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We prove the existence of regular solutions for a class of quasi-linear evo-
lution equation modeled in the form %(m(t) + g(t,z(t)) = Az(t) + f(t,z(t)),
where A is the infinitesimal generator of an analytic semigroup of bounded lin-
ear operators defined on a Banach space X and f, g are appropriate continuous
functions.  April, 2001 ICMC-USP

1. INTRODUCTION

The class of equations considered in this paper have the form

Ax(t) + f(t,z(t)), t >0,

L (at) + o1, 2(1)

xz(0) = xo.

We consider system (1) as a Cauchy problem on a Banach space X, where A is the
infinitesimal generator of an analytic semigroup of bounded linear operators (I'(t)):>o;
fy9:10,T] x Q2 — X are appropriate continuous functions and € is an open subset of X.

The case g = 0 has an extensive literature. The books of Pazy [14], Krein [10], Goldstein
[5] and the references contained therein, give a good account of the more important results.

Throughout this paper X will be a Banach space provided with norm || - || and the
operator A : D(A) C X — X will be the infinitesimal generator of an analytic semigroup of
bounded linear operators (T'(t)):>o on X. For the theory of strongly continuous semigroups,
refer to [14] and [5]. We mention here only some notations and properties essential to our
purpose. In particular, it is well known that there exist M > 1 and a real number w such
that

| T(t) < Me*", t>0.
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126 E. HERNANDEZ M.

In what follows we assume that || T(t) || is uniformly bounded by M and that 0 € p(A).
In this case it is possible to define the fractional power (—A)%, for 0 < a < 1, as a closed
linear operator with domain D((—A)%). Furthermore, the subspace D((—A)%) is dense in
X and the expression

| [la=] (=A4)% ||

defines a norm on D((—A)%). Hereafter we represent by X, the space D((—A)%) endowed
with the norm || - ||o. The following properties are well known ( see [14]):

LEMMA 1.1. If the above conditions hold:

1.Let 0 < a<1. Then X, is a Banach space.
2If 0< B < athen X, — Xg is continuous.
3.For every constant a > 0, there exists Cy, > 0 such that

Ca
| (A1) 1< 72, 0<t<a.

4.For every a > 0 there exists a positive constant C!, such that

1(T(t) = D)(=A)"* |< Cat”, 0<t<a.

By analogy with the abstract Cauchy problem
u(t) = Au(t) + h(t)

we adopt the following definitions:

DEeFINITION 1.1. A function 2 € C([0,7) : X) is a mild solution of the abstract Cauchy
problem (1) if: 2(0) = zo; for each 0 <t < r the function AT (¢t — s)g(s,z(s)), s € [0,t), is
integrable and

a(t) = T(t)(évo+g(07xo))—g(t,w(t))—/0 AT (t — 5)g(s, x(s))ds

+ /0 T(t — 5)f(s, (s))ds

for every t € [0, 7).

DEFINITION 1.2. A function z € C([0,7) : X) is a classical solution of the abstract
Cauchy problem (1) if: z(0) = zo; z(t) € D(A) for all t € (0,r); 4 is continuous on (0,r)
and x(-) satisfies equation (1) on (0,r).
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DEeFINITION 1.3, A function z € C([0,7) : X) is an S-classical ( Semi-classical ) solution
of the abstract Cauchy problem (1) if: z(0) = xo; 4% (x(t) + g(t,2(t))) is continuous on
(0,7); x(t) € D(A) for all t € (0,7) and x(-) satisfies equation (1) on (0, 7).

The paper is organized as follows. In section (2) we discuss the existence of S-classical
and classical solutions to the initial value problem (1). Our results are based on the
properties of analytic semigroups and the ideas used in [14] chapter 5. In section (3), some
applications are considered.

Throughout this paper we assume that X is an abstract Banach space. The terminology
and notations are those generally used in operator theory. In particular, if X, Y are Banach
spaces, we indicate by £ (X : Y) the Banach space of the bounded linear operator of X
into Y and we abbreviate to £ (X) whenever X =Y. In addition B, (z : X) will denote
the closed ball in space X with center at z and radius r.

