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We prove that an equal-area like condition is necessary for the formation of
internal transition layer in a singularly perturbed elliptic problem in a varying
or fixed domain. As an application it is formally derived that such condition
is also necessary for the existence of a family of stable stationary solutions
to a reaction-diffusion system with Neumann boundary conditions on a fixed
domain.  March, 2001 ICMC-USP

1. INTRODUCTION

The setting in which the issue of spatial pattern formation in reaction-diffusion systems is
considered typically involves the choice of a specific parameter region (the rates of diffusion
and/or reaction) and the geometry of the nullcline of the reaction terms. By spatial pattern
we mean spatial inhomogeneity with some regularity.

In an activator-inhibitor model, for instance, when the activator can stabilizes at only
two different concentrations and its diffusibility (considered as a parameter) tends to zero,
there are stationary solutions which oscillates (in space) between these two concentrations.

Loosely speaking, when this parameter goes to zero, this component of the solution
may settle down in many different types of interfacial configurations (asymptotic spatial
concentration distributions). Among these configurations some exhibit relatively simple
geometrical configuration and draw more attention.
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2 A. S. DO NASCIMENTO, J. CREMA

In one of them, the interfacial configuration is a well-defined limiting set of discontinuity
which corresponds to a nontrivial partition of the domain, on each of which connected
component the activator assume different constant concentration values. The boundaries
of these connected components which lie inside the domain, are called internal transition
layers.

In another one the concentration tends to cluster at certain shrinking regions, showing
a spiky geometric profile, while presenting almost uniform concentrations out of these
regions. The asymptotic interfacial configuration corresponds to a concentration which is
constant almost everywhere in the domain.

These two types will be somehow contemplated in our discussions.

On the other hand, for a large class of two-component systems of semilinear reaction-
diffusion equation, whenever the issue is the formation of internal transition layer the
so-called equal-area condition is always assumed. However it is never clear in the vast
avaluable literature on the issue the reason for assuming this hypothesis. It might look
like at first as an unessential hypothesis which only simplifies the computations. We prove
herein that this is not the case. Rather it is a necessary condition.

More specifically, we consider a system in two different scaling settings and study the
role played by the equal-area condition in the formation of internal transition layers in one
of them, and in the existence of stable patterns in the other one.

Let us start with the reaction-diffusion system

uy = 2 Au+fu,v), = €Q
vy = p(e)ADv+g(u,v), =€ (1)

v
aﬁ—O(orv—O) on 09,

where ¢ is a small positive parameter, u(e) — 0o, as e — 0 and Q C RY, N > 2.

Note that, for small ¢, the inhibitor diffuses faster than the activator and then according
to Turing [10], spatially inhomogeneous patterns can be created through diffusion-driven
instability.

In particular, our result imply that if an uniformly bounded (in €) family {(u., v) }o<e<e,

e—0

of stationary solutions to (1.1) develops internal transition layers, as e — 0, with u. —

—0
uo(z) € {a, B}, v = wvg, where o, 3 and vy are constants, then

B
/ F(€,v0)dé =0, @)

In other words, the equal-area condition (1.2) is a necessary hypothesis for the existence
of such solutions. Note that this imposes restrictions on the geometry of the nullcline of f.

We also conclude that |Qq|g(e,v0) = —|s|9(8,v0) where 2, = {up = a} and Qg =
{up = p}. This relation provides some clues about the location of the interface. For
instance, if g(a,v9) = —g(8,vg) then the interface must partition the domain into two
subsets each having half the volume (or area) of the domain €.

Actually our results are proved for varying domains, i.e., ). and for variable diffusibility.
The reason we do so is to study the role played by (1.2) in the existence of stable spatial
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INTERNAL TRANSITION LAYER 3

patterns to the following system

up = 8t f(u,),
v = DAv+g(u,v), (2,t) € Q x (0,00) (3)

ou Ov
3% = B =0, (z,t) € 09 x (0,00)

More specifically, when N = 1 and a set of hypotheses (which comprises (1.2)) is satisfied,
it is shown in [6] that (1.3) has a stable family of stationary solutions. However when N > 2
this is no longer true and any family of stationary solutions to (1.3) becomes unstable for
e sufficiently small [8].

