the following simple lemma.

LEMMA 4.1. Let a > 1 and \i(a) be the first eigenvalue of the problem

—alAu+ Cou = Au in £,
(‘)7“ o .
aaﬁ+BOU—O mn T.

Then, A\ (a) > A1 > 0, where A1 is the first eigenvalue of the above problem with a = 1.
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An immediate consequence of Lemma 4.1 is that if, d; > 1,7 =1,2,--- ,n, then the first
eigenvalue, A1 (D), of (2.8) satisfies A1 (D) > A1 > 0, where Ay is the first eigenvalue of the
problem

—Au+ Cou = Au in €, 13
9| Bu=0 inT. (4.3)

Additionally, the constants Cy and By in (2.7), can be taken independently of d; > 1,
i=1,2,--,n.
LEMMA 4.2. Let ¢ = (¢p1,h2, -+ ,¢n) € HY(,R™) be a weak solution to the elliptic
problem (4.2), d given in (2.9) and Ay > 0 be the first eigenvalue of (4.3). If d > 1, then
¢~ rn) < K,

where K = K(Q,T",Cy, By, C1, B1, N, A1) is a positive constant independently of d > 1.
Proof. Throughout this proof, let us fix i € {1,2,--- ,n} and show first that [|¢;||z2(q) <
K1, where K1 = K1(Q,T, By, By, C1,Co, A1) and ¢; is the solution of
—d;Ap; + Cop; = C1 em

) 4.4
dz% + Bo(bl = Bl em I ( )

Multiplying the first equation in (4.4) by ¢; and integrating by parts, we obtain that

di/|V¢i|2+co/¢§—01/¢i+30/¢§—31/¢,:0. (4.5)
Q Q Q r r
Taking ¢ = ¢; — 23710, and using that A;(d;) > A\ > 0, where A1 (d;) is the first eigenvalue

of the linear problem associated to (4.4), we have that
Mi(di) Jou? + (S5 = C1) Jo ¥ < Jo(dil VP2
+Coy?) + Bo Jp ¥ + (52 = C1) [y -

Substituting ¢ and using (4.5), it follows that

Al(di)/QwMKz/Qngso,

where
CoB By B?
0b1 0 21 +
By 4B
But, the Young inequality implies that for all € > 0,

CiB1 3 CoB?
2B, 4 B2

K2 = 701 + Kg = |F‘ )|Q|

K
Ko [ Ko < |K3|+|K2||Q|€/2+M/ P
Q 2 Jq
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Hence, since d; > 1, it follows from Lemma 4.1 that
| K> / 2 | Ko / 2 | K[
A — — < (M(dy) — —= < |K. —e¢,
(=520 [ W<t = 52 [l < il + R

where A is the first eigenvalue of (4.3). Taking € = |K3|/A1, we obtain that

1
[¥l20) < 5V 21KV AL+ Kol

and, therefore,

lbill2c) < Ki,

where K7 = Kl(Q,F,Co,Cl,Bo,Bl,)q) > 0.

Next we show the limitation in L°°(£2). Suppose that <p< X, We consider

N+2

N -2
r::(N_Qz)p>2 and k£ >1.

We define ¢ = (¢; — k). Multiplying the first equation in (4.4) by |¢|"~2¢ and integrating
by parts, we obtain

L) / &V 16"/ + Co / (16[7/2)? + Bo / (1[/2)?
Q Q T
- / (C1 — KCo)|626 + / (By — kBo)|é|™26.
Q T
Calling C := Cy — kCy and B := By — kB, the Holder inequality implies that

) / &IV 1822 + Co / (18l7/2)2 + By / (I9I"72)2
I

A r 2/r r 2/r
< [CRA PRI e ) + |BI|T o5 ]2 /2p TIIS
N~/

making v := |$|"/? and since that p’/r’ = N/(N — 2), we obtain that

20 [ 9ol + (ot ) [ ol + Bo [ ol
Q Q T

2 2/r
< ICIIIUH /T +|B|||v|| /2(N 2 +/\/ [v]?,

where C = |C||Q|'/? and B = |B||1"|<IJVV:SP_
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Now, using Sobolev embeddings