For a bounded function € : [0,a] — X and 0 < ¢t < a we will employ the notation

1€C) [le= sup{ll &(s) [|: s € [0, ¢]}.

Finally for zp € X, we will use the notation z(-, o) for the mild solution of equation (1).

2. REGULAR SOLUTIONS

The existence of mild solutions for the abstract Cauchy problem (1) follows from The-
orems 2.1 and 2.2 in [7]; for this reason we choose to omit the proofs of the next two
results.

THEOREM 2.1. Let xg € X and assume that the following conditions hold:

a)There exist 3 € (0,1) and L > 0 such that the function g is Xg-valued and satisfies
the Lipschitz condition

I (=A)7g(t,2) = (=A) g(s,y) [S L t=s |+ [z —y ) (4)
for every 0 < s,t <T and x,y € ), and
(=)7L <1 ()

b)The function f is continuous and takes bounded sets into bounded sets.
¢)The semigroup (T (t))i>0 is compact.

Then there exists a mild solution x(-,xo) of the abstract Cauchy problem (1) defined on
[0,7] for some 0 <r <T.
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128 E. HERNANDEZ M.

THEOREM 2.2. Let xg € X and assume that the following conditions hold:

a)There exist 3 € (0,1) and L > 0 such that the function g is Xg-valued and satisfies
the Lipschitz condition

I (=4)°g(t,2) = (=A)g(s.y) IS Lt =s |+ [z =y ) (6)
for every 0 < s,t <T and x,y € 2 and
(=47 L<1 (7)
b)The function f is continuous and there exists N > 0 such that

[ ftz) = fls, ) IsN(t=s[+z=yl) (3)
for every 0 < s,t <T and x,y € Q2.

Then there exists a unique mild solution x(-,xq) of the abstract Cauchy problem (1)
defined on [0,7] for some 0 <r <T.

The existence of S-classical and classical solutions, requires some additional assump-
tions on the functions g, f. In particular, in the next result we assume that the following
assumption hold:

Assumption(f,g) : There exist 0 < a < f < 1 and an open set €, C X, such that the
functions f, (—A)?g are continuous on [0,7] x Q, and

e There exist L > 0 and 0 < 71,72 < 1 such that for every (¢,x1), (s,2z2) € [0,T] x Qq

I (=A) g(t,21) = (—=A) g(s,22) |

IN

L{lt=s|" + || 21 — 22 [la},
[ f(ta) = f(s,20) | < N{[t=s[" + |21 — 22 [la},

L (=47

A
—

THEOREM 2.3. Let xg € Q, and assume that system (1) satisfies Assumption(f,g),
that g is D(A)-valued continuous and that 1 — 3 < min{8 — a,y1,v2}. Then there exists a
unique S-classical solution x(-,x0) € C([0,7] : X) for some 0 <r <T.

Proof. Let 0 < r; < T and § > 0 such that
V=A{(t,z) €[0,m1] x Xo: || (—A)% — (—A) %z ||< d} C[0,T) x Qq.
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Assuming that the functions f, (—A)%g are bounded on V by C; > 0, we choice 0 < r < r;
such that:

1—p)d
|0~ DAy ), < L2 0
— 1)d
|0~ 1(-Arg0.m) |, < T2 o
B—a l—«o 1— )
| A L7 + O praCi i+ CaciT— < B
B—a l—«
L017ﬁ+a;_7a+NCa;_70[ < ].—,LL7 (].2)

where p =|| (=A)*# || L and C,, C1_p44 are the constants in Lemma 1.1. On the set
S ={y e C([0,7]: X) : y(0) = (=A) "o, [|y(t) = (=A)%zo |< 6, t [0, r]}
we define the operator

V(1) = T)(—A)(z0 + 9(0,20)) — (~A)g(t, (—A)~y(t))
+ / (—A) BT ( — 5)(— A)g(s, (—A)~y(s))ds
0

t
[ AT )6, (=) ()
0
For the mapping ¥ we consider the decomposition ¥ = ¥, + W5, where

VL)1) = T(E)(—A) (w0 + g(0, 20)) — (~A)g(t, (—A)~“y(1))
+ / (APt — 5)(—A)g(s, (—A)~y(s))ds,

Wa(y) (1)

/0 (AT (t = s)f(s,(=A)"“y(s))ds.

