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1. INTRODUCTION

Different concepts of stability are presented in the literature. To recall a few, we name
the usual stability, partial stability and the conditional stability. The overall concepts of
stability can be put forward in the notion of stability in terms of two different measures.
Following Movchan [12], many authors have successfully developed the theory of stability in
terms of two measures, which became important in the investigation of converse theorems.

See [1], [3], [8], [9], [10], [13].

* Supported by FAPESP, proc. 2000/04365-3.
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166 M.A. BENA AND S.M.S. GODOY

2. PRELIMINARIES

Let R™ be a real or complex n-dimensional linear vector space with norm |- |. For r > 0,
let C = C(]-r,0],R™) be the space of continuous functions taking [—r,0] into R™ with
lloll, ¢ € C, defined by ||¢|| = sup{|¢(0)], 8 € [-r,0]}. If Q is an open subset of R x C,
g, f: 0 = R™ are continuous functions, we define the operator D : Q2 — R” by

A functional differential equation is a system of the form
(d/dt)D(tv xt) = f(ta xt) ’ (1)

where x; € C is defined by z:(0) = x2(t +0), 0 € [-r,0].

For any ¢ € C, tg € R, (to,¢) € Q, a function x = x(to, ¢) defined on
[to — 7, to + A], A > 0, is said to be a solution of (1) on (tg,to + A) with initial value ¢ at
to if x is continuous on [tg — 7, to + A), z, = ¢, D(t,x¢) is continuously differentiable on
(to,to + A) and relation (1) is satisfied on (tg,tg + A).

The initial value problem

gi/d:t)f(t, xe) = f(t, 1) (2)

is equivalent to the integral equation D(¢,x;) = D(to, ¢) + ftto f(s,xzs)ds, t>tp.

For g = 0, D(t,¢) = ¢(0), equation (1) is the standard functional differential equation of
retarded type.
System (1) is said to be a functional differential equation of neutral type if g(t, ¢) is non-
atomic at zero.

In this paper, it is always assumed that g(¢,¢) is linear in ¢ and there are an n x n
matrix u(t,0),t > to, 0 € [—r,0], of bounded variation on # and a scalar function I(s)
continuous, nondecreasing for s € [0,7], {(0) =0, such that

0
g(t,6) = / (dopu(t, 6)] 6(6),
0 - (3)
[ ldon(t.0) 66)] < U(s) sup [6(6)].

—s<6<0

Furthermore, f takes bounded sets of R x C into bounded sets, f(¢,0) = 0, D(¢,0) =0, ¢t €
R, and f, g and D satisfy enough additional properties to ensure the existence, uniqueness,
continuation and continuous dependence of the solution z(tg, ¢) of (2) on the initial data.

More information about neutral functional differential equations may be found in [2],
51, [6], [7], [11]

DEFINITION 2.1.  The operator D is said to be uniformly stable if there are positive
constants K and M such that for any (¢t9,¢) € Ry x C, H € C(R4+,R"), the solution
x(to, ¢, H) of D(t,2z¢) = D(to,¢) + [H(t) — H(tg)], t > to, =i, = ¢ satisfies the condition:
[z (to, &, H)|| < K||| + M supy, << [H(w) — Hto)], t = to.
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STABILITY OF NEUTRAL DIFFERENTIAL EQUATIONS 167

3. STABILITY CONCEPTS IN TERMS OF TWO MEASURES

DEFINITION 3.1. A continuous function h : Ry x R® — Ry is called a measure if
h(t,0) = 0.

Consider the following classes of functions:
R ={aeCRLR,): ais strictly increasing and a (0) = 0},
CR={a € C(R%,Ry):a(t,.) € & for each t} .

DEFINITION 3.2.  Let hy and h be two measures and z(tg, ¢)(t) a solution of (1). We
say that
(1) ho is finer than h if there exist a p > 0 and a function b € €& such that if
ho(t, :L‘(to, ¢) (t)) < p, then h(t7 CC(tOv (b)(t)) < b(t7 ho(t, .%'(to, (b)(t)))?
(ii) ho is uniformly finer than A if in (1) b is independent of ¢.

Let us now establish the stability concepts for equation (1) in terms of two measures hg
and h.

