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1. INTRODUCTION
In this paper we consider parabolic problems of the form

—Au= f(u) in Q.

2 _ () in 00, (1.1)

where Q,, 0 < € < ¢ are bounded Lipschitz domains in RY. The nonlinearity f is assumed
be a C?(R,R) function that satisfies the growth assumption

[f'(w)] < o
i )I

|u|— o0 eflul®

+1), for some ¢ >0, N =3,4, or

=0,V0>0, if N=2

(1.2)

* Partially supported by CNPq and by BFM2000-0798, DGES Spain
T Partially supported by grant # 300.889/92-5 CNPq

265

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



266 J. M. ARRIETA AND A. N. CARVALHO

(no growth condition is needed for N = 1) and the dissipativeness assumption

limsup%s) < 0. (1.3)

|s]—o00
It has been shown in [5], Theorem 2.6, that, under the assumptions (1.2) and (1.3) the
problem (1.1) has a global attractor A, and that the attractors A, are bounded in L>(£2,),
uniformly in e. This enable us to cut the nonlinearity f in such a way that it becomes
bounded with bounded derivatives up to second order without changing the attractors.
After these considerations we may assume, without loss of generality, f : R — R is a
C?(R) function satisfying

[l <er, If'(w)<ép VueR (1.4)

where c; e ¢; are positive constants.

In this paper we prove that the family of attractors {A., 0 < € < ¢y} is continuous
at € = 0 under some sort of convergence of the domains Q. to Qy. This problem has
been considered in [7] for Dirichlet boundary conditions. In the case of Dirichlet boundary
conditions the problem is facilitated by the existence of an isometry between H}(€2.) and
HY(RYM), V € > 0, given by the extension by zero outside .. The perturbations Q. of the
domain 2y are considered to be exterior perturbations and by continuity of the family of
attractors we mean that; if A, = {u|QO :u € Ac} then the family A, is upper and lower
semicontinuous, in H'(Q), at € = 0 and sup,c 4. ||[ul| g1 (0. \0q) — 0 as € — 0.

Next we state precisely the sort of perturbations 2. of €y considered here. Let 2,
0 < e < €y, be a family of bounded Lipschitz domains Q. D 3. We require that the
perturbations 2. be such that the eigenvalues and eigenfunctions of the Neumann Laplacian
in ¢ converge as € — 0 to the eigenvalues and eigenfunctions of the Neumann Laplacian
in Qp. This condition is equivalent (see Lemma 2.1)) to the following:

e € HY(Q:), 0<e< e
Vol < C, 0< ¢ < e | = I9ellzman =0 (1.5

Also from Lemma 2.1} this condition implies that |Q2:\Qg| — 0 as e — 0.

In Section 3 we prove that the family of attractors A. and the set of equilibria &, are
upper semicontinuous at € = 0 showing {4, 0 < € < ¢} is bounded in H'(Qg) and
that the family of semigroups {T.(¢), ¢ > 0} associated to (I1.1) is continuous, uniformly
in compact intervals of [0,00), in € at € = 0; that is, if u§ € H'(Qe), 0 < € < ¢ with
|u€ = u®ll g2y + sl o100 — 0 as € — 0, then for any 0 <7 < R < oo

sup {ITe(®)(w) = To(t)u’ |l (o) + ITe(®) ()2 (@000} — 0, as € = 0.

Consider the problem
—Au= f(u) in Q.
(P)e {gg:o in €.
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CONTINUITY OF ATTRACTORS 267

for 0 < € < €. Assume that (P)g has exactly m distinct solutions, u{,...,u?, and that
zero is not an eigenvalue for the operator A + f/(u;)I, with Neumann boundary condition,
1 < i < m. Under these hypotheses, in Subsection 4.1, we prove that , for suitably small
€, P. has exactly m distinct solutions uf,...,uy,, and uj — ug ase — 0,1 <j < m.
In Subsection 4.2, we prove that the unstable manifolds of the equilibrium points uj, are
continuous at € = 0.

It follows from the continuity of the unstable manifolds that the attractors are lower
semicontinuous at € = 0. This can be proved in the following way. If ug € Ay then ug
belongs to the unstable manifold of u% for some 1 < k <n. Let 6 > 0 be such that all the
unstable manifolds around uj, are defined in a ball of radius 6, 0 < e < €. If 7 is such that
wo = To(—7,up) € Bs(ul), from the continuity of the unstable manifolds there is a sequence
w,,, which converges to wo in H'(€) as n — oo and such that |Jwe, ||y \0) — 0 as
n — oo. Now, since the family of semigroups is continuous in this sense we have that

A, 2T, (1,we,) — To(r,wp) = ug in H*(Qp) as n — oo and ||T,, (7, we,) |H1(Q€TL\QO) —0

€n

as n — 00. Showing the lower semicontinuity of attractors.

It is important to notice that the the continuity of attractors is a consequence of the
convergence of the eigenvalues and eigenfunctions of the Laplace operator perturbed by a
varying potential in the domains 2. as ¢ — 0. Therefore we have organized the results in
the following manner. Section 2 contains the Linear Theory and is divided into a survey
of results on spectral convergence, uniform estimates on the resolvent operators and the
convergence of the linear semigroups. In Section 3 we use the Linear Theory to obtain the
upper semicontinuity of attractors. In Section 4 we obtain the lower semicontinuity of the
set of equilibria and the continuity of unstable manifold to obtain the lower semicontinuity
of attractors.