HY(Q) — L*NN=2(Q) and H'(Q) — L*N-D/(V=2)(T)

)

with embedding constant C = C(Q,T', N), for details see [1]. Then
@/dimﬁ +(Co+ )\)/ ol + Bo/ Jo]?
Q Q r
< O[O0t gy + CIBlol g + A /Q ol
We choose A = A(©2, By, Cp) > 0 such that

4(r — 1 4(r — 1
r >/di|w|2+<oo+x>/\v|2+Bo/|v|2z =1 g (ollar ).
r Q Q T r

Hence,

(T - 1) - >3 2/r 2/r
S di(lollm @) < (CIC1+ B3 ) + Mol 0131 ).

and so,
r—1 2/r - >3 2/r
= dillv]| 3 ) < CIC| + CIB| + Alvl|7aq-

Since d; > 1, then

< SLdi|ll}i g

)y = HU”LZN/(N 2)(Q)

C(C[C| + CIB| + Alv[[5qy) = C(CIC| + CIB| + All¢|

()

But 2 <r < then, for each € > 0, there exists C(£2, N,p) such that

N 2p7

9l L) < . + Ccl|9ll 22 (o)

(2

Thus

)

1 _ _
(5 = ACE) @l w02y < CLCIT + CIB| + ACul 1200
Therefore,
[l Lve/v-20 () < Kal|C1] + [Bi] + k + |9l L2 (],
where Ky := K4(Q,T, N, p, By, Cp) > 0.
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Npo

Now, for all ¢ > 5=, there is pgy € [2 XY such that ¢ = . Hence,

N+2° 2
9llLa() < Kal|Cr] + [Bi| + k + ||¢ill L2(o)] (4.6)

with Ky := K4(Q,T, N, q, By, Co) > 0.
For k > 1, consider the set Ay := {z € Q: ¢;(z) > k}. As before, for ¢ = (¢; — k)T,
there exists A = A\(Q, By, Cp, N) > 0 such that

/Q GV + /F Bod? + /Q (Co+ N6? > dillélrs 0 > 191301 (47)

Also, multiplying the first equation in (4.4) by ¢ and integrating by parts, we obtain that

/di|v¢\2 +/Bo¢2 +/(Co +A)¢p?
Q/Q(C1 - kCZ)qSJr /F(;1 — kBo)é + A/Q¢2. 4

Therefore, (4.7), (4.8), the Sobolev embeddings above and Holder inequality imply that

N+2

(el @) Akl ) [[8l o 1€ ||¢||H1(n)

LN (Q)

<C</Q\cl—kco||¢|+/F|Bl —kBo||¢|+A/Q\¢|2>

where C = C(Q,T', N) > 0. Estimating each one of the terms in the above inequality it
follows that

/Q (C1 — kColld] < |Ch — kColCllll 11 (e | Anl?,

/ By — kByl|6] < |Br — kBo|C[ 6]l (e Aul?
T
Finally

1

/ 61* < Allol| aeylloll A2 70 < AC) 0 Lo Il ()| Ar| 2T 75

LN 2(Q)
Taking ¢ = 2N and using (4.6), it follows that

)\/Q 6> < ACK4(IC1| + |Bi| + k + [l L2 () |9l 12y [ Ar /2T,
with Ky = K4(Q,T, By, Co, N). Therefore,

N+2

(Il () [ Akl =) 1l @) < (CLARV2((IC1 + KICol) + (1B + K| Bol)
AACIA N (G| + |Ba| + k + (il La@)) 9] o,
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that is,
6]l 1) < [ARlMEKsk(IC1] + |Bi| + k + [[6i]l L2(0)
where K5 = K5(Q,T, By, Co, N) > 0, A = \(Q, By, Cop, N) > 0 and ¢ = g(N).
Thus, Lemma 5.1 in [12] implies that
max{¢;(z); = € Q} < Ke(|C1] + |B1] + ||dillr2()),

where K¢ = K¢(2,T', Cy, By, N). Exchanging ¢; by —¢;, with a similar reasoning we obtain
that

Pl @) < Ke(|C1] + | Bi| + l|#ill2 ()
The first part of this lemma implies that

Pl Lo () < K,

where K = K(Q,T', By, B1,Co,C1, N, A1) > 0 and \; is the first eigenvalue of (4.3), com-
pleting the proof of the lemma. |

Finally, the next result ensures an estimate of the attractor Ax (D), uniform with respect
toDifd; >1,i=1,2,--- ,n.

