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1. INTRODUCTION

Different concepts of stability are presented in the literature. To recall a few, we name
the usual stability, partial stability and the conditional stability. The overall concepts of
stability can be put forward in the notion of stability in terms of two different measures.
Following Movchan [12], many authors have successfully developed the theory of stability in
terms of two measures, which became important in the investigation of converse theorems.
See [1], [3], [8], [9], [10], [13].

* Supported by FAPESP, proc. 2000/04365-3.
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166 M.A. BENÁ AND S.M.S. GODOY

2. PRELIMINARIES

Let Rn be a real or complex n-dimensional linear vector space with norm | · |. For r ≥ 0,
let C = C([−r, 0],Rn) be the space of continuous functions taking [−r, 0] into Rn with
‖φ‖, φ ∈ C, defined by ||φ|| = sup{ |φ(θ)|, θ ∈ [−r, 0]}. If Ω is an open subset of R × C,
g, f : Ω → Rn are continuous functions, we define the operator D : Ω → Rn by

D(t, φ) = φ(0)− g(t, φ).

A functional differential equation is a system of the form

(d/dt)D(t, xt) = f(t, xt) , (1)

where xt ∈ C is defined by xt(θ) = x(t + θ), θ ∈ [−r, 0].
For any φ ∈ C, t0 ∈ R, (t0, φ) ∈ Ω, a function x = x(t0, φ) defined on

[t0 − r, t0 + A], A > 0, is said to be a solution of (1) on (t0, t0 + A) with initial value φ at
t0 if x is continuous on [t0 − r, t0 + A), xt0 = φ, D(t, xt) is continuously differentiable on
(t0, t0 + A) and relation (1) is satisfied on (t0, t0 + A).

The initial value problem

(d/dt)D(t, xt) = f(t, xt)
xt0 = φ

(2)

is equivalent to the integral equation D(t, xt) = D(t0, φ) +
∫ t

t0
f(s, xs) ds, t ≥ t0.

For g = 0, D(t, φ) = φ(0), equation (1) is the standard functional differential equation of
retarded type.
System (1) is said to be a functional differential equation of neutral type if g(t, φ) is non-
atomic at zero.

In this paper, it is always assumed that g(t, φ) is linear in φ and there are an n × n
matrix µ(t, θ), t ≥ t0, θ ∈ [−r, 0], of bounded variation on θ and a scalar function l(s)
continuous, nondecreasing for s ∈ [0, r], l(0) = 0, such that

g(t, φ) =
∫ 0

−r

[dθµ(t, θ)] φ(θ),

|
∫ 0

−s

[dθµ(t, θ)] φ(θ)| ≤ l(s) sup
−s≤θ≤0

|φ(θ)|.
(3)

Furthermore, f takes bounded sets of R×C into bounded sets, f(t, 0) = 0, D(t, 0) = 0, t ∈
R+ and f, g and D satisfy enough additional properties to ensure the existence, uniqueness,
continuation and continuous dependence of the solution x(t0, φ) of (2) on the initial data.

More information about neutral functional differential equations may be found in [2],
[5], [6], [7], [11].

Definition 2.1. The operator D is said to be uniformly stable if there are positive
constants K and M such that for any (t0, φ) ∈ R+ × C, H ∈ C(R+,Rn), the solution
x(t0, φ,H) of D(t, xt) = D(t0, φ) + [H(t)−H(t0)], t ≥ t0, xt0 = φ satisfies the condition:
‖xt(t0, φ, H)‖ ≤ K‖φ‖+ M supt0≤u≤t |H(u)−H(t0)|, t ≥ t0.
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3. STABILITY CONCEPTS IN TERMS OF TWO MEASURES

Definition 3.1. A continuous function h : R+ × Rn → R+ is called a measure if
h (t, 0) = 0.

Consider the following classes of functions:
K = {a ∈ C (R+,R+) : a is strictly increasing and a (0) = 0} ,
CK=

{
a ∈ C

(
R2

+,R+

)
: a (t, .) ∈ K for each t

}
.

Definition 3.2. Let h0 and h be two measures and x(t0, φ)(t) a solution of (1). We
say that
( i ) h0 is finer than h if there exist a ρ > 0 and a function b ∈ CK such that if
h0(t, x(t0, φ)(t)) < ρ, then h(t, x(t0, φ)(t)) ≤ b(t, h0(t, x(t0, φ)(t)));
( ii ) h0 is uniformly finer than h if in ( i ) b is independent of t.