2. LINEAR THEORY

In this section we analyze the behavior of the linear parts of the operators and prove
several results that will be used throughout the paper.

2.1. Spectral convergence characterization

It is very clear that the spectral behavior of the linear operators is extremely impor-
tant when analyzing the continuity properties of nonlinear dynamics. We include in this
section several results on the spectral behavior of the Laplace operators with Neumann
boundary conditions when the domain is perturbed from the exterior. We are interested in
obtaining characterizations that guarantee that the eigenvalues and eigenfunctions behave
continuously.

To fix the notations we consider the eigenvalue problems

Ju =0, 298

{ —Au+Veu=Mu, Q.
on

where [|[Ve||p,) < C and Vo, — Vy weakly in L?(Qp). We denote by {A§}52,, for
€ € [0, €], the set of eigenvalues of the operator —A+V, with Neumann boundary conditions
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268 J. M. ARRIETA AND A. N. CARVALHO

in Q. and by {¢¢}¢_; a corresponding family of orthonormalized eigenfunctions. We will
also denote R. = Q. \ Q.

We will say that the spectra behaves continuously at € = 0, if we have that ¢ — A0 as
€ — 0 and the spectral projections converge in H?!, that is, if a ¢ {\2}2°, and \) < a <

A9 1, then if we define the projections P (1) = Y7 1 (5, 1he)¢S then

1P (We) = Py (o)l o) + I1Pa (W)l (r) — 0, ase— 0

In order to characterize when the spectra behaves continuously we will need the following
auxiliary eigenvalue problem. Denote by 7. the first eigenvalue of the following problem,

—Au=71u, R,
u =0, OR. N 0Ny
Ju =0, IR\ 09

Observe that obviously 7. > 0 and it can be characterized as follows

| iwer

€

Te = min

peHL(Qc) 2
S, [ 1o
We have the following useful characterization

LEMMA 2.1. The following three statements are equivalent

i) The spectra of —A + V. behaves continuously as € — 0.

i) Te — 00 as € — 0.

i) For any family of functions e with ||1e| g1,y < C then |[¢e|l L2000 — 0 as € — 0.
Moreover, if any of the three statements above is true then the following also holds

i) |2\ Qo] — 0 as e — 0.

Remark 2. 1. A somehow similar statement of this lemma can be found in the works
of [1, 12]. We include here a proof for completeness.

Proof. That iii) implies ii) is easy since if there exists a sequence of ¢ — 0 with 7,
bounded, then the eigenfunction associated to 7. will have L?(R.) norm equal one and the
H'(Q.) norm bounded. Also, if iii) holds then iv) also holds, since we can always consider
e =16€ HY Q) and [|[¢e] 12 \00) = Q2 \ Q0|7 — 0 as e — 0.

That ii) implies iv) is also easy. If it were not true then we will have a positive n > 0
and a sequence of € — 0 such that |\ Q] > n. Let p = p(n) be a small number
such that |[{z € RN \ Qo, dist(x,Q0) < p}| < n/2. Let us construct a smooth function
y(x) with y(z) = 0 in Qg, y(z) = 1 x € RN \ Qq with dist(z,Qy) > p. Then obviously
VYL < C and ||v|r20.) > (7/2)2. This implies that 7, is bounded.
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CONTINUITY OF ATTRACTORS 269

That ii) implies iii) is proved as follows. If it is not true then there will exists a sequence
of € — 0 and a sequence of functions ¢, with [|¢c||g1(q,) < C1 and ||¢el[r2(r,) > C2 > 0,
for some constants C; and C5 independent of e. We can extract a subsequence, that
we denote by ¢, again, and a function ¢g € H* (), such that ¢. — ¢ in L3(y). If
we denote by E a continuous extension operator from H'()) to H*(RY), which is also
continuous from L2?(Q) to L%(€), by 7. a restriction operator to €, and denote by
¢ = T.ETyo. then we have that ETy¢. — Edp in L?(RY) which implies that, since
the measure of . \ Qg goes to zero by iv), then ||(56||Lz(R€) — 0 as e — 0. Moreover
||¢~7E||H1(QE) < C. If we define the functions y. = ¢. — ¢, then x, = 0 in €, IXellar oy < C
and |\xe|lz2r.) > @cllLzr) — ||¢~>€HL2(R€) which is bounded away from zero for e small
enough. Using this function as a test function in the Raleigh quotient to obtain 7. we will
deduce that 7. is bounded for this sequence of €, contradicting ii).

Let us prove now that i) implies ii). If this is not the case then we will have again a se-
quence of € approaching zero and a positive number a with 7. < a. Choose n € N with the
property that a < A, < Apy1. Denote by ¢, the eigenfunction with [|¢c|r2r.) = 1
associated to 7.. Observe then that ||V¢E||2L2(R‘) < a. Consider the following fam-
ily of functions ¢§ = T.E¢? for i = 1,...,n. Then if we consider the linear subspace
(S, ... 0, ] C HY(Q) we get that for e small enough they are linearly independent.
As a matter of fact they are almost an orthonormal system in L?(Q2.). By the min-max
characterization of the eigenvalues (see Courant-Hilbert) we have that

/ |V¢|2+/ VP
N1 < max 38 2
PE[S,..., e ] 2
[ o

By direct calculation of the above quotient we obtain that A5, < A + o(1), as € — 0.
This contradicts the continuity of the eigenvalues given by i).