On the other hand, according to some results announced by Nishiura, stable solutions
having interfaces with width 0(51/ 3) do exist when  is a retangular domain. This suggests
a final configuration of the latter type mentioned at the beginning.

Then our results along with a formal argument provided in [8] strongly suggests that,
for N > 2, a condition like (1.2) is necessary for the existence of stable spatial patterns.

We should mention that location of internal layers is not our concern herein, although
some conclusions on the issue are drawn. Instead the focus is on the importance of the
equal-area condition in two different situations.

2. NECESSITY FOR FORMATION OF INTERNAL LAYERS

As said before we state our results in a slightly more general framework than we need
for the application we have in mind.
We start by considering the following system in varying domains:

ediv (h1(z)Vue)+ f(ue,ve) =0, = € Qe
div (he(z)Vu)+d(e)g(ue,ve) =0, z € £ (1)
(

Y — 0 (or ve = 0) on 9,

on

where ¢ is a small positive parameter, d(¢) a real function continuous at e = 0, f and g are
functions in C1(IR?) and h; € CY¥(2.), 0 < v < 1, satisfies 0 < m < h; < M (i = 1,2),
for some constants m and M.

As for Q. it is supposed to be an e-family of uniformly bounded domains in IR", i.e.,
| Q. |< M, where M is a constant independent of £ and | - | denotes the N-dimensional
Lebesgue measure. The boundary of 2., denoted by 0., is at least piecewise smooth.

Note that when only stationary solutions are considered, (1.1) is a particular case of (1)
with d(e) = (1/u(e)), constant diffusibility functions and a fixed domain.

Next we define what we mean by formation of internal transition layer. The definition
comprises the minimal requirements that any family of solutions to (1.1) which develops a
sharp transition from one state to another inside 2, is expected to fulfill.
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4 A. S. DO NASCIMENTO, J. CREMA

DEFINITION 2.1. Let O be an open connected set in RY and I' € O an (N — 1)-
dimensional smooth compact manifold without boundary. We will say that a family of
functions {(ue,ve)boce<ey, With u. and v. in C1(O) N C?(O) develops internal transition
layer, as € — 0, in O with interface T' C O and limit (ug(z),vo(x)) if:

o u. Y ug, uniformly on any compact set K C {O\I'}, where ug is given by

uo(x) = a(x)x0, (7) + B(z)x0,(7) (2)

for some functions @ and 8 in C(O) with a(z) < B(z) for z € T, O, is the open region in
O enclosed by T" and Og = O\{T'U O, }

e v, =9 v uniformly on any compact set K C O.

Note that O = O, UT'UOg. Also O can be either a narrow tubular neighborhood of I'
or a simply connected domain. In the latter case 00, =T.

The above definition, which is local in space, suffices for our purposes and it allows for
the existence of more than one transition-layer surface.

Remark 2. 1.

Note that the case in which T'g N 9Q # () has been ruled out although when h; and hs
are constant functions this is more likely to happen. This was done just for simplicity in
notation. The analysis poses no additional difficulties and at the end we will indicate how
that can be accomplished.

With the above definitions and notations we now state our main result.

THEOREM 2.1. Let {(ue,ve)}eso be a family of solutions to problem (1) which develops
internal transition layer, as € — 0, in U with interface T' and limit (uo(x), vo(x)) satisfying
f(ug,v0) =0, a.e. inU, where U is an open tubular neighborhood of T' such that U C S,
0 < e < ey, for eg small enough.

Moreover suppose that the following hypotheses are satisfied.

(H.1)|Jucl| Loy < O, |Jvellpe (o) < C, for 0 < e < eg and some constant C > 0,

(H.2)lim ¢ / Vue(2) dS = 0.
e—0 ou

Then the N -vector equation

B(x)
/ { / F(s,v0(2))ds }ﬁ@:) ds =0 3)
T a(z)

holds. Here v stands for the outward unit normal vector on T.
Remark 2. 2. At the end of this section we will see that in some important cases which
appear in the applications, (H.2) is automatically satisfied.
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INTERNAL TRANSITION LAYER )