Let us now establish the stability concepts for equation (1) in terms of two measures h0

and h.

Definition 3.3. Equation (1) is said to be

(I) (h0, h) - equistable, if for each ε > 0 and t0 ≥ 0 there exists a δ = δ(t0, ε) > 0
such that h0(t0 + θ, φ(θ)) < δ , for θ ∈ [−r, 0], implies h(t, x(t0, φ)(t)) < ε, t ≥ t0;

(II) (h0, h) - uniformly stable, if (I) holds with δ being independent of t0;
(III) (h0, h) - equiasymptotically stable, if given t0 ≥ 0, there exists a δ0 = δ0(t0),

and for each ε > 0, there exists T = T (ε, t0) such that h0(t0 + θ, φ(θ)) < δ0 ,
for θ ∈ [−r, 0], implies h(t, x(t0, φ)(t)) < ε, for t ≥ t0 + T (ε, t0);

(IV) (h0, h) - uniform equiasymptotically stable, if δ0 and T in (III) are independent of
t0;

(V) (h0, h) - uniform asymptotically stable, if (II) and (IV) hold;
(VI) (h0, h) - exponentially stable if there exist positive constants α, β, ρ such that

h0(t0 + θ, φ(θ)) < ρ, for θ ∈ [−r, 0], implies
h(t, x(t0, φ)(t)) ≤ β e−α(t−t0) h0(t0 + θ, φ(θ)).

We shall give a few choices of the two measures (h0, h) to demonstrate the generality of
the above definition. Definition (4) reduces to

(1) the usual stability of the null solution of equation (1) if h(t, x(t0, φ)(t)) = h0(t, x(t0,
φ)(t)) = |x(t0, φ)(t) |.

(2) partial stability of the null solution of equation (1) if h(t, x(t0, φ)(t)) = |x(t0, φ)(t) |s
= (x2

1(t0, φ)(t) + x2
2(t0, φ)(t) + ... + x2

s(t0, φ)(t))1/2
, 1 ≤ s < n and h0(t, x(t0, φ)(t)) =

|x(t0, φ)(t) | = (x2
1(t0, φ)(t) + x2

2(t0, φ)(t) + ... + x2
n(t0, φ)(t))1/2.

(3) the stability of an invariant set A ⊂ Rn if h(t, x(t0, φ)(t)) = h0(t, x(t0, φ)(t)) =
d(x,A), d being the distance function.

Publicado pelo ICMC-USP
Sob a supervisão CPq/ICMC



168 M.A. BENÁ AND S.M.S. GODOY

4. MAIN RESULTS - STABILITY IN TERMS OF TWO MEASURES OF
PERTURBED NEUTRAL LINEAR SYSTEMS

Consider the system

(d/dt)D(t, yt) = f(t, yt), (4)

where D(t, φ) and f(t, φ) are bounded, linear in φ, continuous and D is uniformly stable.
Consider now the perturbed system

(d/dt)D̄(t, xt) = f̄(t, xt). (5)

System (5) can be transformed into the system

(d/dt)D(t, xt) = f(t, xt) + G(t, xt) , (6)

where only the function f is perturbed, G : R+ × C → Rn is continuous, G(t, 0) = 0

and G(t, xt) = f̄(t, xt)− f(t, xt) +
d

dt
[D(t, xt)− D̄(t, xt)].

To study the properties of stability in terms of two measures of system (6), we will need
the following results:

Lemma 4.1. Let x(t0, φ)(t) be a solution of (6) and y(t0, φ)(t) a solution of (4). Suppose
f(t, φ) locally Lipschitzian in φ with constant L > 0, uniformly with respect to t and h is
a measure satisfying |h(t, x)− h(t, y) | ≤ M |x− y | ; M > 0, (t, x), (t, y) ∈ R+ ×Rn. Then
the following inequality is valid,

h(t, x(t0, φ)(t)− y(t0, φ)(t)) ≤ [eL(t−t0) − 1] |G(t, xt) |, t ≥ t0. (7)