The proof that ii) implies i) can be deduced from [2]. Notice that since we have already
proved that ii) is equivalent to iii) we trivially have that hypothesis (H) from [2], page 61,
is satisfied (with the notations of [2], @, can be taken identically zero). In particular we can
apply Theorem 2.1 of [2] which in the particular case that 7. — oo implies the continuity of
the spectra. Nevertheless we provide now a self contained proof that ii) implies i). Notice
first that we have already proved above that ii) implies iv). In particular we have that
|2\ Qo] — 0 as € — 0. Considering the test functions T.E¢Y, ..., T.E¢? to bound A\ we
easily obtain that limsup,_,, A§, < A2.

In particular for fixed n, A¢, is bounded above by a constant independent of e. Hence for
any sequence of € approaching zero we can extract another subsequence, that we will still
denote by ¢, with the property that A\¢ — k; < A, and Rog¢ — & weakly in H(€p) and
strongly in L?(£2). Moreover, since for fixed n, the functions ¢¢, are bounded uniformly
in € in H(S,), applying iii), which is equivalent to ii), we get that o5 ll2(ry — O as
€ — 0. In particular this implies that d,,,, = fQE o505, — fQo &n&m, which means that the

family of functions &, is an orthonormal system in L?(Q). By passing to the limit in the
weak formulation of the equation it is not difficult to see that &; is a weak solution of the
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270 J. M. ARRIETA AND A. N. CARVALHO

equation —A&; + Vo = k& and 9§;/On = 0. Since ||&]|£2(q,) = 1 we have that x; is an
eigenvalue and ¢; is an eigenfunction. Since x; < \? we necessarily get that x; = \? and
& is an eigenfunction associated to A?. This implies the convergence of the eigenvalues
and the convergence of the eigenfunctions in L? and weakly in H'. To obtain the strong
convergence in H! we just observe that

V6l = = [ Vot =X = [ Vel = IVl a0,y < lmipt 96l z2can
€ 0

from where we obtain that ||V¢§||12(q.) — | V&illL2(qe) and |V 5] 12z, ) — 0. This implies

the strong convergence in H'. This concludes the proof of the lemma.

2.2. Uniform bounds on the resolvent operators

LeEMMA 2.2. Consider a family of potentials V. € L () with ||[Ve|L~@, < C and
V. — Vo in L?(Q0). Assume that for the operator —A + Vg, 0 & o(—A + Vy). Then for e
small enough 0 & o(—A 4+ V.) and there exists a constant C independent of € such that

[(=A+ Vo) gellarany < Cllgellzys g € LP(S2)

Proof. By the continuity of the spectra given by Lemma 2.1/ we have that for e small
enough 0 € o(—A + V,). In particular, for g. € L?(Q.) given we have a unique solution
we € HY(Q,) of

{ _Awe + Vewe = Ge, Qe

Owe _
due — 0, 9,

(2.1)

We show first that |we| r2(q,) is bounded. Suppose not, then there is a subsequence,

which we again denote by {w.}, such that ||we|/z2(q.) — co. Consider w. = ol e
° elln2 (.
then
_ " 7y — ge
{ akAwe + Vew, = Twell 2.’ € (22)
We
Y — 0, 99,

Multiplying this equation by w. and integrating by parts we obtain that

/vwe|2+/ve|ae|2:/ 9 .
Q Q. Q. we”Lz(QF)

from where it follows that

€

/ Vi[> < C.
Qe

Hence we can extract a subsequence, which we again denote by {w.}, such that

. _ [ strongly — L?(Q0)
Yely, 0 { weakly — H1(Qp).
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Let £ € H' () and consider £ the extension of ¢ to B. If we multiply the equation (2.2)
by £ € H'(Q.) and integrating by parts we have that

/ Vi VE + / Vi € = /
Q. Qe Qe

Je
we”LQ(Qe)

Now, note that

/ Vw.VE
QA0
R
QaQ0

9 ¢l < I9ell 2 o)
Q\JweHL?(Qe) - ”wéuLQ(QE)

and letting n — oo we have that

< (| Ve 2 (0300) I VEl 22 (0300) — 0 @S € — 0

< Vel o o) l1el| 22 (@1.00) €] L2230 000) — 0 @8 € — 0

|§:||L2(QF) —0ase—0

VuwoVE + | Vowe§ = 0.

Q0 Qo
Thus
—Adyg + Voo =0, Q
% :0 ’ 08SE)20- ' (23)

which implies @y = 0. Now, since [|@c||g1(q,) is bounded, by Lemma 2.1/ we have that
[Well 22 (0. \00) — 0 as n — oo. Hence, necessarily 1 = ||| 2o,y — 0 which is a contra-
diction. Hence, we obtain that ||w||z2(q,) is uniformly bounded in e.

To show that ||[Vwe| r2(q,) is uniformly bounded in eps we note that V. are uniformly
bounded in L*°(£)) and that

|Vw6|2:—/ VE\wE\Q—i—/ JeWe.
Qo QO QE

This concludes the proof of the lemma.