Next we will prove that Uy and ¥, are well defined, that ¥ satisfies a Lipschitz condition
and that the ranges of ¥ is contained in S.

Since T'(+) is analytic, the function s — AT (¢ — s) is continuous in the uniform operator
topology on [0,t), consequently the function AT'(t — s)g(s, (—A)~*y(s)) is continuous on
[0,t). Moreover from lemma (1.1) we have:

Cl—ﬁ-}-aol

| (=A)=PHeT(t — 5)(=A) g (s, (= A)~y(s)) 1< = syt
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€ [0,t), which implies that || (—

E. HERNANDEZ M.

AV =Brar(t — s)g(s, (—A)~y(s)) || is integrable on

[0,t). We thus conclude that Uy is well defined and with values in C([0,7] : X). It’s clear
from the previous remark that ¥y is also well defined and with values in C([0,7] : X).

It remain to show that the operator W is a contraction on S. Firstly we prove that the
range of U is contained in S. Let y be a function in S. Then for ¢ € [0, 7] we get,

IN

IN

<

W (y)(t) = (=A) %o |

1 (T(t) = D)(=A)*(z0 + 9(0,20)) || + [| (=A)*g(0, z0) —

[ | A gl () (s | ds

toc, —a

+/O g s (A () 1 ds

2(1 ; no | (=A)* 8 || L{r + || (—A) %0 — y(t) |1}
L O piaCh CoCh

+/0 ((t_s)l—ﬂm - 8>a> “

2(1 g )0 + || (—A)* B | L{r™ + 6} + C1—p1+aCh ﬁﬁa

From the choice of r we conclude that

1W(y) = (=A)%0o [»< 6

so that, U(y) € S.

On the other hand for z(-),

thus

1¥(y) = ¥(@) |I,< (|| (~A)* 7| +LC1pras

y(-) € S and t € [0,r] we find

(=A)%g(t, (=A) "y (@®))

1704

+Cy C’1

| w0 - T()0) |
< | (—A) gt (~A)y(8) — (—A)"g(t, (~A)"2(®)) |
+ / G oo | ) 0l (A () ~ (<A g, (~4)"a(s)) | ds
+ / C“ | £(s. (~A)y(s)) — f(s, (~A)a(s)) | ds
a LCi_gia NC,
< | (- )ﬂuLny()—x |\+/{ S gt vl ds,

B—a

ﬂ_
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The last estimate and the choice of b imply that ¥ is a contraction mapping on S. Let
y(-) be the unique fixed point of the operator ¥ in S. We affirm that y(-) is locally Holder
continuous. In fact, let ¥ be a real number with 0 < ¢ < min{l —«,8—a} and 9+ 3 > 1,
and let C' > 0 be the constant guaranteed in lemma (1.1), such that for all 0 < s <t <T
and 0 <h <1

~
I (T0) = DA T =) 1< G 0<s <t
and
| (T(h) — DAy =5+1(t — s) < — 1 0<s<t,

(t _ 8)1—6+a+19 ’

For ¢t € [0,7) and h > 0 sufficiently small
I y(t+h) —y(@) |
< [ (T(R) = D(=A)*T(t)(zo — 9(0,20)) ||
(AN LR+ (L y(t+h) =y () (1}

/ | (T(h) — I)(—A) BT (t — 5)(— A)Pg(s, (~A)“y(s) || ds
t+h

+
o

I (=A) 7 PHT(t 4+ h — 5)(=A) (s, (—=A)"“y(s)) || ds

+
—

t

| 1@ = DA - 9 s, (- )yl | ds
t+h

+
o

+ I (=A)*T(t+h—s)f(s,(=A)"y(s)) || ds

Qlo\

IN

taroy | 0= 9(0,20) | R+ L || (AP H{R + || y(t+ h) = y(t) |1}

+/téhﬂcl ds+/t+h GropraCs g
D AR GRS I

tChCy th .04
+/0 (t—s)awd”/t Gt h_sp

< C(Io)hﬁ
— tV+a

+ Ol + L || (=A)* 7 ||l y(t +h) = y(t) | +C3h” + Cah”~* + Csh'

where the constants C; are independent of ¢. If p = min{¥,y; }, the last inequality can be
rewritten in the form

C(Oé, ﬁ) 19) t7 .'170)

p 1

Iyt +h) —y(t) <
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132 E. HERNANDEZ M.

since p = L || (—A)* P ||< 1. Therefore the function y(-) is locally p-Holder continuous on
(0,7), moreover, we can to assume that p+ 5 > 1.