Proof: The inequality (7) is verified for t = t0. Let t1 be the supremum of the t′s for which
inequality (7) is satisfied. From the continuity of both sides of (7) there exists a sequence
tn , tn → 0 for n →∞, tn small enough such that

h(t1 + tn, x(t0, φ)(t1 + tn)− y(t0, φ)(t1 + tn)) > [eL(t1+tn−t0) − 1] |G(t1 + tn, xt1+tn) |.
Since h is Lipschitz continuous and h(t, 0) = 0, it follows that
h(t1 + tn, x(t0, φ)(t1 + tn)− y(t0, φ)(t1 + tn)) ≤ M |x(t0, φ)(t1 + tn)− y(t0, φ)(t1 + tn) | ≤
M‖xt1+tn(t0, φ)− yt1+tn(t0, φ)‖.

From [2], there exist a k0 small enough and a function l(s) as in (3) such that if 0 ≤
tn ≤ k0,

‖xt1+tn(t0, φ)− yt1+tn(t0, φ)‖ ≤ 1
1− l(k0)

∫ t1+tn

t1

|G(s, xs) | ds , with l(k0) < 1.

Then we can write

h(t1 + tn, x(t0, φ)(t1 + tn)− y(t0, φ)(t1 + tn)) ≤ M

1− l(k0)

∫ t1+tn

t1

|G(s, xs) | ds .

Thus,
M

1− l(k0)

∫ t1+tn

t1

|G(s, xs) | ds > [eL(t1+tn−t0) − 1] |G(t1 + tn, xt1+tn) |.
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Hence
M

1− l(k0)
tn supt1≤s≤t1+tn

|G(s, xs) | ≥ [eL(t1+tn−t0) − 1] |G(t1 + tn, xt1+tn) | and

lim suptn→0+
M

1− l(k0)
supt1≤s≤t1+tn

|G(s, xs) | ≥ lim suptn→0+
[eL(t1+tn−t0) − 1]

tn
|G(t1 +

tn, xt1+tn
)|.

Then
M

1− l(k0)
|G(t1, xt1) | ≥ Le(t1−t0) |G(t1, xt1) | and this is a contradiction if we

take L >
M

1− l(ko)
. Therefore inequality (7) is valid for all t ≥ t0.

Definition 4.1. If V : R+ ×C → R+ is continuous and x(t, φ) is the solution of (1)
through (t, φ) we define

V̇ (t, φ) = lim
k→0+

1
k

[V (t + k, xt+k(t, φ))− V (t, φ)].

Theorem 4.1. Let us suppose that for φ ∈ C([−r, 0], Rn), h0(t0 + θ, φ(θ)) ≤ H, there
exists a functional V (t, φ) defined for t0 ≥ 0 with the following properties:

(i) There exist functions a(τ), b(τ), c(τ), continuous, positive and monotone increasing
for τ > 0, a(0) = b(0) = c(0) = 0, such that a(h(t, x(t0, φ)(t))) ≤ V (t, φ) ≤ b(h0(t0 +
θ, φ(θ))).

(ii) limk→0+
V (t + k, xt+k(t, φ))− V (t, φ)

k
≤ −c (h0(t0 + θ, φ(θ))).

Then equation (1) is (h0, h) - uniform asymptotically stable.

Proof: We must show that (1) is (h0, h) - uniformly stable and (h0, h) - uniform equiasymp-
totically stable.
Let δ(ε) < b−1(a(ε)), h0(t0 + θ, φ(θ)) < δ(ε), V ∗(t) = V (t, xt(t0, φ)). We have

limk→0+
V ∗(t + k)− V ∗(t)

k
= limk→0+

V (t + k, xt+k(t0, φ))− V (t, xt(t0, φ))
k≤ −c(h0(t0 + θ, xt(t0, φ)(θ))) < 0

if h0(t0 + θ, xt(t0, φ)(θ)) 6= 0. It follows that V ∗(t) is monotone decreasing. Thus,

V ∗(t) < V ∗(t0) = V (t0, xt0(t0, φ)) = V (t0, φ) ≤ b(h0(t0 + θ, φ(θ))) < b(δ(ε)) < a(ε).