Remark 2. 2. With the conditions of Lemma 2.2 we can even show the convergence of

the resolvent operators. As a matter of fact, if ge| — go weakly in L?(Q), then
20

J=A+ Vo) g = (=B + Vo) gollm ) + (= + Vo) gl oy — 0, as € — 0.
Notice that if we denote by w. = (—A + V,)"1g. € HY(Q) and wy = (A + Vp)"1go €
H'() then since [[we| g1 (o, is uniformly bounded in e, by Lemma 2.1 we have that

”wEHHl(QE\QO) — 0ase—0.
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272 J. M. ARRIETA AND A. N. CARVALHO

Moreover by extracting a subsequence and using the weak formulations of the equations

we can easily obtain that w6| — wo weakly in Hl(QO) and strongly in L? (Q0). Now,
2

multiplying the equations by w. and integrating by parts we have that

/|Vw€|2:—/ Véwf—k/gcwe—>— %w§+/ gowoz/ |Vwg |?.
Q. Q. Qe Qo Qo Qo

from where we easily obtain the strong convergence in H*(£y).

2.3. Convergence of Linear Semigroups
With the continuity of the spectra of the operators —A + V, we can obtain estimates
on the behavior of the linear semigroups that will be very useful for the analysis of the
nonlinear dynamics.
We have the following result

PROPOSITION 2.1. Leta € R andn € N such that X)) < a < A% ;. Consider the spectral
projections over the linear space generated by the first n eigenfunctions P defined in the
pervious section. Denote also by b a number such that b < \}. There exists a vy <1 and a
function 0(e) with 6(¢) — 0 as € — 0 such that

||eA€tuE — e*AOtuemo |51 (00) < MG(e)t*”*e*thuE||L2(Q€), U € LQ(Qe)7 t>0

||€A‘t(I—P;)ue—€_A0t(I—P£)u€|QO ||H1(Qo) < MQ(e)t_'Ye_atHueHLQ(QE), Ue € L2(Q5), t>0

e ue]| g o) < MO(E)t™ e uell z2(a.)

Proof. We will very much follow the lines given by [3], Proposition 2.1. Let us prove
the second inequality. So let us consider n and a given, satisfying the hypothesis of the
proposition. Notice that we can choose a constant M independent of € such that

e8I — Pucl o) < Mt™Fe”|ul| 2.y, ue € L2(Q), >0, €€ [0,¢)

As it is done in [3] we separate the estimate for ¢ small and ¢ large.

Choose v € (a, 1) fixed. Let 6 > 0 be a small parameter and let us consider two different
cases according to ¢t € (0,0] or t > 0.
i) If t € (0,0] we easily check that

le= A (I — PO )ue — e~ AU (I — P&Yue|lmiqay) < 2Mt™2e % ucl| 120,
(2.4)
< M577%t7767at||u\\m(95)
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ii) If ¢ > 0 we proceed as follows. Notice first that we can always choose a positive number
I = 1(6) such that if 2 > [ then ze=2*' < §t=7e~ for all t > §. Since we have A§ =9 Y
and A} "Z% 4o, there exists N = N(0) > n such that A, > [(9), eps € [0, €). Without
loss of generality we can assume that we have )\9\,( 5 < )\9\,( 8)+1° Hence, from the spectral
decompositions of the linear semigroups, we obtain

le= <4 (1 — P2Yue — e 49U (I — B )uell ey <

N(6) N(8)
=7 €\ L€ -9
| Z e M (ue, )95, — Z e /\’“t(ueaQSg)POﬁHHl(Qo)
k=n+1 k=n+1
€ 0
+|| Z e_kkt(uea(bi)qbi”Hl(QO) —+ || Z e_/\kt(ue7¢2)¢2”H1(Qg) =hL+1L+1;
N(8)+1 N(8)+1
(2.5)
Analyzing I, I3 and I; respectively, we get
oo
L< Y e (e, 01 < 0t ue p2 o,
N(8)+1
0
Ii< >0 Ae W (uo, ¢9)* < 677 |uc] 2o,
N(6§)+1
N(6) N(s)
—AL €\ L€ -0
L= Y e (u,op)dh — Y e (ue, 62)dRlm o)
k=n-+1 k=n+1
N(5) N(6)
)€ —A\Y €N L€ -9 €\ L€
< H Z (6 Akt —€ )\kt)(u67¢k)¢k||Hl(Qo) =+ || Z € /\kt((ueagbk)d)k - (u67¢2)¢2)||1‘11(90)
k=n-+1 k=n+1
N(5)
1 e _\O
< 3T (O + D — e Jug| 2 gq,)
k=n+1
k(6) N4l
S (e 6005 — (e D)D) o )
i=r k=n;+1

Moreover, from the convergence of the eigenvalues and of the spectral projections, we
can find € (6) € (0,¢€p) so that

N ()
SO F Dl - e < e e (0,61(6))
n=1

k(6) N4 1

D (e, dR)dh — (e, 61 (20 <

k=n;+1
e ’\"t6||u€\|Lz(QE) < C6t™ Ve " |uell 2. € € (0,€1(9)).

E e*mt
i=r
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274 J. M. ARRIETA AND A. N. CARVALHO

From the estimates for I, I and I3 we obtain

e~ AT — PS)u, — e~ A0H(I — Pf)u€||H1(Qo) < Cét*”e*“tﬂueHLZ(QE), t>9,e€ (0,61(9)).
(2.6)

Finally, since 0 is an arbitrary small number, the inequalities (2.4) and (2.6) prove the
result.