Proof: By taking a narrower tubular neighborhood U of T, ie., Uucu , it follows from
Definition 1.1 that u. and v. converge uniformly to ug and vg, respectively, on OU. For
simplicity we drop ~ and write just &. As in the Pohozaev procedure, multiplying the first
equation in (1) by x.Vu, and integrating over U we obtain

/u{sdiv(hl(ac)Vug)(x -Vue) + f(ue,ve)x - Vue} doe =0 (4)

Working with the first term of this equality and using that
div[z - Vu hiVu] = 2 - Vu div(hi Vu) + hy [|[Vul]? + 2 - V(|Vul?) /2]

along with the Divergence theorem, it follows that

Ou, € o .
- 6/6 hi(z) - Vue h dS—i auhl(x)\Vu5| x - ndS
- ;/|Vu5|2x-Vh1dm+5(2—N)/2/hl(x)Vu€|2dx (5)
u u
= /f(us,vs)x~Vu8 dx.
u

We claim that the left hand side of this equality goes to 0, as € — 0. In fact, this holds for
the first and second terms by virtue of (H.2). We claim that the third and fourth terms
approach zero, as ¢ — 0, too. It suffices to show that

lim e /u |V (z)|? dz = 0. (6)

e—0

But multiplying the first equation in (1) by u. and integrating over U we obtain

g/ hi|Vue|? da :s/ 7y 2 dS+/ Flue, ve)ue dz =20, (7)
u ou  Ov u

by (H.1), (H.2) and the fact that f(ue,ve) — f(uo,v0) =0, a.e. in Y. Hence we have (6)

and going back to (5) we conclude

lim /u fue,ve) @ - Vue dz = 0. (8)

e—0
Note that
div [z/@ f(s,v)ds] = (V/0 f(s,v)ds) -z + dive '/9 f(s,v)ds

u

f(u,v)Vu-x—i—/ m-wa(s,v)ds—&—N/uf(s,v)ds
0 0
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6 A. S. DO NASCIMENTO, J. CREMA

Therefore

/ flue,ve) - Vue de = (9)
u

/udiv [x /gus f(s,ve)ds]dx — /u{/eu x - Vaf(s,ve)ds + N/eue f(s,v:)ds}dx =
/aux . ﬁ/gue f(s,v:)dsdS — /u{/eus x- fo(s,vg)ds+N/0us F(s,v.)ds}da

Recall that by hypothesis, {u.} and {v.} converge uniformly on U, so that the first
integral of the last term in (2.13) satisfies

/ x- n/ f(s,ve)dsdS — =9 li’fl/ f(s,v9)dsdS (10)
ou ou 0

Also it is easy to see that

// fsvedsdzaj/ /afsvgdsdz
/145/ fSUad8d$—>/uﬁ/fsvodsdx )

where U, and Ug are as in Definition 2.1.

Finally note that V,f(s,v) = 02f(s,v) Vu(x) (here d2 denotes the partial derivative
with respect to the second argument) and Jsf is uniformly continuous in compact sets.
Hence by (H.1),

v [ steends o [ ous v as (12)
% %

strongly in L?(U). Then if Vv, converged weakly in L?(U) we would have

/u/euE z-Vif(s,v:)dsde = (13)

x - Vue(x) - Do f (s,v:(x)) ds dx Emd Oy Vo (x) - Oaf(s,v9(x))dsdx =
Jor v oo v |

// x-Vyf(s,vo)dsdx.
uJo

In order to establish the weak convergence of {v.} in H'(U) note that multiplying the
second equation in (1) by v. and integrating on 2. we conclude that

/hg(az)|va|2dx=/ 0(e)g(ue, ve)ve dx
Q. Q.
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INTERNAL TRANSITION LAYER 7

By our hypotheses and since §(¢) is continuous at € = 0, the righthand term in the above
equality is uniformly bounded in ¢, and therefore so is ||V vc|[12(q.). Moreover v. — v
uniformly in compact sets of U hence v. is bounded in H! (). It follows that v. — vg in
HY(U) and so Vv, — Vg in L2(U), as we wanted.