By hypothesis (i), a(h(t, x(t0, φ)(t))) < a(ε). From the monotonicity of the function a, we
obtain h(t, x(t0, φ)(t)) < ε, for t ≥ t0 . Hence we proved equation (1) is (h0, h) - uniformly
stable. Since V ∗(t) is monotone decreasing, it is differentiable almost everywhere and thus
(ii) is verified almost everywhere by the derivative of V ∗.
Let δ0 = δ(H), T (ε) = b(δ0)/c(δ(ε)), h0(t0 + θ, φ(θ)) < δ0.
If for t ∈ [t0, t0 + T ] we would have h0(t0 + θ, xt(t0, φ)(θ)) 6= δ(ε), it would follow that
c(h0(t0 + θ, xt(t0, φ)(θ))) ≥ c(δ(ε)) . Hence
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limk→0+
V ∗(t + k)− V ∗(t)

k
≤ −c(h0(t0 + θ, xt(t0, φ)(θ))) ≥ −c(δ(ε)), that implies

V ∗(t)− V ∗(t0) ≤ −c(δ(ε)) (t− t0). Therefore
V ∗(t) ≤ V ∗(t0) − c(δ(ε)) (t− t0) ≤ b (h0(t0 + θ, φ(θ))) − c(δ(ε)) (t− t0)
≤ b(δ0) −c(δ(ε)) (t−t0) . From this follows that V ∗(t0+T ) < b(δ0) −c(δ(ε)) T = 0, which
is a contradiction. So, there exists t′ ∈ [t0, t0 + T ] such that h0(t0 + θ, xt′(t0, φ)(θ)) <
δ(ε). Hence, h(t, x(t′, xt′ (t0, φ)(t))) < ε , for t ≥ t′. This means that for t ≥ t0 +T we
have h(t, xt(t0, φ)(t)) < ε and the theorem is proved.

Lemma 4.2. Let h0 and h be measures satisfying h(t, x + y) ≤ h(t, x) + h(t, y),
h(t, p x) = | p |h(t, x), p ∈ R. If equation (4) is (h0, h) - uniform asymptotically stable, then
it is (h0, h) - exponentially stable, that is, there exist positive constants α, β, ρ such that if
h0(t0 + θ, φ(θ)) < ρ, for θ ∈ [−r, 0], then h(t, x(t0, φ)(t)) ≤ βe−α(t−t0) h0(t0 + θ, φ(θ)).

Proof: We define the operator Ut,t0 by the relation Ut,t0φ = y(t0, φ)(s), t− r ≤ s ≤ t,
where y(t0, φ)(t) is the solution of (4). The operator maps the space of continuous functions
defined in [t0 − r, t0] in the space of the continuous functions in [t− r, t]. The linearity of
equation (4) implies the operator is linear and it is also continuous. See [4]. Consider the
quantity ‖Ut,t0 ‖ with the property

‖Ut,t0 ‖ = sup
h0(t0+θ,φ(θ))≤1

h(t, Ut,t0φ), t ≥ t0.

By (h0, h) - uniform stability, for h0(t0 +θ, φ(θ)) ≤ δ0, t ≥ t0 +T , we have h(t, y(t0, φ)(t))
< ε; hence for t ≥ t0 + T + r it follows that h(t, Ut,t0φ) < ε. We fix ε with 0 < ε < 1.
Let φ0 arbitrary with h0(t0 + θ, φ0(θ)) ≤ 1. By hypothesis on h we can write h0(t0 +
θ, δ0 φ0(θ)) = δ0 h0(t0 + θ, φ0(θ)) ≤ δ0. Hence h(t, Ut.t0δ0 φ0) < ε, for t ≥ t0 + T + r
and h(t, Ut,t0φ0) < ε/δ0. Since φ0 is arbitrary with h0(t0 + θ, φ0(θ)) ≤ 1, we will have
‖Ut,t0 ‖ ≤ ε/δ0 for t ≥ t0 + T + r, or, ‖Ut,t0 ‖ ≤ ε for t ≥ t0 + T1 + r, where we set
T1(ε) = T (δ0 ε). We have the relation Ut,t0φ = Ut,t0+T1+r (Ut0+T1+r,t0 φ) which amounts
to y(t0, φ)(s) = y(t0 + T1 + r, y(t0, φ)(u))(s), u ∈ [t0 + T1, t0 + T1 + r]. From here follows,
‖Ut,t0 ‖ ≤ ‖Ut,t0+T1+r ‖ . ‖Ut0+T1+r,t0 ‖ ≤ ε2 for t ≥ t0 + 2(T1 + r). By induction it
follows that ‖Ut,t0 ‖ ≤ εm , for t ≥ t0 + m(T1 + r). Now let t ≥ t0, arbitrary. There
exists an m ≥ 1 such that t0 + (m − 1)(T1 + r) ≤ t < t0 + m(T1 + r). Furthermore,
m(T1 + r) > t− t0, m > (1/(T1 + r)) (t− t0), εm < ε(1/(T1+r))(t−t0), since ε < 1.