The proof of the first inequality of the proposition is very similar to the one provided
for the second inequality. The role of a is played now by b and PS¢ = P? = 0.

The proof for the third inequality is also very similar. Notice that we are estimating the
H' norm in Q. \ Q. Step i) is the same and for step ii) the sums Iy and I3 are estimated
in a similar way. The only difference is now for I; where we will have

N () N(3)
” Z ei)\kt(uea¢z)¢f@“H1(Qs\Qo) < ei/\lt Z |(u5,¢>2)| . 1Sllp (5){”925:”1{1(95\90)}
k=1 k=1 =hen

< e MN(S)  sup 6){”(bg”Hl(Qe\Qo)}HUEHLQ(Qg)

i=1,.,N
but since sup,_1__ n(s){1#5 | m1 (2. \00)} — 0 as € — 0 we can always choose a €1(§) small
enough such that N(6)sup,—1 _ n(s) {95l r1 (2. \00)} < 6. Hence

N(6)

1D e (ue, ¢2) bl a1 . \00) < €0 luel 200,y < COE e ]| 2q, )
k=1

and the proof continues as we did above. This concludes the proof of the proposition.

3. UPPER SEMICONTINUITY OF ATTRACTORS AND THE SET OF
EQUILIBRIA

In the previous section we have studied in detail the behavior of the linear parts of
the operators under the perturbation we are considering and have proved a result on the
continuity of the linear semigroups, Proposition 2.1. We will see in this section that the
attractors and the stationary states, solutions of the nonlinear elliptic problem, are upper
semicontinuous with respect to this perturbations.

To this end we will follow the ideas in [3] that relate the continuity of the linear semi-
groups with the continuity of the nonlinear semigroups for dissipative parabolic equations
by using the variation of constants formula. This in turn will imply the upper semiconti-
nuity of the attractors and the stationary states. See also [11] and [6] for other examples
that use a similar technique.

We will show the following result

PROPOSITION 3.1. There ezists a 0 <~y <1 and a function c(e) with ¢c(e) — 0 ase— 0
such that for each T > 0 we have

| Te(t, ue) — To(t, tejo ) () < M(T)e(e)t™, t€(0,7], uc€ A, €€(0,60) (3.1)
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||T€(t,u6)||H1(Q‘\QO) < M(r)e(e)t™™, t€(0,7], uc<A, €€ (0,€) (3.2)

Moreover the attractors are upper semicontinuous at € = 0 in H'(Qq), in the sense that

sup [ 1nf {||u€|QO uollrie)}| — 0, ase—0 (3.3)
ue €A

sup |uell g0y — 0, ase—0 (3.4)
Ue EAe
Also, the stationary states are upper semicontinuous at € = 0 in H'(Q), in the sense that if
we denote by &, € € [0, €] the set of stationary states of (1.1), that is, the set of solutions
of the nonlinear elliptic problem, then

sulg [ mf {||u€|QO u0||H1(QO)}} —0, ase—0 (3.5)
U €
Proof. We will follow the lines given by [3]. Notice that the nonlinear semigroups T¢(¢)

are given by the variation of constants formula.

T.(t,ue) = e*tu, + / A=) £(To(s,ue))ds, €€ [0, €0) (3.6)
0
Hence, calculating T (¢, u.)—To(t, ue‘ ) and with some elementary computations we obtain
20
HTe(taue> _TO(taue‘ )HHl(QO) < HeAetue _eAOt(ue’ )HHl(QO)“F
. 20 20
/W&Vn@m»wMWn@mm|mmwS
Q0

/wa T(su)) = (o(svq miapds <€ 0ca)

20

Applying now Proposition 2.1 we get

||Te(t»ue) - T0<t»u6| )||H1(Qo) < M@(e)t_’ye_bt||u6||Lz(Q€)

Q0
t
MM)/(—ﬁ__WQW(@MMW a0
+M/ 12 b =) O\ T (t, ue) — To(tue Il c0)
Q0

But since we have uniform bounds in L?(Q.) in the attractors and f is a bounded func-
tion, the first two terms in the last inequality can be bounded by M (7)6(e)t~7. Applying
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now Gronwall’s lemma, see [10], we obtain statement (3.1). To obtain, (3.2) we just use
the variations of constants formula (3.6) and use the estimates in H'(Q. \ €p) of Lemma
2.1
Now, the upper semicontinuity of the attractors in H!(Qg), statement (3.3) follows
directly from (3.1) and the fact that Ay attracts U0<6§50AE| in the topology of H* (),
29

see for instance [3, 8]. Statement (3.4) follows directly from (3.2) and from the invariance
properties of the attractors.