Now it is easy to prove that s — (—A)?g(s, (—A)~%y(s)) and s — f(s,(—A)"“y(s)) are
p-Holder continuous on (0,7), where p = min{p,v2} and p + 3 > 1. From this remark,
Theorem 2.4.1 in [5] and Lemma (2.1) below, we infer that the function

z(t) = T(t)(zo + g(0,20)) — g(t, (=A)"*y(1))

+ [ AT = ) (s, (- ) () s (14)
+ [ 7= ), Ay ue)is

is X,-valued, that the integral terms in (14) are functions in C*([0,r] : X) and that z(¢) €
D(A) for all t € (0,r). Operating on z(-) with (—A)%, we conclude that (—A4)~*y = = and
hence that z(t) + g(t, z(t)) is a C! function on (0,b). The proof is completed.

The proof of the next Lemma is analogous to the proof of Theorem (2.4.1) in [5]. However
there are some differences that require special attention and we include the principal ideas
of this proof for completeness.

LEMMA 2.1. Let0 < B <1 and g € C([0,T] : X1_3). Assume that g : [0,T] — X is
0-Holder continuous in (0,T) with B+ 60 > 1. If y: [0,T] — X is defined by

y(t) = / (— )BTt — s)g(s)ds,

then y(t) € D(A) for every t € [0,T) and y € C([0,T) : X).
Proof. Fort € [0,T) we rewrite y(¢) in the form

/0 (—A) T (¢ — )(g(s) — g(£))ds + / (AT (t — s)g(t)ds = v(t) +w(t).  (15)

Clearly, Aw(t) = T(t)(=A)*Pg(t) — (—A)'~Pg(t) € C([0,T] : X). For ¢ > 0, sufficiently
small we define the function
o (—A)IT(t = s)(g(s) — g(t))ds, for t € [¢,T),
ve(t) == (16)
0 for ¢t € [0,€).

It is clear that v.(t) € D(A). Moreover for 0 < §; < dy

t—081
| Avs, () — Avs, (1) || < / I (=A4)*PT(t — 5)(g(s) — 9(1)) || ds

t—0d2

A

R ]
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The last inequality proves that Awvs is convergent, 3+ 6 > 1, and therefore

A@®)=AA¥*T@—Q@®%—MﬂM& (17)

since A is a closed operator. Follows from the previous remark that y(t) € D(A) for
t € [0,T]. The continuity of d,y follows as in [5], Theorem 2.4.1.

In the rest of this paper for a function j : [0,0] x X — X and h € IR we denote by 9p,j
to the function

onsy = LW =50)

Moreover, if j is differentiable we will employ the decomposition:
and

Ity +uy1) —j(ty) = Daj(t,y) - yr + Wald, t,y,y +y1) (19)
where

Wl(jatat+53y)

— 0 as s —0,

| 5|
Wa(j, t,y,y +y1) ! as y1 —0
Ton |

In order to prove the next theorem, we need a preliminary result which is interesting in
its own right.

LEMMA 2.2. Assume that assumptions in Theorem (2.2) holds. If g € D(A) and
9(0,x0) € D(A), then x(-) = (-, z¢) is Lipschitz on closed intervals.