On the other hand, there exists a δ(ε) such that h(t, y(t0, φ)(t)) < ε if h0(t0+θ, φ(θ)) ≤
δ(ε) and t ≥ t0 +T (ε) . As above, we will have h(t, δ(ε)Ut,t0φ) < ε , t ≥ t0 +T (ε). Hence
h(t, Ut,t0 φ) <

ε

δ(ε)
, t ≥ t0 + T (ε). Since t ≥ t0 + (m − 1)(T1 + r), we will have ‖Ut,t0‖ <

[ε/δ(ε)] εm−1. Indeed, if m ≥ 2 this inequality follows from the fact that δ(ε) ≤ ε, and if
m = 1 from the fact that ‖Ut,t0 ‖ < ε/δ(ε), for t ≥ t0 + T (ε). Finally, we have shown that
for every t ≥ t0 + T (ε) , ‖Ut,t0 ‖ ≤ [1/δ(ε)]εm and thus ‖Ut,t0 ‖ < [1/δ(ε)]ε(1/(T1+r))(t−t0).
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Let us 1/δ(ε) = β, α = −(1/(T1 + r)) ln ε, and the previous estimate becomes ||Ut,t0 || <
βe−α(t−t0).Let ψ be arbitrary, ψ 6= 0. We observe that

h0(t0 + θ,
ψ(θ)

h0(t0 + θ, ψ(θ))
) = [1/h0(t0 + θ, ψ(θ))].h0(t0 + θ, ψ(θ)) = 1.

Then we have h(t, Ut,t0ψ) = h(t, Ut,t0 [ψh0(t0 +θ, ψ(θ))/h0(t0 +θ, ψ(θ))]) = h0(t0 +θ, ψ(θ))
h(t, Ut,t0 [ψ/h0(t0 +θ, ψ(θ))]) < h0(t0 +θ, ψ(θ))||Ut,t0 || < βe−α(t−t0)h0(t0 +θ, ψ(θ)). Thus,
equation (4) is (h0, h)-exponentially stable.

In what follows, y(t, φ) is understood as any solution of equation (4) with the initial
condition φ at time t.

Theorem 4.2. Assume h and h0 two measures satisfying the hypotheses of Lemma (2)
and | h0(t, x)− h0(t, y) | ≤ h0(t, x− y); g and l as in (3).
Then, if equation (4) is (h0, h) - uniform asymptotically stable, there is a
continuous scalar functional V (t, φ) for (t, φ) ∈ [t0,∞)× C, such that

(a) (h0(t + θ, φ(θ)))2 ≤ V (t, φ) ≤ k1 (h0(t + θ, φ(θ)))2

(b) |V (t, φ1)−V (t, φ2) | ≤ k2 [h0(t+θ, φ1(θ))+h0(t+θ, φ2(θ))].[h0(t+θ, φ1(θ)−φ2(θ))]
(c) V̇ (t, φ) ≤ −(h(t + θ, yt(t0, φ)(θ)))2.

Proof: (a) Define

V (t, φ) =
∫ ∞

0

[h(t + s + θ, yt+s(t, φ)(θ))]2 ds + sup
s≥0

[h(t + s + θ, yt+s(t, φ)(θ))]2.

Then V (t, φ) ≥ sups≥0 [h(t + s + θ, yt+s(t, φ)(θ))]2.
As h(t + θ, yt(t, φ)(θ)) = h0(t + θ, φ(θ)), it follows that V (t, φ) ≥ (h0(t + θ, φ(θ)))2.
Since equation (4) is (h0, h) - uniform asymptotically stable, by Lemma(2) it is (h0, h) - ex-
ponentially stable, that ensures the convergence of the integral in the definition of V (t, φ).
This implies the existence of positive constants α, β, ρ such that h0(t + θ, φ(θ)) ≤ ρ,
then h(t + s + θ, y(t, φ)(t + s + θ)) ≤ β e−α(t+s+θ−t) h0(t + θ, φ(θ))
= βe−α s e−αθ h0(t + θ, φ(θ)) ≤ β e−α s eα r h0(t + θ, φ(θ)).
Thus, (h(t + s + θ, y(t, φ)(t + s + θ)))2 ≤ β2 e−2α s e2α r (h0(t + θ, φ(θ)))2.
It follows that
sups≥0 (h(t + s + θ, y(t, φ)(t + s + θ)))2 ≤ β2 e−2α s e2α r (h0(t + θ, φ(θ)))2. So