To show the upper semicontinuity in H* (o) of the stationary states we will prove that
for any sequence of ¢ — 0 and for any u. € £ we can extract a subsequence, that we
still denote by €, and obtain a ug € Ey such that Ue|o, — Uo in Hl(Q) From the upper
semicontinuity of the attractors given by (3.3), we obtain the existence of a uy € Ag such
that Uejg, — Ug in HY(Q) as € — 0. To show that ug € Ey we first observe that for any
t >0, |lue, — To(t,uo)llar(@) — lluo — To(t, uo)| a1 (o). Moreover, for a fixed 7 > 0 and
for any ¢ € (0,7) we have that,

e, — To(t,wo)ll (o) = Te(t; ue)jq, — To(t, uo)llm (o)

STt we) o, — Tot, tejo )1 (0) + [[To(ts uo) — Tolt, tejo )l H1(0) — 0, ase—0

where we have used that wu. is a stationary state, the continuity of the semigroup Ty in
H(p) and (3.1). In particular we have that for each ¢ > 0, ug = Tp (¢, up) which implies
that ug is a stationary state. This concludes the proof of the Proposition.

Remark 8. 1. Observe that from (3.4) we also have that

sup [[uell g0 — 0, ase—0

UeEECe

4. CONTINUITY OF EQUILIBRIA AND THEIR UNSTABLE
MANIFOLDS

In order to obtain lower semicontinuity of attractors we must ensure that the set of
equilibria & behaves lower-semicontinuously. In this section we prove that, for the sort of
domain perturbations considered here, £ is a finite set with constant cardinality; that is,

Ee={us, - ,u8}, 0 <e<e. This set behaves continuously with respect to €; that is,
0 e—0
121]§§<n{\|ui — ugllar o) + lukll o @00} — 0.

It follows from the results in Section 3 that if €,, — 0 and u., is a solution for (P)., then

[ = u®ll g1 00) + 1w 11 (o, \@0) — O

0

where 1" is a solution to Fp.
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We also prove, in this section, that the unstable manifolds of equilibrium solutions are
continuous as € — 0. For that we use the convergence of equilibria to obtain the continuity
of the spectrum of the linearization around such equilibria and consequently the continuity
of the unstable manifolds.

4.1. Continuity of the Set of Equilibria
Consider the following family of elliptic problems

(P)e

for each 0 < € < ¢g (€9 > 0).

Assume that the problem (P)q has exactly m distinct solutions, u{,...,u® and that zero
is not in the spectrum of any of the operators A + f/(u?)I : H2(Q0) C L*(Q0) — L*(Q),
i =1,...,m. We show that, there is ¢y > 0 such that, for any 0 < € < ¢g, there are yet
exactly m distinct solutions uf,...,u,, for the (P).. Furthermore,

[uf, — up | i1 (o) + 1ui | (@000) — 0, ase—0, 1<k <m.

To show the existence and uniqueness of a solution for (P). in a neighborhood of u{
we proceed as follows. Consider the extension operator E : H'(Qy) — H'(B) and let

uz’e =F (ug) and define the operators
Qe

Ak, - H' () — HY(Q) »
Ape(ud) = (= + /@) (flue) + f'(f)uc) -

The operator Ay,  is a continuous compact operator for each 0 < e <ep, k=1,...,m.
We firstly show the following lemma

(4.1)

LEMMA 4.1. There exists 0 > 0 such that the operator Ay ¢ is a strict contraction from
Bs(uy©) € HY(Q.) into itself.

Prova: Given v, w. € Bg(ug’e), we have that:

([ Ak, (ve) — Ak,e(we)HHl(ﬂe)
< I (=2 + £ @) la@omiaollf () = F) = £/ ) (v — w2,y
< Cllf(we) = F(v) = 1) (e — w120

Where we have used Lemma 2.2 to obtain that
1/ 0,e -1
{l (—A + f(uy )I> lz20),m1 (0, 0<€e<eo}
is bounded. Next we study || f(ve) — f(ve) — f’(u%e)(v6 —we)| 2 (q.)- Note that
[ (ve(@)) = F(we(x)) = £/ (up(2)) (ve(2) — we(@))] < Cre(@)|ve(z) — uel
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where 7. (z) = min{l [e(z) — up ()| + [ve(x) — uy(x)|}. Tt follows, from the definition
of Ve, that [|[Vell () < 1, 0 < € < ¢ and that, for any 1 < p < oo, [|Vellzr(n.) — 0 as
€ — 0. Hence

[If(ve) = f(ve) — f/(UZ’E)(Ue - U’E)HLQ(QE) < CH%(“& - UG)HL?(QE)

Now if ¢ = ue — v we denote by @, = E(<p€| )i . Then

Qq o

16e = @ellz2(a) = 16e = ¢ellz2@ag0) < 7 IVEe = Vel L2000
< Cx (el +||<Pe||H1(B)) SC’:lf(

21 |z (20))
< Cxleella .

where we have used that E : H' () — H!(B) is bounded and 7¥ is the first eigenvalue of
—A in Q\Qg with Dirichlet boundary condition in 92y and Neumann boundary condition
in 09,. Now

vépell Lz () < I1ve(epe - Pellzz@\00) + 1VePell L2\ 00) + [VePell L2 (20
< Vel oo (o) |9e = PellL2\00) F [17el [@ellerr ) + lI7ell , 2

N+2 (Qo)
(c TG TERN N oy

lpell 21 (20)

aN
LNF2(Q\Qo)

l@ell 1 (020

L% (£0)

where we have used that F : Hl( 0) — H'(B) is bounded. Now, given p < 1 choose ¢
such that CC?; + C|QG\QO| < £ and ¢ small so that C||~. LG £. Then

<
52(9())) sp<l

and Ay, . is a contraction from Bgs(u 0, 2) C H(Q.) into itself.