COROLLARY 4.1. Let d be as before. If d > 1, then there exists M > 0, independently
of D, such that
Ax(D) C B:={¢ € L(QR") ; ||9[lp~@rn) < M},
and attracts bounded subsets of X, through the flow defined by (4.1), in the norm of E2,
2a<1+% and r > q.
Proof. The Lemmas 4.1, 4.2 and the item (ii) of Theorem 4.1 prove the corollary. |

5. PROOF OF THEOREM 2.3

In this section we prove Theorem 2.3. Firstly recall that with the notations of Section
2, the operator Ap defined in (2.1), generates an analytic semigroup, {e~47%; t > 0}, in
E7, satistying the following estimates

le= 42 wl gy < Kie™ @ |lwl|gy, we Uyt >0;
(5.1)
le=4Ptw]| gy < Kyem =@ w| o, w € UL, t >0,

where K7 > 0,0 > 0, d are as in (2.9), ¢ € (1,00), a and r are taken in such a way that
2r > 1/q¢' and o+ r < 1. We observe that these restrictions imply that o < 1/2 + 1/2q.
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LEMMA 5.1. Let F,G : R*"—=R" be functions satisfying the conditions of previous sec-
tions. Consider the decomposition of E* given in (2.10), P : U + Ut+—U and Q :
U+ ULt—Li(Q,R") defined in (2.13). Suppose that o and r satisfy

a>1/2q, a+r<1l and 2—q/<r<2—q/7 (5.2)
Define H : U + UO{‘HE(;T, acting in functions ¢ € Ey, in the following way:
(Hww).0) = [ Q+w@)otds+ [ Glo+ul)owdy. (53

Then, fized R > 0, there are positive constants Ny, Ly, Np, Lp such that

[H (v, )|l g < Nu
[ H (v1,w1) — H(vz, w2) || p—r < L (Jor — va| + [Jwr — w2llys)
|P(v,w)|gn < Np

|P(v1,w1) — P(v2, w2)[rn < Lp(|vr — v2| + [Jwi — wal|ys),

for all ||v1 + w1l ge, ||v2 + w2 ge, [V + W] ga < R.

Proof. Let us consider u; = v1 + wy, us = v +wao, u = v +w € B, satisfying the
conditions of the lemma. Then we have

P, )|z < /Q P + w(@)) g d + / G+ w(y)) |z dy

IN

[Fa(v +w)|La@rn) + |F|1/q/HGFHL‘1(F,R") < Np,
where Np := Np(R,q,N)+ K(T',q, N)Ng(R,q, N), and for every ¢ € By,

[(H(v,w),9)| < ([[Fa(v+w)lLoqrn) + [P0, w)ev) [l Lo oz
+HIGr (v +w)ll L@z I T(A) Lo (1 gy

where T' denotes the trace operator. Now, with the values of a and r given in (5.2), we
obtain that

|<H(va)7¢>| < (NF(Rv(IaN) +NP +NG(R,(LN)K(T’,(],N,Q,F))”¢|

E;',
< Nul¢ler,-

Hence,

| (v, w)] e < N
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where Ny := Np(R,q, N) + Np + Ng(R,q, N)K(r,q, N,Q,T).
With the same reasoning, we show the other two inequalities of the lemma. |

Let Ap be the compact global attractor of the ordinary differential equation (1.3), then
as in [9], there is ¥ : R"—R a Lipschitz continuous function with Lipschitz constant Ly,
such that

1. ¥(v) =0, for all v € Ag;

2. a(d(v, Ag)) < X(v) <b(d(v,.Ap)), where a(r) is a continuous non-decreasing function,
a(r) > 0ifr > 0, a(r)—+ oo when r—+o0 and b(r) is a continuous function with b(0) = 0;

3. For all v € R",

S (v) < -2(),
where 2(1.3)(11) = limsup;,_,¢+ (E(z(h;v)) — X(v))/h, and z(-;v) is a solution of the ODE
(1.3), with initial data x(0;v) = v.