V (t, φ) ≤ ∫∞
0

β2e−2αse2α r(h0(t + θ, φ(θ)))2 ds + β2e2αr (h0(t + θ, φ(θ)))2

= β2e2αr(h0(t + θ, φ(θ)))2
∫∞
0

e−2αsds + β2e2αr(h0(t + θ, φ(θ)))2

= β2e2αr(h0(t + θ, φ(θ)))2
1

2 α
+ β2e2αr(h0(t + θ, φ(θ)))2

= β2e2αr(
1
2α

+ 1)(h0(t + θ, φ(θ)))2 = k1(h0(t + θ, φ(θ)))2.

Hence, V (t, φ) ≤ k1(h0(t + θ, φ(θ)))2. As V (t, φ) ≥ (h0(t + θ, φ(θ)))2 , it follows that
(h0(t + θ, φ(θ)))2 ≤ V (t, φ) ≤ k1(h0(t + θ, φ(θ)))2 and (a) is proved.

(b) |V (t, φ1)− V (t, φ2)|
≤ | ∫∞

0
(h(t + s + θ, y(t, φ1)(t + s + θ)))2 ds− ∫∞

0
(h(t + s + θ, y(t, φ2)(t + s + θ)))2 ds|+
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| sups≥0 (h(t + s + θ, y(t, φ1)(t + s + θ)))2 − sups≥0(h(t + s + θ, y(t, φ2)(t + s + θ)))2 |
≤ ∫∞

0
|(h(t + s + θ, y(t, φ1)(t + s + θ)))2 ds− (h(t + s + θ, y(t, φ2)(t + s + θ)))2 | ds+

sups≥0 |(h(t + s + θ, y(t, φ1)(t + s + θ)))2 − (h(t + s + θ, y(t, φ2)(t + s + θ)))2|
≤ ∫∞

0
|h(t + s + θ, y(t, φ1)(t + s + θ)) + h(t + s + θ, y(t, φ2)(t + s + θ)) | ×

|h(t + s + θ, y(t, φ1)(t + s + θ))− h(t + s + θ, y(t, φ2)(t + s + θ)) | ds+
sups≥0 |h(t + s + θ, y(t, φ1)(t + s + θ)) + h(t + s + θ, y(t, φ2)(t + s + θ)) | ×
sups≥0 |h(t + s + θ, y(t, φ1)(t + s + θ))− h(t + s + θ, y(t, φ2)(t + s + θ)) |
≤ ∫∞

0
[β e−αs eαr h0(t + θ, φ1(θ)) + β e−αs eαr h0(t + θ, φ2(θ))]×

[β e−αs eαr h0(t + θ, φ1(θ))− β e−αs eαr h0(t + θ, φ2(θ))] ds +
β eαr [h0(t + θ, φ1(θ)) + h0(t + θ, φ2(θ))] . β eαr [h0(t + θ, φ1(θ))− h0(t + θ, φ2(θ))].

The hypothesis of the measure h0 allows us write
|V (t, φ1)− V (t, φ2) |

≤ ∫∞
0

β2 e−2α se2αr [h0(t + θ, φ1(θ)) + h0(t + θ, φ2(θ))].[h0(t + θ, φ1(θ)− φ2(θ))] ds]
+β eα r [h0(t + θ, φ1(θ)) + h0(t + θ, φ2(θ))] . β eα r [h0(t + θ, φ1(θ)− φ2(θ))]
= β2 e2α r [h0(t + θ, φ1(θ)) + h0(t + θ, φ2(θ))].[h0(t + θ, φ1(θ)− φ2(θ))].