= 2 = Niz
¢ (02 + 01000 + 4

4.2. Continuity of Unstable Manifolds

In this section we show that the local unstable manifolds of uj, are continuous at € = 0.
This follows from standard invariant manifold theory and the convergence of the spectrum
proved before for the linearization around such equilibria. The invariant manifold result
presented here is reproduced from classical invariant manifold results as in [10]. Its proof
is adapted to encompass the possibility that the space changes according to a parameter
and to track the dependence of the invariant manifold upon the parameter. After this we
show that the unstable manifolds are close for small e.

Let u§, be a family of solutions for (2.1). Then, we have already proved that

e—0

i, — wkllzrr (o) + 1kl @0000) = 0.

Rewriting (1.1)) for w = u — uf, to deal with the neighborhood of u§, we arrive at

wy = Aw + f(uf)w + fw~+u) — f(uf) — f(uf,)w, in Q. (4.3)
gu —0, in0Q. '
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Let A, A5, A§, - -+ denote the eigenvalues of (A + f'(uf)I) and ¢S, @5, ¢5, -+ are corre-
sponding orthonormalized eigenfunctions. If A{, - -, A2 are positive and A2 15 Ao L9, are
negative, let 3> 0 and g > 0 such that A\ > --- > A > 8>0> B> A5, | > A5 5+,
0 < e < €. Denote by W, = [p5, -+, 5] and Wt = {v € HY(Q,) : fQ Yo =0, Vo € W}
Let P.: H*(Q.) — H'(£,) be the orthogonal projections on W,

Pewzi%ws)sos

and Pt =1—P..
If € W theny =31, (/ Wf) @i and
Q.

Il = <an<1 w0 (f | M>z>;

=1

and since A\{ — A, 1 < i < oo, we have that W, is isomorphic to R™ through the

isomorphism
T € € n
WEB@&_’(/ ¢901a"'7/ ¢<pn>ER
Qe Qe

T, is bounded with bounded inverse T, ! and the norms of T, and T, ! are uniformly
bounded 0 < € < €.

Now we decompose the equation (4.3) in the following way. If w is a solution to (4.3)
we write

n
w = E Vi + 2
i=1

where v; = / w$. Hence
Qe

B = Aoy + / [Fw+uf) — Fus) — £ (uf)w] ¢

€

and
z =Dz 4+ f’(ui)ZJrfrgw +ug) — flug) — f(ug)w
Y ([ ) - £ - Pl )
i=1 /L
2 =o.
on
We write v = (vi,--- ,v,) ",

Pes

Fiv) = [ [f (Zvi¢§+2+ui> — Flui) = £ () (Zw:+z>

i=1
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F(v,z) = (Fi(v,2),- - 7Fn(vaz))T and

n
Ge(v,2) = f (Z vigs + 2 + ui) — flup) = fw)w =Y Fi(v,2)¢5.
i=1 j
Hence, we have that, F.(0,0) = 0,G.(0,0) = 0 and given p > 0 there exists § > 0 such
that |lvl|gn + [|2]| g1 (0.) < 0 implies

[1Fe(v, 2)[rn < p,

G- (Uaz)HHl(Q ) <P,
e(v,2) — (v Z)|lrn < p(llv = Ollgn + |

1Ge(v,2) = Ge(@, 2) |1 () < p(llv = 0]

z = Z||H1(Q ))
re + |12 = Z[| ()

0 < e <ey. We can extend F,, G¢ outside Bs(uf,) without changing the above bounds.
Denote by Ae = (A+ f'(ui)I); , Be =diag(Af, -, A). Then, equation (4.3) can be
wek

rewritten in the following abstract form

0 = Bev + Fe(v, 2)
2=Acz+ Ge(v, 2),

veR" z € Wj-, where

sup,, . || Fe(v, 2)||lrn < p,

sup, . |Ge(v, 2)[[ 1. < P,

[1Fe(v,2) = Fe(@, 2) [rn < p(|lv = Ollzn + (|2 = 2|l 51(0.)),
1Ge(v,2) = Ge(0, 2) |1 (20 < P[0 = Ollrn + (12 = 2] 1 (0)-

Also, for some positive M, 3, independent of €, 0 < € < ¢y

[|eAe "2 < Me™ pt 2|z, t=>0,
He € Z”Hl(Q <Mt 26 —pt HZ||L2(Q) t207
lePeto]lrn < J\/feﬁtHUHlRn t<0.

Then, for suitably small p, there is an unstable manifold for uj,
S¢={(v,2) : z2=0}(v), veER"}

where o : R® — W2 is bounded and Lipschitz continuous. Furthermore

e—0
sup o7 (v) — o5 (V)| () — O
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Proof of the Results. The first step is to prove the existence of the invariant manifold.
For D >0, A >0,0< 6 <1, given, if p > 0 is such that

pMB=3T(3) < D

pM2(1+A)g2 < A
B
B—pM(1+A)>75
1y | 1+ A <
pMF(Q) [ﬂé + = pM(I+ A) <6<l
let o : R® — W2 satisfying
lloelll -= Sup. loc@)llar ) <D, lloc(v) —oe(®)| a1 @) < Allv = Olgn. (4.5)

Let ve(t) = 9(t, 7,1, 0.) be the solution of

dv,
dt

= Bove + F.(ve,0c(ve)), for t <7, v(r)=mn, (4.6)

and define

®(oc)(n) :/_T et TTIG(ve(s), 0c(ve(s)))ds. (4.7)

Note that

T

M@Nmmms/‘Mwuﬁ%KWM@:mm%n;. (4.8)

From the choice of p we have that, ||®(cc)(-)| g1 (o.) < D. Next, suppose that o and 7, are
functions satisfying (4.5), n, 7 € R™ and denote v (t) = ¥ (¢, 7,1, 0.), Ue(t) = Y(t, 7,7, Fe).
Then,

Ve(t) — 0c(t) = eBe (t=7) (n—17)+ / eBe (t=9) [Fe(vev Ue(ve)) — (0, 5’6(175))]d5.