Fix a and 7 satisfying (5.2), and define V,. := {v € R";X(v) < c}, for ¢ > 0. The property
2 above implies that for all ¢ > 0, V. is compact. Furthermore, for every ¢ > 0 and n > 0,
consider the set

Wen ={u=v+weE*; veV, and |w||g- <n}. (5.4)

The next result shows that for d large enough, the flow of (5.1) stays in W, if it attained
Wy, for some tg > 0. Precisely we have:

LEMMA 5.2. Let us consider ug = vo + wo € X, a and r satisfying (5.2) and u(t, - ;uo)
the solution (1.1) with initial data uo. If there exists to > 0 such that u(to, -;uo) € Wey,
then there is dy > 0, sufficiently large, such that u(t, -) == v(t) +w(t, -) € We,, fort >t
and d > dy, where W, is defined in (5.4).

Proof.  Let u(t, -;up) be the solution of (1.1) with initial condition uy € X (X =
LI(Q,R") or X = WH4(Q,R")). For « satisfying (5.2), consider u(t, - ) = v(t) + w(t, -) €
U + Uz, where v(t) € R™ and w(t, -) € UL, for all ¢t > 0. Suppose that v(tg) + w(to, - ) €
We . Then, as before

d
Zo(t) = P(u(t),w(t, -)) t>0,
b

Al t,x) = DAw(t,x) + Qv(t), w(t,z)), >0, ze€Q, (5.5)
DI = G(u(t) + w(t,z)) t>0, z€T,

with the functions P : U + ULr—U and Q : U + UL —L9(Q,R") defined as in (2.13). If
H:U+Uy—E," acts in functions ¢ € Ey, as in (5.3), with « and r satisfying (5.2). We
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can write the problem (5.5), using the variation of constants formula

Fo(t) = Fu(t) + TIGu(®) + [P(o(t), w(t) = F(u(t)) = [TG(0(1))], t >0,
U(O) = Yo, . (56)
w(ta ) = eiAthO +/ emApts) [H(U(S)aw(sv ))}dsa t>0,

0

with Ap as defined in Section 2.
Now, for all v € R™ and w € Uz, we have

[P (v, w) = F(v) = [T|G(v)| = \/QF(U +w(z))de

+ [ 6o+ wy)dy — o) = ITIG o)
< 1Fa(v + 1) = Fa(0)llzaazmy + [TV [Gr(v + w) — Gr(0) | za(r s
1+
< (L + KoLy|l|"" ) ||lwl|| g
Hence, for all (v(t),w(t, - )) satisfying (5.5) and such that
v(s) € Ve and |lw(s, - )[|ga <m,
for all tg < s <t, (5.6) implies that

E@a»gnmmm2@6+h2f2@@»
h—0

St + h)) — Z(z(t + h;o(t)))

< lim sup + 2(1.3) (v(t))
h—0 h
t+h)—x(t+ho(t
< Ly, lim sup [o(t + 1) Q;L( +hiv(®)| —X(v(t))
h—0

< =X(v(t) + Le|P(u(t), w(t)) — F(u(t)) — [T|G(v(1))]

1
< =%(0(t) + Ls(Ly + Ko Lo 7 ) Jw(t, - )l|ge.
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Therefore, using the estimates (5.1), Lemma 5.1 and making w(t) := w(¢, - ) in (5.5), we
obtain that

()]l 5= Kale= % w(to) | 5 + / (t — )07 | H (u(s), w(s)|| - ds]

to

i
< Kle_(d6)t||w(t0)HEa + Kl/ (t — S)_a_re_(d5)(t—s)LH||U}(S)||Ead8

to
t
LK / (£ — §)-a—T e~ @)= Ny ds.
to
Taking 0 < ¢ < §, and multiplying the above expression by e?’* we obtain that
[[w(t)ed|| o< Kle‘d(‘s“’ztllw(to)l\m
+K1NH/ (t — s)~ o redote=(@)(t=s)qs
to
t
LKLy / (t— )77~ (E=5) Aot () | gl
to