∫∞
0

e−2α sds
+β2 e2α r [h0(t + θ, φ1(θ)) + h0(t + θ, φ2(θ))].[h0(t + θ, φ1(θ)− φ2(θ))]

= β2 e2α r (1 +
1
2α

) [h0(t + θ, φ1(θ)) + h0(t + θ, φ2(θ))].[h0(t + θ, φ1(θ)− φ2(θ))]
Thus,
|V (t, φ1)− V (t, φ2)|

≤ β2 e2αr(1 +
1
2α

)[h0(t + θ, φ1(θ)) + h0(t + θ, φ2(θ))].[h0(t + θ, φ1(θ)− φ2(θ))]

= k2[h0(t + θ, φ1(θ)) + h0(t + θ, φ2(θ))].[h0(t + θ, φ1(θ)− φ2(θ))]
and (b) is proved.

(c) V (t, yt(t0, φ)) =
∫∞
0

(h(t + s + θ, yt+s (t, yt(t0, φ))(θ)))2 ds+
sups≥0 (h(t + s + θ, yt+s (t, yt(t0, φ))(θ)))2

=
∫∞
0

(h(t + s + θ, yt+s (t0, φ)(θ)))2 ds + sups≥0 (h(t + s + θ, yt+s (t0, φ)(θ)))2

=
∫∞

t
(h(u + θ, yu(t0, φ)(θ))2 du + sups≥0(h(t + s + θ, yt+s(t0, φ)(θ)))2

V̇ (t, yt(t0, φ)) = limk→0+
1
k

[
∫∞

t+k
(h(u + θ, yu(t0, φ)(θ))2 du+

sups≥0 (h(t + k + s + θ, yt+k+s (t0, φ))(θ))2 − ∫∞
t

(h(u + θ, yu(t0, φ)(θ)))2 du−
sups≥0(h(t + s + θ, yt+s(t0, φ)(θ)))2].

Since sups≥0(h(t + s + θ, yt+s(t0, φ)(θ)))2 is a decreasing function, it follows that

V̇ (t, yt(t0, φ)) ≤ limk→0+
1
k

[
∫∞

t+k
(h(u + θ, yu(t0, φ)(θ)))2 du

− ∫∞
t

(h(u + θ, yu(t0, φ)(θ)))2 du] =
d

dt

∫∞
t

(h(u + θ, yu(t0, φ)(θ)))2 du

= −(h(t + θ, yt(t0, φ)(θ)))2 and the theorem is proved.

Theorem 4.3. Let h0 and h be two measures with h0 satisfying |h0(t, x)− h0(t, y) | ≤
h0(t, x − y), f and h are as in Lemma (1), h is uniformly finer than h0. Suppose D and
f satisfying the hypotheses of equation (4) and assume that
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| d

dt
D(t, φ)− d

dt
D̄(t, φ) |+ | f̄(t, φ)− f(t, φ) | ≤ γ h(t, x(t0, φ)(t)), (8)

where γ is chosen small enough and (t, x) ∈ S(h, ρ) for some ρ > 0;
S(h, ρ) = {(t, x) ∈ R+×Rn : h(t, x) < ρ}. If equation (4) is (h0, h) - uniform asymptotically
stable then equation (6) is (h0, h) - uniform asymptotically stable.

Proof: From (8), |G(t, xt) | ≤ γ h(t, x(t0, φ)(t)). Let V (t, φ) be as in Theorem (2). Define
V ∗(t) = V (t, xt(t0, φ)). We have

limk→0+
V ∗(t + k)− V ∗(t)

k
= limk→0+

V (t + k, xt+k(t0, φ)− V (t, xt(t0, φ))
k

≤ limk→0+
V (t + k, yt+k(t, xt(t0, φ))− V (t, xt(t0, φ))

k
+

limk→0+
V (t + k, xt+k(t, xt(t0, φ)))− V (t + k, yt+k(t, xt(t0, φ)))

k
,

where x(t0, φ)(t) is a solution of (6) and y(t0, φ)(t) is a solution of (4). From (c) of Theorem
(2) , we have:

limk→0+
V ∗(t + k)− V ∗(t)

k
≤ −(h(t + θ, xt(t0, φ)(θ)))2 +

limk→0+
V (t + k, xt+k(t, xt(t0, φ)))− V (t + k, yt+k(t, xt(t0, φ)))

k
.