T
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And

T

[[ve(t) — Te(t)||rn< MePE7|In — fl|rn + M/ A= | F (v, 0c(ve)) — Fe(Be, 5e(0e))||rnds
t
< MePt=|n — i

oM [ € (lou(w) = 525 o + e = Tl) ds
< MH=D |y — i
+pM/ 079 (|loe(Be) — Ge(Be) |1 () + (1 + A)lve — 0|
< M g — i
oM [ (14 ), = 3l + [l = il o) ds
< M g — i

+pM(1+ A)/ eﬂ(t*S)Hv6 — U||gnds + pM]|||oc — 5—6|HH1(Q€)/ ePt=s)ds.
t t

Rn) ds

Let

(t) = e D ue(t) — () |lrn-
Then,

6(0) < Ml llan + pM [ | = 5.l + Mp(L+D) [ ols)ds
t t
By Gronwall’s inequality

loe(t) = G ()l < [Mly — iillzne? =7 4 pM / A=) ds| o — 5|11 ) JePMAFAE=T)
t
< [M[ln = dillge + pMBY[|oe — Gell| 1 (q,)e PHAFANE=T)

Thus,

[®(oe)(n) = @) (Ml (00 < M/_T(T —8)72e PTG (ve, 0e(ve)) — Ge(Be, 5e(00)) | 1202, ds

< pM/ (r— 5)7%67ﬁ(778) (Hae(ve) - 56(";6)||H1(Qe) + [|ve — 776||R") ds

<pM [ (1= 8)72e P [(1+ A) e = Tllrn + [l — &[] ds.

— 00

Using the estimates for ||ve — 0||grn We obtain

|9(2) ()~ @) < PMT(S) {ﬂﬂﬁ_plﬂj(f%)] [loe=elll+pM2 (1+2) 52 ||
Let
1 1 1+A
=G [ )
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and
I(e) = pM*(1+ A)B~2.

It is easy to see that, given 6 < 1, there exists a pg such that, for p < pg, I,(€) < 6 and
I)(e) < A and

[@(ce)(n) — @(G) (M0 < Alln—10'[[rn + 0llloc — Gc]]]. (4.9)

The inequalities (4.8)) and (4.9) imply that G is a contraction map from the class of
functions that satisfy (4.5) into itself. Therefore, it has a unique fixed point o} = ®(o7})
in this class.

It remains to prove that S = {(v,07(v)) : v € R"} is an invariant manifold for (4.4)).
Let (vo, 20) € S, z0 = 0f(vp). Denote by v(t) the solution of the following initial value
problem

v _
dt
This defines a curve (v} (t), 07 (v!(t))) € S, t & R. But the only solution of

Bcv+ Fe(v,0!(v)), v(0) = wvp.

2=Acz+ G (vi(t), 0l (vi(L))),

which remains bounded as t — —oo is

27 (1) =/ e (0 (s), 0 (v (5))ds = o (v} (t)).

— 00

Therefore, (v (t),or(vi(t))) is a solution of (4.4) through (vp, z9) and the invariance is
proved.

Next we show that the fixed points o} depend continuously upon € at € = 0. This is
accomplished in the following manner. If 0 < € < ¢y is such that the unstable manifold is
given by the graph of ¢}, 0 < e < ¢y, we want to show that

sup [|log (1) — o ()l a1 (o) = llloe = ol
neRr”

It follows from Proposition 2.1 that

||J:(77)‘_J:§(77)”H1(Qo) S/ <TG (ve, 07 (ve))| — e G (vo, 05 (v0)) || 11 (020 A

Q —0o0 Q
0 T 0

< Mb(e) / A=) (1 — 8)=[|Ge(ve, 07 (00)) | 2y

— 00

+M/ P (1 — 5) 72| Ge(ve, 07 (v0))| — Golvo. 75 (v0)) | p2 0y ds

— 00 Q
. 0

< o(1) + pMBT2L(3) |[loz — o3Il + pM (1 + A)/ e =) (7 — 5)72 |[oe — vo[mnds.

— 00
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T

T

hus, it is enough to estimate ||ve — vg||r». Note that

o = wolls [P = PO (a2 (o)) e
tT
+ [P O (0)) = Folwos o 0) s
t T
< MO o(1) + oz I} + pM(1+ &) [ e — vl
t
herefore

lve = vollen < pMB~" [o(1) + [llof — o[l e=PM T+

which proves that

* * e—0
sup [[o¢(n) — oo (Ml — 0
neRn

We have just proved the continuity of the local unstable manifolds of equilibria and these

conclude the proof of lower semicontinuity of attractors.

10.

11.
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