DEFINITION 3.3.  Equation (1) is said to be

(I) (ho,h) - equistable, if for each € > 0 and ¢y > 0 there exists a § = §(tg,€) > 0
such that ho(to +6,¢(0)) <0 , for 0 € [—r,0], implies h(t, z(to, )(t)) < &, t > to;
(IT) (ho, h) - uniformly stable, if (I) holds with ¢ being independent of ¢¢;
(III) (ho, h) - equiasymptotically stable, if given ¢y > 0, there exists a dg = Jo(to),
and for each £ > 0, there exists T = T'(e, tp) such that ho(to + 0, ¢(8)) < do ,
for 6 € [—r, 0], implies h(t, x(tg, p)(t)) < &, for t > to + T'(e, to);
(IV) (hg, h) - uniform equiasymptotically stable, if 69 and 7" in (III) are independent of
t()'
(V) (ho, h) - uniform asymptotically stable, if (IT) and (IV) hold;
(VI) (hg, h) - exponentially stable if there exist positive constants «, 3, p such that
ho(to +0,6(0)) < p, for 0 € [—r,0], implies
Bt a(to, 8)(1)) < Be=l=10) hy(ty + 0, 6(6)).
We shall give a few choices of the two measures (hg, k) to demonstrate the generality of
the above definition. Definition (4) reduces to

(1) the usual stability of the null solution of equation (1) if h(t, z(tg, @)(t)) = ho(t, z(to,
¢)(t)) = |x(to, 9)() -
(2) partial stability of the null solution of equation (1) if h(t, z(to, ¢)(t)) = [ x(to, @)(t) |,
= (3 (to, 8)(t) + w3(to, O)(t) + . + 22(to, 0)(1)) />, 1 < s <n_and ho(t, 2(to, 6)(t)) =
(
(

(10, 0)(0)| = ({10, 0)(0) + {10, 6)(1) + . + 2310, 1))
3) the stability of an invariant set A C R™ if h(t, z(to, #)(t)) = ho(t, z(to, p)(t)) =
d(x, A), d being the distance function.
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4. MAIN RESULTS - STABILITY IN TERMS OF TWO MEASURES OF
PERTURBED NEUTRAL LINEAR SYSTEMS

Consider the system

(d/dt)D(t7 yt) = f(tv yt)7 (4)

where D(¢,¢) and f(t, ¢) are bounded, linear in ¢, continuous and D is uniformly stable.
Consider now the perturbed system

(d/dt)D(t, 1) = f(t, 2. (5)
System (5) can be transformed into the system
(d/dt)D(ta zt) = f(t7 xt) + G(tv xt) ) (6)

where only the function f is perturbed, G : Ry x C — R™ is continuous, G(¢,0) = 0

d
and G(t7xt) = f(t,l't) - f(ta‘rt) + a[D(tvxt) - D(tvxt)]
To study the properties of stability in terms of two measures of system (6), we will need
the following results:

LEMMA 4.1. Let x(to, ¢)(t) be a solution of (6) and y(to, @)(t) a solution of (4). Suppose
f(t, @) locally Lipschitzian in ¢ with constant L > 0, uniformly with respect to t and h is
a measure satisfying | h(t,z) — h(t,y) | < M|z —y|; M >0, (t,z), (t,y) € Ry x R™. Then
the following inequality is valid,

h(t, z(to, §)(1) — y(to, d)(1)) < [ —1]|G(t, ) |, ¢ > to. (7)

Proof: The inequality (7) is verified for ¢t = ty. Let ¢; be the supremum of the ¢'s for which
inequality (7) is satisfied. From the continuity of both sides of (7) there exists a sequence
tn,tn, — 0 for n — oo, t,, small enough such that

h(tl + tnyx(th ¢)(t1 + tn) - y(th ¢)(t1 + tn)) > [eL(tl+tn7t0) - 1] |G(t1 + tﬂvxt1+tn) |
Since h is Lipschitz continuous and h(t,0) = 0, it follows that
h(ty + tn, 2(to, d) (t1 + tn) — y(to, ) (11 +tn)) < M| z(to, d)(t1 +tn) — y(to, @)(t1 +tn) [ <
M|z, 4+, (to, @) = Yty ++, (to, D)-

From [2], there exist a ko small enough and a function I(s) as in (3) such that if 0 <
tn < kOa