From part (b) of Theorem (2) we obtain:
|V (t + k, xt+k(t, xt(t0, φ)))− V (t + k, yt+k(t, xt(t0, φ))) |
≤ k2 [h0(t + k + θ, xt+k(t, xt(t0, φ)(θ))) + h0(t + k + θ, yt+k(t, xt(t0, φ)(θ))]×

[h0(t + k + θ, xt+k(t, xt(t0, φ)(θ))− yt+k(t, xt(t0, φ)(θ)))].
From Lemma (1) and condition (8) we have

h0 (t + k + θ, xt+k(t, xt(t0, φ)(θ))− yt+k(t, xt(t0, φ)(θ)))
≤ [eL(t+k+θ−t) − 1].|G(t + k + θ, xt+k)|
≤ [eL(k+θ) − 1)] γ h(t + k + θ, xt+k(t, xt(t0, φ)(θ)))
≤ [eLk − 1] γh(t + k + θ, xt+k(t, xt(t0, φ)(θ))).

(9)

Now, by means of Lemma (1) and hypothesis on h0, we can write
h0(t + k + θ, yt+k(t, xt(t0, φ)(θ)))
= |h0(t + k + θ, xt+k(t, xt(t0, φ)(θ)))− h0(t + k + θ, xt+k(t, xt(t0, φ)(θ)))
+h0(t + k + θ, yt+k(t, xt(t0, φ)(θ)))|
≤ [eLk − 1] γh(t + k + θ, xt+k(t, xt(t0, φ)(θ))) + h0(t + k + θ, xt+k(t, xt(t0, φ)(θ))).

Thus,

h(t + k + θ, yt+k(t, xt(t0, φ)(θ))) ≤ [eLk − 1]γh(t + k + θ, xt+k(t, xt(t0, φ)(θ)))
+h0(t + k + θ, xt+k(t, xt(t0, φ)(θ))). (10)

Hence using (9)and (10) , we obtain:
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174 M.A. BENÁ AND S.M.S. GODOY

|V (t + k, xt+k(t, xt(t0, φ)))− V (t + k, yt+k(t, xt(t0, φ)))|
≤ [2k2h0(t + k + θ, xt+k(t, xt(t0, φ)(θ))) + k2 [eLk − 1]γh(t + k + θ, xt+k(t, xt(t0, φ)(θ)))]
×[eLk − 1]γh(t + k + θ, xt+k(t, xt(t0, φ)(θ)))
= 2k2[eLk − 1]γh0(t + k + θ, xt+k(t, xt(t0, φ)(θ)))× h(t + k + θ, xt+k(t, xt(t0, φ)(θ)))
+k2γ

2(eLk − 1) (eLk − 1)(h(t + k + θ, xt+k(t, xt(t0, φ)(θ))))2.

Therefore,

limk→0+ k−1|V (t + k, xt+k(t, xt(t0, φ)))− V (t + k, yt+k(t, xt(t0, φ)))|
≤ (h(t + θ, xt(t0, φ)(θ)))2 2k2 γ limk→0+ k−1[eLk − 1]
+(h(t + θ, xt(t0, φ)(θ)))2k2γ

2 limk→0+ k−1[eLk − 1][eLk − 1]
= 2k2γL(h(t + θ, xt(t0, φ)(θ)))2.

Thus if we take γ < 1/(2 k2 L), it follows that,

limk→0+
V ∗(t + k)− V ∗(t)

k
≤ −(h(t + θ, xt(t0, φ)(θ)))2 + 2k2γL(h(t + θ, xt(t0, φ)(θ)))2

= (h(t + θ, xt(t0, φ)(θ)))2(2k2γL− 1) = −γ1(h(t + θ, xt(t0, φ)(θ)))2, γ1 > 0.

Since h is uniformly finer than h0 for (t, x) ∈ S(h, ρ), we have
h0(t + θ, xt(t0, φ(θ)) ≤ b(h(t + θ, xt(t0, φ)(θ))), b ∈ CK.
This implies that (h(t + θ, xt(t0, φ)(θ)))2 ≥ c(h0(t + θ, xt(t0, φ)(θ))), c ∈ CK.
Hence, using this inequality, we can write,

lim
k→0+

V ∗(t + k)− V ∗(t)
k

≤ −γ1c(h0(t + θ, xt(t0, φ)(θ))),

which shows, on basis of Theorem (1) that equation (6) is (h0, h)-uniform asymptotically
stable.
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