K {NyLe® | KiLyLy(t)
(dts)l—oe—r (da)l—a—T ’

< Kie” =% lw(to) | po +

where L := fooo s e~ (1=%)5ds and
y(t) = sup{e”*|lw(s)||go ; to < 5 <t}
Making z(t) := e%?||w(t)| g, t > to, we obtain that

KlNHLedot KlLHL

Z(t) < Kle_d(é_o-)tz(to) + (d(s)l,a,r (dd)lfafr y(t)

If
€= (K1LgL)/((do)'=7"),

then applying the same arguments as above for {5 < s < ¢, recalling that § — o > 0, we
obtain that

KNy Letos KNy Ledot

2(s) < Klefd((?fa)sz(to) + &y(s) + W < Kyz(to) + Ey(t) + W.

Thus,

K Ny Let

y(t) < Klz(to) + fy(t) + (d5)17a7T .
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Since a + r < 1, there is dy > 0 sufficiently large such that 1 — & > 0 for d > dy. Then,

NHLeda't

y(t) < Ki(1— &) [z(to) + W].

Therefore, if v(s) € V. and ||w(s)||g= <1, to < s < t, then

E(v(t) < =X(v(t)) + Ls(Ly + KaLg|T))[w(®)| g,

and
fw(®)ll s < Ki(1— €)= e~ fuw(to)]| 5 + (d(;’j’fL]
Defining K3 := (Ly Ky + |I'|KqLg) Ly, and
Kad) = K1 (1= &) e~ fu(to) | - + W;’)VHL1
it follows that, for to < s < t,
[w(t)||ge < Ka(d) (5.7)

and

E(v(t)) < =3(v(t)) + K3K4(d). (5.8)

Using the fact that 1 — o — r > 0, we can take dy > 0, sufficiently large such that
¢ — K3K4(d) > 0 and K4(d) < n, for all d > dy. Therefore, (5.7) and (5.8) imply that if
v(to) € Vi and ||w(to)||g« < 7, then

v(t) e Ve e Jw(®)lles <n,

for all t > ty e d > dy, and this concludes the proof of the lemma. |

Now define the set £ := {¢ € X; ||¢||x < K}. Theorem 4.1 implies that there are
positive constants ¢,  and to such that for all uy € IC, u(t, -;up) € W, for t > to, where
W,y is given by (5.4). Lemma 5.2 implies that

T Wen) C We, (5.9)
and is relatively compact for all ¢ > 0. Also, Lemma 5.2 shows that for ¢ > ¢,
[lw(t)]|ge—0, as d— + cc. (5.10)

But if v € Ag, then ¥(v) = 0. Thus, W, is a bounded neighborhood of Ay and there is
a neighborhood, N'(Ap), of Ay such that W, C N(Ag) and w(W,,,) C N(Ap).

Therefore, making n > 0 and ¢ > 0 large, if necessary, in such a way that B C W,
where B is given in Corollary 4.1, we obtain that for all d > dy, the global attractor,
Ax (D), of (1.1) satisfies

Ax (D) C N(Ayp).

The next lemma shows the existence of the invariant manifold claimed in Theorem 2.3.
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LEMMA 5.3. For o and r fized as in (5.2) and d as in (2.9), consider the decomposition
of E“ as in (2.10) and the functions P : U+ Ut —U and H : U+Ui‘—>E;T, as in Lemma
5.1. Suppose also that the estimates (5.1) are satisfied. Consider the problem

Folt) = PO, w(t, ), t>0,

w(t) = —Apw(t) + H(v(t),w(t)), > 0. (5.11)

Then for d large enough, there is an exponentially attracting invariant manifold, Sq =
{(v,w); w=04(v), vER"}, for (5.11), where oq : U—UZL satisfies

s(d) = sup loa()llur—0, loa(vi) — ga(v2)|lvs <U(d)|vr — v2|rn
veER™

with I(d)—0, as d—oo.
Proof. The proof of this lemma can be adapted from the proofs in [11], Chapter 6. §
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