1 ti+tn
24,44, (to, @) = Yt, 44, (to, D)l £ ——7=— / | G(s,25) | ds , with I(ko) < 1.
1—1(ko) Ji,

Then we can write

M t1+tn
h(ty + tn, x(to, ¢)(t1 + tn) — y(to, @) (t1 +tn)) < T= (k) /lt1 | G(s,x5) | ds.

ti+t,
/ |G(s,25) |ds > [P =00) ]| Gty + tn, T4y 44,) |-

Thus, ————
1— (ko) Jy,
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M
Hence ———— 15 Supy, <5<y, 44, | G(s,25) | = [el(tittn=to) — 11| G(ty + ty, 4, 44,) | and

1 —1I(k
. ( 0) M . [eL(tﬁtrﬁto) _ 1]
limsup, o+ ﬁ(ko) SUPy, <5<ty 41, | G(8,75) | > limsup, o+ ; |G(t1 +
tmﬂ?t1+tn)\-M
Then T 10k |G(t1,x,)| > Le1=%) |G(ty,x,,)| and this is a contradiction if we
— (ko
M
take L > T i) Therefore inequality (7) is valid for all ¢ > t.
- o

DEeFINITION 4.1.  If V:R;y x C — Ry is continuous and x(¢, ¢) is the solution of (1)
through (¢, ¢) we define

V(t9) = T V(E+kaat,6) - Vit o),

THEOREM 4.1. Let us suppose that for ¢ € C([—r,0], R™), ho(to + 0,9(0)) < H, there
exists a functional V(t,¢) defined for to > 0 with the following properties:

(i) There exist functions a(t), b(1), ¢(T), continuous, positive and monotone increasing
for 7 > 0, a(0) = b(0) = ¢(0) = 0, such that a(h(t,z(to,d)(t))) < V(t,¢) < blho(to +
0,¢(0)))-

Then equation (1) is (ho, h) - uniform asymptotically stable.

V(t + ka xt+k(t7 (725)) — V(t7 (rb)

Proof: We must show that (1) is (hg, k) - uniformly stable and (hg, h) - uniform equiasymp-
totically stable.
Let §(e) < b=1(a(e)), ho(to+6,0(0)) <d(e), V*(t) = V(t, z¢(to,d)). We have

V¥t + k) —V*(t)

—Tmy_g- V(t+k,xeyn(to, d) — VI(E, 24(to, ¢))

k
< —c(ho(to + 0, z¢(to, $)(0))) <0
if ho(to + 6, x¢(to, $)(0)) # 0. It follows that V*(¢) is monotone decreasing. Thus,

limg o+

V() < V¥(to) = V(to, 21, (to, 9)) = V(to, &) < b(ho(to + 0, ¢())) < b(6(€)) < ale).

By hypothesis (i), a(h(t, z(to, ¢)(t))) < a(e). From the monotonicity of the function a, we
obtain h(t, z(tg, ®)(t)) < €, for t > ty.Hence we proved equation (1) is (hg, k) - uniformly
stable. Since V*(t) is monotone decreasing, it is differentiable almost everywhere and thus
(ii) is verified almost everywhere by the derivative of V*.

Let do = (), T(€) = b(do)/c(5(e)), holto +0,6(6)) < do.

If for t € [to,to+T] we would have ho(to + 60, z:(to, ®)(0)) # d(¢), it would follow that
c(ho(to + 6, x4(tg, $)(0))) > c(d(e)) . Hence
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V¥t +k)—V*()

limy, o+ A < —c(ho(to + 0, z¢(to, 9)(0))) = —c(6(€)), that implies

V() — V*(to) < —c(d(€)) (t — o). Therefore

VE(t) < V*(to) —¢(9(€)) (t = to) < b(ho(to +0,6(0))) —c(d(e)) (= to)

< b(do) —c(8(€)) (t—tp) . From this follows that V*(to+T) < b(dp) —c((€)) T = 0, which
is a contradiction. So, there exists t' € [tg,to +T] such that ho(to + 0,z (to, )(0)) <
0(e). Hence, h(t,z(t',zv (to,¢)(t))) < e, for t>¢'. This means that for ¢ >to+7T we
have h(t,z(to,¢)(t)) < ¢ and the theorem is proved.