Proof. Initially we prove that x(-) is -Holder continuous on a closed interval [0, b].
Using the continuity of (—A)?g and f we can to assert that (—A)?g(s,z(s)) and f(s,z(s))
are bounded by C7 > 0 on [0, b]. Employing that xo € D(A) and that g(0,zq) € D(A); for
t €[0,b) and h > 0 we have

[t +h) — () |
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IN

Coht || g(t + h,2(t + h)) — g(¢,2(1)) |

t Cl
+/o ﬁ 1 (=4)%g(s + h,x(s + b)) = (=A) g (s, 2(s)) || ds

h
+/"n<<mLﬁT@+h4sfoWMax@»nds
0

t h
HW/Hf®+hw@+hn—ﬂ&ﬂ@HM&+M/)Hﬂ&ﬂﬁwds

0 0
@h+Lne-rﬂwxu+m—xmn

01 ﬁL h 01

IN

Cl,ds

thus
[ a(t+h) =) | < Cah+ || (=A) | L || x(t+h)— @) |

/{ C1 "L 5+ NM} || 2(s + h) — a(s) || ds.

Since || (—A)™? || L < 1, the Gronwall Bellman inequality ( see Lemma 5.6.7 in [14] )
implies that z(-) is f-Holder continuous. Reiterating the previous estimates and using that
x(+) is f-Holder; if t € [0,T) and h > 0 we get

[t +h) — () |

< Csht | (AP L || a(t +h) — x(t) |

/{ G1 BL =+ NMY || 2(s+h) — 2(s) | ds

h
+/O m | (—A)Pg(s,z(s)) — (=A)’g(0,20) || ds

h
+/1HTU+h—@FAM®w®H%
0
then

lz(t+h) —z(t) | < Csh®+ | (=A) P L || a(t +h) —(t) |

/{ Gi BL 5+ NMY || 2(s + h) = 2(s) || ds.

The assumption || (—A)™? || L < 1 and Gronwall Bellman inequality, implies that z(-) is
2(3-Holder continuous. Clearly the previous routine permit to infer that x(-) is Lipschitz
continuous, this completes the proof.
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In the next theorem we establish the existence of classical solutions using some usual
regularity assumptions on the functions f and (—A)%g.

THEOREM 2.4. Assume that (—A)*~Pg(-) and f(-) are continuously differentiable func-
tions on [0,T] x Q. If xo, g(0,20) € D(A) and || D2g(0,0) |lz(x)< 1 then i(-,x0) €
C([0,b]) : X) for some 0 <b<T.

Proof: Let x(-) = z(-,x0) and z(-) a solution of the integral equation

2(t) = T(t)(Azo + Ag(0, o) + f(0,20)) + h(t) — [D2g(t, x(t))](2(t))

t

+/O (—A)'PT(t — 5)[Da(—A)Pg(s, 2(s))](2(s))ds 20)
i / T(t = 5)[Daf (s,2(s))](=(5))ds
where
2(0) = Azo + Ag(0, o) + f(0,20) — D1g(0, 20) — [D29(0, 0)](2(0))
and

W(t) = —Diglt,a(t)) + / (=AY PT(t — 5)Dy (— A)Pg(s, (s))ds

+/O T(t—s)D1f(s,z(s))ds.

The existence and uniqueness of local solution for the integral equation (20) is conse-
quence of the contraction mapping principle and the condition || D2g(0,z0) [|£(x)< 1; we
omit details. In what follows we assume that x(-) and z(-) are defined on [0, 2b] where
0 < 2b<T and || D2g(0, ) ||2s<n < 1.

Next we prove that & = z on [0,b]. To this end, we observe that from Lemma (2.2)

Wa((=A)7g. 5, 2(s), (s + h)) || 2(s+h) —a(s) ||
[ 2(s +h) = z(s) || h

—0 as h—0

and

Wa(f,s,2(s),z(s + h)) [[2(s+h) —x(s) |
| z(s +h) —2(s) | h

uniformly for s € [0,5]. Consequently, for ¢ € [0,b] and h > 0 we find

—0 as h—0.