Passing to the limit in (9), as e — 0, and using (8), (10), (11) and (13) we obtain

uo ()
0 = /6ux-ﬁ/9 f(s,v0(x))dsdS
a(z)
~ [ e Vet + NG ds)do
Uy J0

B(x)
- / {/ x-Vaf(s,v0) + Nf(s,v0)ds}dx.
us Jo

B(z)
We will rewrite this expression remarking that if F(8(x)) = / f(s,v9(z))ds then
0

div (zF(B(z)) = N F(B(x)) + = - Vo F(B(x)) =

B(x)
N F(B(z)) + 2 - [f(B(x), w(z)) - VA(x) + /0 V. £(s, vola)ds)],

with an analogous formulation for a. So we obtain

0= /aux -1 F(uo(z)) dS — /ua {div(zF(a()) — f(o,v0)Va -z} do—

{div(zF(B(z)) — f(B,v0)VS -z} dx.

Up
Since f(a,v9) = f(B,v0) = 0 the Divergence theorem implies

B(x)
/F { f(s,vo(x))ds} -0 dS =0. (14)

a(x)

In order to obtain (3) it suffices to follow above procedure with x - Vv replaced with
(x + p) - Vv, with p being an arbitrary N-vector. We end up with the following equation

B(x)
[ s leds) )5 as =0

a(z)
Since p is an arbitrary vector, (3) is proved. [ |
Remark 2. 3. Condition (H.2) is satisfied in OU if {||Vuel||}o<e<e, can be controlled
there. For example, if || Vu.(z)|| = o(e~1/2), uniformly in 0 < € < &g, in some neighborhood

of OU, then (H.2) holds.
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8 A. S. DO NASCIMENTO, J. CREMA

COROLLARY 2.1. Let {(ue,ve)}eso be a family of solutions to problem (1) which develops
internal transition layer, as € — 0, in U with interface ' and limit (uo(x),vo(x)) satisfying
f(up,v9) =0, a.e. inl, whereU is an smooth tubular neighborhood of T' such that U C S,
0 < e < ey, for gg small enough.

Moreover suppose that (H.1) is satisfied and that o and 3 are constant functions. Then

B
/r/ f(s,v9(z))ds p(x) dS = 0. (15)

Proof: All that remains to prove is that (H.2) holds and that will be the case if we
show that
lim ‘51/2 Vua(x)‘ =0, uniformly on ol .

e—0
A standard procedure will be used and therefore we only sketch the proof. It is based on
first flattening locally the boundary, using a blow-up technique and then some Schauder
estimates.
It suffices to prove that any sequence ({—:k, ¥ ) € R x0U, with e, — 0, has a subsequence
(ski, xki), for which the following equality holds

lim 6,1€f2 Ve, (F)] =0.

71— 00

If (sk, xk) € R x 9U is such a sequence, since OU is compact there exists a subsequence,

still labeled (ak, xk) such that % "= T, for some T € U.
Define a C? change of variables ¥(x) = y which straightens U, near Z and then set

ﬂs(y) = Us(Efl(y)), for RS Bizr,

where BT,* stands for the positive hemisphere of the ball of radius p and center at the origin.
Now define scaled functions wg(z) and 6 (z) by

wi(z) = e, (yk + 6,1/22')

0r(z) = te, (yk + 5]16/22)

for z € BT
P

1/2°
/Ek

All the coefficients in the new equation for wy are C¥ bounded, uniformly in k. For a
fixed p, we set

or d:ef (0/5;1/2) koo
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INTERNAL TRANSITION LAYER 9

Let R,, be a monotone increasing sequence of positive numbers such that R,, — +o0,
as m — oo. For each m, there is k,, sucﬁ that 2R, < px, for k > k.
Since {u.} and {v.} are bounded on U, uniformly in €, it follows that

0 —\, - < K7,
| kHC(B;TRm) Hwk”C(BJRm) = A
for some constant K7, independent of k.
By Theorem 8.24, [1], we conclude that 05 and wy are locally C* bounded in B;‘Rm,
uniformly in k.
Using interior Schauder estimate in Bg, (see Theorem 6.13 and Exercise 6.1, [1]) we

conclude that wy is C%* bounded in B;Rm, uniformly for & > k,,,. Then by a diagonal
process we can extract a subsequence, still labeled {wy, }, such that wy — w, in 0120(: (lRf )
where lRf = {z e RY: ZN > O}.