LEMMA 4.2. Let hg and h be measures satisfying h(t,z + y) < h(t,z) + h(t,y),
h(t,px) =|p|h(t,x),p € R. If equation (4) is (ho,h) - uniform asymptotically stable, then
it is (ho, h) - exponentially stable, that is, there exist positive constants a, 3, p such that if
ho(to + 6, ¢(0)) < p, for @ € [—r,0], then h(t,z(ty,d)(t)) < Be (=10) ho(ty + 6, ¢(0)).

Proof: We define the operator Uy, by the relation Uy, ¢ = y(to, ¢)(s), t —r < s <t
where y(to, ¢)(t) is the solution of (4). The operator maps the space of continuous functions
defined in [ty — 7, to] in the space of the continuous functions in [t — r,¢]. The linearity of
equation (4) implies the operator is linear and it is also continuous. See [4]. Consider the
quantity || U, || with the property

Ut | = sup h(t,Urt,9), t = to.
ho(to+6,6(0)) <1

By (ho, h) - uniform stability, for ho(to+6, ¢(0)) < do, t > to+T, we have h(t,y(to, d)(t))
< ¢€; hence for t > to + T + r it follows that h(t, U ¢) < e. We fix € with 0 < ¢ < 1.
Let ¢ arbitrary with ho(to + 6, ¢0(0)) < 1. By hypothesis on h we can write ho(tg +
9, 50 ¢0(9)) = 50 ho(to + 9,(,250(0)) < 50. Hence h(t,Ut_t050 ¢0) < €, for ¢ > t() +T+r
and h(t,Ugi,00) < €/00. Since ¢g is arbitrary with ho(to + 0, ¢0(0)) < 1, we will have
| Utio || < €/00 for t > to+T +7r, or, |[Upy || < € for t > to + T1 + r, where we set
Ty (e) = T'(60 €). We have the relation Uy 1 ¢ = Uy to+1,+r (Uto+T1+rto ¢)  Which amounts
to y(to, d)(s) = y(to +Th +r,y(to, ¢)(w))(s), u € [to + T1,to + T1 + r]. From here follows,
|| Ut,to || S || Ut7t0+T1+r H . || Utg+T1+r,t0 || S 62 for ¢ Z to + 2(T1 + ’I"). By induction it
follows that || Uy, || < €™, for t > to + m(Th + r). Now let ¢ > to, arbitrary. There
exists an m > 1 such that to + (m — 1)(Th +r) < t < to + m(T1 + r). Furthermore,
m(Ty +7) >t —to, m > (1/(Ty +7)) (t —to), €™ < e/ (Titr){t=to) " gince e < 1.

On the other hand, there exists a §(€) such that h(t, y(to, ¢)(t)) < € if ho(to+6,9(0)) <
d(e) and t > to+T(e) . As above, we will have h(t,d(e) Up,¢) < €, t > to+T(¢). Hence

h(t, Uiy @) < %,t > to +T(€). Since t > to+ (m — 1)(T1 + r), we will have || Uy, || <

[e/6(e)] €™~ L. Indeed, if m > 2 this inequality follows from the fact that 6(¢) < e, and if
m = 1 from the fact that || Uy, || < €/0(€), fort > to+T(e). Finally, we have shown that
for every t > to +T(€) , || Ups, | < [1/6(€)]€™ and thus || Uy, || < [1/6(e)]et/ (Trtm)(t=to),
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Let us 1/6(e) = B,a = —(1/(Th + 1)) Ine, and the previous estimate becomes ||Uy 4, || <
Be—(t=to) Let ¢) be arbitrary, ¢ # 0. We observe that

¥(0)
" ho(to +0,4(0))

Then we have h(t, Uy ,0) = h(t, Up g, [Who(to+6,¢(0))/ho(to +6,1(0))]) = ho(to+6,1(0))
h(t, Upiy [00/ho(to+0,1(0))]) < hol(to+0,10(0))||Us, || < Be= 10 ho(to+6,4(6)). Thus,
equation (4) is (hg, h)-exponentially stable.