I (e = 2EER =Dy
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_ h
< IO 0= Ao [+ 11 [ T+ b= ) (s, ae)ds = T 0,20) |

_ h
IO 00,00+ 3 [ !PT+ b= )4 (s (s)ds |

+ || Dig(t, z(t + ) — Dig(t,x(t)) || + [| [D2g(t, 2())][(§(¢ h)) ||
” Wi(g,t,t + h,x(t+ h)) I+ Wa(g,t,x(t), z(t + h)) ”
h h

715 | Di(=4)7g(s,x(s + h)) — Di(=A)’g(s,2(s)) || ds

Wl((fA)Bga 8,5+ h,x(s + h))

+ [ GO 1 DAV (eIl |

=] : I ds
Lo Wo((=A)Pg, s,2(s),z(s + h))
+/ (t 1)Bf’|| : 5 I ds

0
+ / NT | Dyf(s,2(s + h)) — Dy f(s,2(5) || ds

+ hy (s + h))

. -t Wi(f, s, s
+ [ Daf sl s+ 37 [ g | ds
. / u (fsm(h) o(sh) |
<ot + 1 [ AT R (AP 0,20) — (A glo,(60) | ds

+ {1 Dag(t, () I €@ h) | +/ I D2(=4) g(s,2(s)) Il (s, ) |l ds

Cip

o (9P
~ t

.y / | Daf(s,x(s) Il €(s.h) | ds

where p(t,h) — 0 as h — 0, uniformly for ¢ € [0,b]. Using that || D2g(-,2(-)) ||s< 1 and
the Lipschitz continuity of x(-), follow that

1 Cy_sLChP
th) || < ——p(t, h)+
€@ R I < T plt:h) 5

1 t Ci_p 8g(s, (s . .
+1—n/(t 5)1- 5 || D2(=A)"g(s,z(s)) [lll £(s, h) || d

+7M/ | Daf(s.x(s) ||| €(s.h) || ds.
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Finally, the Gronwall Bellman inequality ( see Lemma 5.6.7 in [14] ) show that (¢, h) — 0
as h — 0. Therefore &(-,z9) = 2z(-). This completes the proof.

COROLLARY 2.1. If g is a D(A)-valued continuous function then there exits a unique
classical solutions of (1) defined on [0,b] for some 0 <b < T.

Proof: From Theorem (2.4) we know that z(-) = z(-,z9) € C'([0,b] : X) for some
0 < b < T. Since z(-,zg) is Lipschtiz continuous in [0,b], from Theorem 2.4.1 in [5]
and Lemma (2.1) we infer that x(t) + g(t,z(t)) € D(A) for ¢ € [0,b] and therefore that
x(t) € D(A) for t € [0,b]. The proof is complete.

3. EXAMPLES

In this section we sketch briefly some applications.

3.1. Functional Differential Equations with Unbounded Delay.

The regularity results obtained in this work are used to prove the existence of regu-
lar solutions, ”Classical” and ”N-Classical ” solutions, for a class of quasi-linear neutral
functional differential equations with unbounded delay that can be modeled in the form

%(x(t) + F(t,xy)) = Az(t) + G(t, x¢), t> o, (21)

To = pEDB, (22)

where A is the infinitesimal generator of an analytic semigroup of bounded linear oper-

ators (T'(t))¢>0 on a Banach space X; the history z; : (—o0,0] — X, x,(0) = z(t + 0),
belongs to some abstract phase space B defined axiomatically, as in Hale and Kato [3],
and where the axioms are establish employing the terminology and notations used in Hino-
Murakami-Naito [9]. A complete reference including results of existence of mild, strong
and periodical solutions for (21)-(22) are the papers [6], [7]. The existence of ”N-Classical
7 and ” Classical” solutions is studied in [8], actually in preparation.

3.2. Partial Differential Equations of Sobolev Type

There is a extensive literature on semi-linear Sobolev evolution equations modeled in the
form

L (Bu(t)) = Ault) + f(t.u(t)), £>0, (23)

dt
u(0) = uog, ug € D(B). (24)
where A, B be are closed linear operators on a Banach space X. The literature includes
different and complete results concerning to existence, uniqueness and qualitative proper-

ties of mild, strong and classical solutions for (23)-(24) ( see [1], [12], [16], [15]). Some
usual assumptions on the operators A, B ( see for example [1] and [12]) are
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a) A, B are closed linear operators.
b) D(B) C D(A) and B has a continuous inverse.