Clearly from our hypotheses wy = 3 or wy = a. It follows that limy_ o |[Vwi(0)] = 0
and therefore

lim 5,{/2 Ve, (z%)] =0 .
k—o0

Thus our claim is proved. |
Next we provide sufficient conditions so that a(z), 8(x) and vg(z) are constant functions
thus obtaining a simpler equal-area condition.

COROLLARY 2.2. Let {(ue,ve)}eso be a family of solutions as in Corollary 2.1 which
satisfies (H.1). Hence

oif 0(e) =220 then vy is constant.

eand if the nullcline of f (déf {(u,v) : f(u,v) = 0}) intersects {(s,vp) : alz) < s <
B(x), x € U} in a discret set, then o and B are constant functions.

In this case (2.15) simplifies to (2.1).
Proof: Multiplying the second equation in (1.1) by v. and integrating over )., it yields

/ {—ha(2)|Vve (@) + 6(e)g(ue, ve)ve (2)} da = 0.
Qe
Our hypotheses imply right away that

/ |V (2)|*dx — 0
Q.

This implies that v. — vy in H'(U) and so vy is a constant function a.e. in U.
Recall that u. — wuo where ug is given by (1.2). By hypothesis {s; f(s,v9) = 0} is a
discret set. But « and (3 are continuous functions and therefore are constant on ¢. Thus
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10 A. S. DO NASCIMENTO, J. CREMA

by (3) we will have
B
// {f(s,v0)ds} z-ndS =0
I''Ja

But / z-ndS = div x dx = N |Or| # 0, where Or stands for the open region enclosed
I Or

B
by T'. Hence / f(s,v9)ds =0 |

COROLLARY 2.3. (On the location of the interface) Suppose in addition to the hypotheses
of Corollary 2.2 that the domain Q is fized and that % =0,0n0N.
Then it holds that

€l g(a, vo) + |25 9(8,v0) =0 (16)

where Qp = {up = a} and Qg = {up = f}

The proof is straightforward and we remark that (2.16) not only gives an indication on
the location of the interface I" but also that g must have different signs at (o, vo) and (5, vg).
This is so because Q\I' = Q, U Qg. If, for instance, g(o,vo) = —g(8,v9) # 0 then the
interface must partition € into two subsets 23 and Q, such that |Qg| = |Q] = (1/2)]Q].

As said before stationary solutions to (1.1) satisfy (2.1), with h; = hy =1 and Q = Q..
Therefore next result follows immediately from Corollary 2.2.

COROLLARY 2.4. Let {(us,ve)}es0 be a family of stationary solutions to (1.1), which
develops internal transition layer, as € — 0. With the notation of Definition 2.1, if the
nullcline of f intersects {(s,vo) : a(z) < s < f(x), x € U} in a discret set, then (2.1)
holds.

Moreover if g—z = 0 on 09, then the interface divides ) into two subsets Q, and Qg
such that (2.16) is satisfied.

Equation (2.1) is sometimes referred to as the vo-level equal-area condition for f(-,v) with
its obvious counterpart for scalar equations. It appears in several (if not all) works which
give sufficient conditions for the existence of internal transition layer either in systems or
in scalar equations. See [2], [3], [4], [5] and [9], for instance.

Remark 2. /. Note that the case in which T'N 9 # () has been ruled out in Definition
2.1. When h; and hy are constant functions this is more likely to happen.

All the conclusions of Corollary 2.4 still hold true for this case as long as we change Defi-
nition 2.1 to allow the interface to intersect the boundary of 2. We will indicate below how
this can be accomplished without going through the obvious modifications that Definition
2.1 requires.
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INTERNAL TRANSITION LAYER 11

LEMMA 2.1. Let {(uc,ve)}eso be a family of stationary solutions to (1.1) as in Corollary
2.4 except that now that T' is a (N — 1)-dimensional manifold in Q whose boundary O (in
the induced topology of T') is a (N — 2)-dimensional manifold immersed in 0SQ.

Then all conclusions of Corollary 2.4 hold true.

Note that in this case we no longer have uniform convergence in OU, of the integrand in
(H.2), which was sufficient to conclude that the integral vanished, as ¢ — 0. This difficulty
can be overcome as follows.