In what follows, y(t, ¢) is understood as any solution of equation (4) with the initial
condition ¢ at time t.

ho(to + 0 ) = [1/ho(to + 6,%(0))]-ho(to + 0,%(0)) =

THEOREM 4.2. Assume h and hg two measures satisfying the hypotheses of Lemma (2)
and | ho(t,x) — ho(t,y) | < ho(t,z —y); g andl asin (3).
Then, if equation (4) is (ho,h) - uniform asymptotically stable, there is a
continuous scalar functional V(t,¢) for (t,¢) € [tg,00) x C, such that
(a) (ho(t +0,6(0)))* < V(t,¢) < k1 (ho(t + 0, (0)))*
() |Vt ¢1) = V(t, ¢2) | < ko [ho(t+0,61(0)) + ho(t+6, $2(6))]. [ho(t + 0, ¢1(6) — $2(0))]
(c) V(t,¢) < —(h(t+0, y(to, 8)(9)))>.

Proof: (a) Define
V(t,¢) = /O [(t + s+ 0, yers(t, 9)(0)))* ds + Sup [t + 5 40, geys (8, )(9))]*.

Then V(t, ¢) > sup,>o [h(t + s + 0, yevs(t, 9)(0))]%.

As h(t + 0, yi(t,0)(0)) = ho(t + 0, $(0)), it follows that V(t,¢) > (ho(t + 6, 6(0)))>.
Since equation (4) is (hg, h) - uniform asymptotically stable, by Lemma(2) it is (hg, h) - ex-
ponentially stable, that ensures the convergence of the integral in the definition of V (¢, ¢).
This implies the existence of positive constants «, 3, p such that ho(t + 6,0(0)) < p,
then h(t+s+0,y(t,¢)(t+s+0)) < Be 0= ho(t + 0, $(0))

= B e ho(t + 0, 0(0)) < Fe 0 e ho(t + 6, 6(6)).

Thus, (h(t+s+0,y(t,¢)(t+s+0)))? < B2e 225227 (ho(t + 6, ¢(0)))>.

It follows that

SuDysg (A(E+ 5+ 0,5(t, 6) (¢ + 5+ )% < 32 €205 €297 (ot + 0, 6(6)))2. So

‘/(7 < j‘ 52 —2as Qar(ho( 9 ¢( ))) d8+ﬁ2 2ar (ho(t+6,¢(9)) 2
*,6)2 2ar(h0(t+0 ¢ foo 72asd5+/612 2ar( (t+9,¢(9)))2

= 3%e2°" (ho(t + 0, (0 ))) 5o T8 (ho(t +6,6(9)))?
= ff“em(2i + 1) (ho(t +6,6(0)))* = k1 (ho(t + 60, 9(0)))>.

Hence, V(t,¢) < ki(ho(t +0,6(0)))%. As V(t,¢) > (ho(t+ 6,6(0)))? , it follows that
(ho(t+9,¢( M? < V(t,¢) < ki(ho(t+0,6(0)))? and (a) is proved.

(b) [V(t, ¢1) — V(t b2)|
<SS (Rt +s+0,y(t, 1)t +s+0)2ds — [;° (h(t+ 5+ 0,y(t, ¢2)(t + s +6)))* ds| +
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|sup,sq (h(t+ s+ 0,y(t, ¢1)(t + s +6)))* —supso(h(t + s+ 0,y(t, p2)(t + 5+ 6)))? |

< ST Nt + s+ 0, y(t, 1) (t + 5+ 6)))* ds — (h(t+ s+ 6,y(t, ¢2)(t + s +6)))? | ds+

supg>o [(h(t+s+0,y(t, 1)t +5+6)))* — (h(t+ s+, y(t $2)(t+s+6)))°
f [h(t+s+0,y(t,p1)t+s+0)) + h(t+s+0,y(t,p2)(t+s+0))|x

|h( +s+0,yt, 1)t +s+0)) —h(t+s+0,y(t, d2)(t + s+ 0))|ds+

Supgso |t + 5+ 0,y(t, ¢1)(t +5+0)) + h(t + 5+ 0,y(t, ¢2)(t + 5+ 0)) | x

Supgso | At +s+0,y(t,¢1)(t +s+0)) —h(t +s+0,yt,¢2)(t +s+0))|

< fooo [ﬂ e~ e ho(t +0,01(0)) + Be e ho(t + 9,¢2(9))]><

[Bem* e ho(t+0,01(0)) — Be e ho(t + 0, p2(0))] ds +

B e [ho(t +0,01(0)) + ho(t +0,$2(0))] . Be*" [ho(t + 6, 91(0)) — ho(t + 0, $2(0))].