From a), b) and the Closed Graph Theorem it follows that AB~! is a bounded linear
operator on X. In this case the approach is to consider the related integral equation

2(t) = T(t)Bx0+/0 T(t — 5)f (s, B~Ya(s))ds,

where T'(t), t > 0, is the semigroup generated by AB~1.
We shall consider the abstract Cauchy problem

d
S (u(t) + Bu(t))

Au(t) + f(t,u(t)), t>0, (25)
u(0) = wuo, ug € D(B), (26)

where A, B are closed linear operators on a Banach space X and

a’) D(A) C D(B) and B has a continuous inverse
b’) AB~! is the infinitesimal generator of an analytic semigroup of bounded linear op-
erators on X.

Using the conditions a'),b’), we consider the associated system

Dt Blu(t)) = AB~u(t) + f(t, B~ u(t)), £ 0, (27)

dt
uw(0) = B~ lug, up € D(B).  (28)

If in addition, B~! is D(AB~!)-valued continuous and f is continuously differentiable, the
existence of classical solutions for (27)-(28) and consequently for (25)-(26), follows from
Corollary (2.1).

REFERENCES

Brill, Heinz “A semilinear Sobolev evolution equation in a Banach space”. J. Differential Equations 24
(1977), no. 3, 412-425.

2. J. Dieudone, “Fundation in Moderm Analysis”, vol 1, Academic, New York 1969.

3. Hale, Jack K.; Kato, Junji. “Phase space for retarded equations with infinite delay”. Funkcial. Ekvac.
21 (1978), no. 1, 11-41.

4. Hale, Jack K.; Verduyn Lunel, Sjoerd M. “Introduction to functional-differential equations”. Applied
Mathematical Sciences, 99. Springer-Verlag, New York, 1993.

5.  Goldstein, Jerome A. “Semigroups of linear operators and applications”. Oxford Mathematical Mono-
graphs. The Clarendon Press, Oxford University Press, New York, 1985.

6. Hernandez, Eduardo; Henriquez, Herndn R. “Existence of periodic solutions of partial neutral
functional-differential equations with unbounded delay”. J. Math. Anal. Appl. 221 (1998), no. 2, 499—
522.

Publicado pelo ICMC-USP
Sob a supervisiao da CPq/ICMC



10.

11.

12.

13.

14.

15.

16.

EXISTENCE RESULTS FOR .... 139

Hernandez, Eduardo; Henriquez, Herndn R. “Existence results for partial neutral functional-differential
equations with unbounded delay”. J. Math. Anal. Appl. 221 (1998), no. 2, 452-475.

Hernandez, Eduardo; “Regular Solutions for Partial Neutral Functional Differential Equations with
Unbounded Delay”. Preprint.

Hino, Yoshiyuki; Murakami, Satoru; Yoshizawa, Taro. “Existence of almost periodic solutions of some
functional-differential equations with infinite delay in a Banach space”. Téhoku Math. J. (2) 49 (1997),
no. 1, 133-147.

Krein, S. G. “Linear differential equations in Banach space”. Translated from the Russian by J. M. Dan-
skin. Translations of Mathematical Monographs, Vol. 29. American Mathematical Society, Providence,
R.I., 1971.

Lagnese, John E. “General boundary value problems for differential equations of Sobolev type”. STAM
J. Math. Anal. 3 (1972), 105-119.

Lightbourne, James H., I1I; Rankin, Samuel M., III “A partial functional-differential equation of Sobolev
type”. J. Math. Anal. Appl. 93 (1983), no. 2, 328-337.

L. Nachbin, “Introduction to functional Analysis: Banach Space and Differential Calculus”. Marcel
Dekker, New York, 1981.

Pazy, A. “Semigroups of linear operators and applications to partial differential equations”. Applied
Mathematical Sciences, 44. Springer-Verlag, New York-Berlin, 1983.

Showalter, R. E. “Degenerate parabolic initial-boundary value problems”. J. Differential Equations 31
(1979), no. 3, 296-312.

Showalter, R. E. “A nonlinear parabolic-Sobolev equation”. J. Math. Anal. Appl.50 (1975),183-190.

Publicado pelo ICMC-USP
Sob a supervisao CPq/ICMC