Standard Schauder estimates implies that there is a constant L > 0, independent of ¢,
such that e|Vue(z)[? < L, Vz € Q.

For any € U\I' where U is a neighborhood of I" in €, there is a compact neighborhood
K of 2 in U\T such that u. converges to a or 3, uniformly in K.

Therefore the very same argument used in the proof of Corollary 2.1 now allows us to

conclude that

€|Vu5(x)|2 — 0,

a.e. in OU. Tt follows that (H.2) is satisfied by an application of the Lebesgue bounded
convergence theorem.

3. NECESSITY FOR STABLE PATTERNS

Let us consider the following reaction-diffusion system
Uy = EQAUJFf(“a”);
vy = DAv+g(u,v), (z,t) € Q x (0,00) (1)

ou Ov
5 = B =0, (z,t) € 09 x (0,00)

where u is the activator, v is the inhibitor, € is a smooth domain in R, D > 0 and ¢
a small positive parameter. The nullcline of f is sigmoidal and consists of three smooth
curves 4 = h_(v), u = hgo(v) and uw = hy(v) defined on the intervals I_, Iy and I,
respectively. Also if min/_ = v and maxI; = ¥ then the inequality h_(v) < ho(v) < hy(v)
holds for I* = (v,7) and h4 (v) (resp., h—(v)) coincides with hg(v) at only one point v =T
(resp., v = v), respectively.

In [8], (3.1) is assumed to satisfy a set of hypotheses, which we denote by H, among
which we mention the following one concerning f:

(Q.1) f:Jr((U)) f(&,v)d¢ has one isolated zero at v = v* € I'* such that L <0 at

v =v*.

Under the hypotheses H, it is proven that if (3.1) has an e-family (U, V.) of stationary
matched solutions of order 1 whose a*-level surface S. of U, is smooth up to € = 0, then
it must become unstable for £ small.
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12 A. S. DO NASCIMENTO, J. CREMA

Here o* an intermediate value between the two stable branches of the nullcline of f.
Also by “smooth up to € = 0”7 it is meant that there exists an (N — 1)-dimensional smooth

compact connected manifold Sy without boundary in RN such that S. =9 So.

Therefore the question arises as to what happens with the configuration of an e-family
(ue,ve) of matched stable stationary solutions to (3.1), which are known to exist for a
certain parameter range. Their result suggests that stable patterns somehow must become
very fine and/or complicated as ¢ — 0.

Actually based on the balance of the bulk force and the mean-curvature effect they
formally derive that the rate of shrinking of stable patterns is of order £'/3. See [8], p.
1103. Hence by a suitable scaling, the resulting rescaled equations capture the morphology

*
r—x

of the magnified patterns. After performing the change of variable X = £77%- for a suitable

x* € RN, the rescaled system becomes
iy = E2Au+ (@, 7),
véy, = DAD+Eg(a, ), (X,t) € Q. x (0,00) (2)

ou 0o
5% = o2 =0, (X,t) € 9Q. x (0,00)

where & = £2/3 and the rescaled domain Q. satisfies Q. =9 € with 1 < oo.

It follows that if T. % {X € Q. : 4. = o™} then there exists an (N — 1)-dimensional

smooth compact connected manifold I'g such that I'. =9 Tp.

The convergence €. =00 may be any one as long as the hypotheses of Theorem 2.1
(when T'p N 9Q = () or Lemma 2.1 (when T'p N 9Q # () on the tubular neighborhood U of
I'y are satisfied.

It turns out however that the system for the stationary solutions to (2) is just (1) when
hi =1, ho = D and §(€) = £, namely,

ENu+f(a,0) =0, X € Q.

DAﬁ—&—ég(fuf;) =0, X €. (3)
@ _ 0, X € 0Q
on  on :

Thus Corollary (2.2) applies to (3) with 99 = v*, @ = h_(v*) and 8 = h4(v*), yielding
J(Uo) =0.

Summing up the above heuristic argument, along with Corollary 2.2 strongly suggest
that if (ue,ve) is a family of matched stable stationary solutions to (3.1) which is bounded
in Q, uniformly in € then necessarily J(vo) = 0, where vy s a constant such that ve — vy,
ase — 0.
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