The hypothesis of the measure hg allows us write
|V (t, ¢1) = V(t, ¢2) |
< Jo B2 e 52 [ho(t+ 0, ¢1(8)) + ho(t + 6, ¢2(0))].[ho(t + 0, 1(6) — $2(6))] ds]
+6e*" [ho(t+6,01(0)) + ho(t + 60, ¢2(0))] . Be" [ho(t + 6, <Z>1( ) <Z>2( )]
— /62 e2aT[h0(t+9,¢1(9)) +h0(t+0 ¢2(0))] [ho(t+0 ¢)1( fO 72o¢sds
+3% €7 [ho(t +19=¢1(9)) + ho(t + 0, 92(0))].[ho(t + 0, 91(0) — ( ))]
= 3 (L4 5= [ho(t + 0, 61(0)) + ho(t + 0, $2(0))]- [ho(t + 0, 61.(6) — ¢2(9))]
Thus,
V(t, ¢1) — Vitwbz)l
< pFe*r(1+ %)[ho(t +0,01(0)) + ho(t + 0, $2(0))].[ho(t + 0, ¢1(0) — $2(0))]

= kalho(t + 0, 901(0)) + ho(t + 0, 92(0))].[ho(t + 0, 91(0) — ¢2(0))]
and (b) is proved
)

(©) V(t,yilto, ) = [° (h(t + 5+ 0, yeps (t, 32 (to, $))(0)))? ds+
supg>o (A(t+ s+ 9 Yits (L yt(to, $))(0)))?
= [y (Bt + s+ 0,y04s (to, 9)(0)))? ds + sup o (h(t + 5 + 0, yr1s (o, 9)(0)))?
= [ (h(u+0, yu(to, 9)(0))* du + sup>o (h(t + 5 + 0, yr1 s (to, 9)(0)))?

V(b eto, ) = g v 1 15y (ot -+ 0, (b, 6)(9))° duc

sUPo (At + & + 5 + 0, yrrirs (0, 9))(0))% = [ (h(u+ 0, yu(to, 6)(0))) du—

supgso(h(t + s + 6, yeys(to, 9)(9)))?].
Since sup o (h(t + 5+ 0, yi1s(to, ¢)(0)))? is a decreasing function, it follows that

V(tayt(t(h(b)) Smk—)OJr l fto:k U/+9 yu<t07¢)(9)))2 du

= Ji7 (W + 0, yu(to, 6)(9)) )2 du] = — ft (u+ 0, yu(to, 9)(0)))* du
—(h(t+ 0, y:(to, 9)(0)))? and the theorem is proved.

THEOREM 4.3. Let hg and h be two measures with hg satisfying | ho(t,z) — ho(t,y)| <
ho(t,z —y), f and h are as in Lemma (1), h is uniformly finer than hy. Suppose D and
f satisfying the hypotheses of equation (4) and assume that
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L pt,6) — LDt 6) |+ | F(t.6) — F(t0)| < vh(t,2(t0, )(2)), (®)

dt dt
where v is chosen small enough and (t,x) € S(h, p) for some p > 0;
S(h,p) = {(t,z) € Ry xR"™ : h(t,x) < p}. If equation (4) is (ho, h) - uniform asymptotically
stable then equation (6) is (ho, h) - uniform asymptotically stable.

Proof: From (8), | G(t,z:) | < v h(t, z(tg, ¢)(t)). Let V (¢, ¢) be as in Theorem (2). Define
V*(t) = V(t,x¢(to, ¢)). We have
VE(t+ k) — V*(t) V(t +k ik (to, §) = V(¢ 2i(to, 9))

k

= limy o+

k
< mk%(ﬁ' V(t + kv yt+k(t7 xt(t()v (b)) — V(tv xt(t()v ¢)) +

k
1.7 V(t + k7 xtJrk(ta xt(t()? ¢)>) — V(t + ka yt+k(t7 (Et(t(), (b)))
Mg 0+ )

k
where x(tg, ¢)(t) is a solution of (6) and y(to, ¢)(t) is a solution of (4). From (c) of Theorem
(2) , we have:

V¥t + k) —V*(¢)

limg o+

- < —(h(t+0,24(t0, 9)(0)))* +
V(t+k zik(t 2e(to, ) = V(IE+k yeyr(t, ze(lo, ) )

limg o+

mk:4>0+ k
From part (b) of Theorem (2) we obtain:
| V(t + k, xt+k(t7 xt(t07 ¢))) - V(t + k, yH—k(ta l‘t(to, ¢))) |
< k2 [ho(t +k+ 07 xt-‘rk(ta xt(t()v (Z))(o))) + ho(t +k+ 97 yt-‘rk(ta th(to7 ¢)(9))] X

[hO (t +k+ 0, Lt+k (tv xt(t()? ¢) (9)) - yt-‘rk(t’ Tt (th ¢) (6)))]
From Lemma (1) and condition (8) we have

ho(t+k+0,xep1(t, xe(to, 9)(0)) — yerr(t, x:(to, #)(6)))

< [ePEHRHO=D _ 1) |G(t+ k + 0, 21| 9
<le L(k+9) D]y h(t + &+ 0, 2ok (t, 2e(to, 9)(0))) ?)
< [ef* —1)yh(t + k + 0,25 (t, 2 (to, 9)(0))).

Now, by means of Lemma (1) and hypothesis on hg, we can write

ho(t + k + 0, yeqr (8, 2 (to, 0)(6)))
= [ho(t + k + 0, x4k (t, 24(to, 9)(0))) — ho(t + k + 0, zeyk(t, 24(to, )(0)))

+ho(t +k + 0, yerx(t, 2 (to, #)(0)))]

< [ePF — 1 h(t + k40,2441t 2 (to, 9)(0))) + ho(t + k + 0, 2441 (L, 24 (to, 9)(0))).
Thus,

h(t + &+ 0, yesr(t, (o, )(0))) <[5 — 1vh(t + k + 0, 2ok (t, 2 (to, 6)(0))) (10)
+h0(t —|— k —|— 9 It+k(t It(t07 )(0 ))
Hence using (9)and (10) , we obtain:
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|V(t + k? xtJrk(tv :Et(tOv ¢))) - V(t + kv yt+k(ta xt(t07 ¢)))|

S [2k2h0(t + k + 0; :Ct-‘rk(ta mt(t()a ¢)(9))) + kQ [eLk - 1]7h(t + k + 03 xt+k(t7 xt(th ¢)(0)))]
X[e"* = 1yh(t + & + 0, 2epn(t 24(to, ) (0)))

= 2ko[el® — 1)yho(t + k + 0,21 (t, 24 (to, #)(0))) X h(t + Kk + 0, z¢ 41, 74 (to, $)(0)))
+hy? (e = 1) (e = 1)(A(t + & + 0, zern(t, 24 (to, 9)(9)))).

Therefore,

llmk_,0+ k— I‘V(t + k J?tJrk(t .’L‘t(
< (h(t+0,24(to, 9)(0)
+(h(t+9,:vt(to, ¢)(0))

to, ¢ )) V(t+k yt+k<t7 z¢(to, 3)))]
))?2 2 Ylimy, o+ k1 [elF — 1]

)2koy? Timy_or k' [elF — 1][el* — 1]
,0)

27
(6)))*.
Thus if we take v < 1/(2 kg L), it follows that,

VAt k) - V() _

3 < —(h(t 4 0,24(to, 9)(0)))* + 2kayL(h(t + 0, 2(t0, 9)(6)))?
= (h(t + 0, z4(to, $)(0)))*(2k2yL — 1) = =31 (h(t 4 6, x(to, $)(6)))*, 71 > 0.

limg o+

Since h is uniformly finer than hg for (¢,z) € S(h, p), we have

ho(t 46, x:(to, p(0)) < b(h(t + 0,z (to, ¢)(0))),b € CK.

This implies that (h(t + 0, x4(to, $)(0)))? > c(ho(t + 0, z¢(tg, ¢)(9))), ¢ € €A.
Hence, using this inequality, we can write,

m Vit +k)—V*()

k—0+

< —mice(ho(t + 0, 24(to, ¢)(0))),

which shows, on basis of Theorem (1) that equation (6) is (hg, h)-uniform asymptotically
stable.
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